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1. INTRODUCTION

Probability Spaces.
A probability space is a measure space (2, F, P) with P(Q2) = 1.

The sample space ) can be any set, and it can be thought of as the collection of all possible outcomes of

some experiment or all possible states of some system. Elements of ) are referred to as elementary outcomes.

The o-algebra (or o-field) F C 29 satisfies
1) F is nonempty
2) E€eF=EcF

3) For any countable collection {E;};c; € F, U,.; Fi € F.

il
Elements of F are called events, and can be regarded as sets of elementary outcomes about which one can

say something meaningful. Before the experiment has been performed, a meaningful statement about £ € F

is P(E). Afterward, a meaningful statement is whether or not E occurred.

The probability measure P : F — [0, 1] satisfies
1) P(Q) =1
2) for any countable disjoint collection {E;}icr, P (U;e; Ei) = >ie; P(Ei).

The interpretation is that P(A) represents the chance that event A occurs (though there is no general

consensus about what that actually means).

If p is some property and A = {w € Q : p(w) is true} is such that P(A) = 1, then we say that p holds
almost surely, or a.s. for short. This is equivalent to “almost everywhere” in measure theory. Note that it
is possible to have an event F € F with E # () and P(E) = 0. Thus, for instance, there is a distinction
between “impossible” and “with probability zero” as discussed in Example 1.3 below.

Example 1.1. Rolling a fair die: Q = {1,2,3,4,5,6}, F =29, P(E) = %.

Example 1.2. Flipping a (possibly biased) coin: Q = {H, T}, F =29 = {0, {H},{T},{H,T}}, P satisfies
P({H})=pand P({T}) =1 — p for some p € (0,1).

Example 1.3. Random point in the unit interval: Q = [0, 1], F = Byg,;j = Borel Sets, P = Lebesgue measure.

The experiment here is to pick a real number between 0 and 1 uniformly at random. Generally speaking,
uniformity corresponds to translation invariance, which is the primary defining property of Lebesgue measure.
Observe that each outcome z € [0, 1] has P({z}) = 0, so the experiment must result in the realization of an

outcome with probability zero.

Example 1.4. Standard normal distribution: Q =R, F = B, P(E) *%dx.

:\/%IEQ

Example 1.5. Poisson distribution with mean A: @ = NU {0}, F =22 P(E)=e Y, p 2—?
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Why Measure Theory.

Historically, probability was defined in terms of a finite number of equally likely outcomes (Example 1.1) so

that || < oo, F =22, and P(E) = I

When the sample space is countably infinite (Example 1.5), or finite but the outcomes are not necessarily

equally likely (Example 1.2), one can speak of probabilities in terms of weighted outcomes by taking a
function p : Q@ — [0,1] with .o p(w) =1 and setting P(E) = > pp(w).

For most practical purposes, this can be generalized to the case where Q) C R by taking a weighting function
f:Q —[0,00) with fQ x)dr =1 and setting P(E fE x)dz (Examples 1.3 and 1.4), but one must be

careful since the integral is not defined for all sets E (e.g. Vitali sets*).

Those who have taken undergraduate probability will recognize p and f as p.m.f.s and p.d.f.s, respectively. In
measure theoretic terms f = %= is the Radon-Nikodym derivative of P with respect to Lebesgue measure,

m. Similarly, p = where cis countlng measure on §2.

Measure theory provides a unifying framework in which these ideas can be made rigorous, and it enables
further extensions to more general sample spaces and probability functions.

Also, note that in the formal axiomatic construction of probability as a measure space with total mass 1,
there is absolutely no mention of chance or randomness, so we can use probability without worrying about

any philosophical issues.

Random Variables and Expectation.

Given a measurable space (5, G), we define an (5, G)-valued random variable to be a measurable function
X : Q — S. In this class, the unqualified term “random variable” will refer to the case (5,G) = (R, B).

We typically think of X as an observable, or a measurement to be taken after the experiment has been

performed.

An extremely useful example is given by taking any A € F and defining the indicator function,

1, weA
1A(w):{ 0, we A°

Note that if (Q,F, P) is a probability space and X is an (5, G)-valued random variable, then X induces
the pushforward probability measure g = P o X! on (5,G). Frequently, we will abuse notation and write
P(X € B)=P(XYB))=P({weQ: X(w) € B}) for u(B).

X also induces the sub-c-algebra o(X) = {X~1(FE) : E € G} C F. If we think of Q as the possible outcomes
of an experiment and X as a measurement to be performed, then o(X) represents the information we can

learn from that measurement.

In contrast to other areas of measure theory, in probability we are often interested in various sub-o-algebras
Fo C F, which we think of in terms of information content.
For instance, if the experiment is rolling a six-sided die (Example 1.1), then Fy = {0, {1,3,5},{2,4,6},Q}

represents the information concerning the parity of the value rolled.
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The expectation (or mean or expected value) of a real-valued random variable X on (2, F, P) is defined as
E[X] = [, X(w)dP(w) whenever the integral is well-defined.

Expectation is generally interpreted as a weighted average which gives the “best guess” for the value of the

random quantity X.

We will study random variables and their expectations in greater detail soon. For now, the point is that many
familiar objects from undergraduate probability can be rigorously and simply defined using the language of

measure theory.

That said, it should be emphasized that probability is not just the study of measure spaces with total mass
1. As useful and necessary as the rigorous measure theoretic foundations are, it is equally important to
cultivate a probabilistic way of thinking whereby one conceptualizes problems in terms of coin tossing, card

shuffling, particle trajectories, and so forth.

* An example of a subset of [0,1] which has no well-defined Lebesgue measure is given by the following
construction:

Define an equivalence relation on [0,1) by  ~ y if and only if z —y € Q.

Using the axiom of choice, let E C [0,1) consist of exactly one point from each equivalence class.

For q € Qjo,1), define E;, = E + ¢ (mod 1). By construction E,; () E, = for r # q and J E, =[0,1).

Thus, by countable additivity, we must have

q€Qo,1)

L=m(0,1)=m| (J B |= > m(E).
q€Qo0,1) q€Qo,1)
However, Lebesgue measure is translation invariant, so m(E,) = m(E) for all g.
We see that m(Ey) is not well-defined as m(E,) = 0 implies 1 = 0 and m(E,) > 0 implies 1 = oo.

The existence of non-measurable sets can be proved using slightly weaker assumptions than the axiom of
choice (such as the Boolean prime ideal theorem), but it has been shown that the existence of non-measurable

sets is not provable in Zermelo-Fraenkel alone.

In three or more dimensions, the Banach-Tarski paradox shows that in ZFC, there is no finitely additive
measure defined on all subsets of Euclidean space which is invariant under translation and rotation.
(The paradox is that one can cut a unit ball into five pieces and reassemble them using only rigid motions

to obtain two disjoint unit balls.)



2. PRELIMINARY RESULTS

At this point, we need to establish some fundamental facts about probability measures and o-algebras in
preparation for a discussion of probability distributions and to reacquaint ourselves with the style of measure

theoretic arguments.

Probability Measures.

The following simple facts are extremely useful and will be employed frequently throughout this course.

Theorem 2.1. Let P be a probability measure on (S0, F).

(i) Complements For any A € F, P(A®) =1 — P(A).
(ii) Monotonicity For any A, B € F with A C B, P(A) < P(B).
(iii) Subadditivity For any countable collection {E;} 2, C F, P (U;2, Ei) < > ooy P(E;).
(iv) Continuity from below If 4; " A (i.e. Ay C Ay C ... and |J;2, A; = A), then
lim,, o0 P(4,) = P(A).
(v) Continuity from above If A4; \, A = (2, A4;, then lim,,_,o, P(A,) = P(A).
Proof.
For (i), 1 = P(Q) = P(AU A®) = P(A) + P(A%) by countable additivity.
For (ii), P(B) =P (AU (B\ A)) = P(A)+ P(B\ A) > P(A).

For (iii), we “disjointify” the sets by defining F} = E; and F; = E; \ (Uz ' E, ) for ¢ > 1, and observe that
LI*, F; =i, E; for all n € NU {oc}. Since F; C E; for all i, we have

P(Us)=r(Un) =L <y

For (iv), set By = A; and B; = A; \ A;_; for i > 1, and note that the B;’s are disjoint with (J;_, B; = A,
and | J;2, B; = A. Then

il
D>
/‘\
\_/
I

3

> P(B)) :nli_{r;oiP(Bz
=1

i=1
= i P (L_J ) = i, P(4n).

For (v), if Ay D Ay D ... and A = 2, A;, then AY C A§ C ... and A° = (N2 1A) = U2, AY, so it
follows from (i) and (iv) that

P(A)=1-P(A% =1- lim P(AY) = lim (1- P(AS)) = lim P(A,). O

n—oo n— oo n—oo

Properties (ii)-(iv) hold for any measure space (S,G,v), (v) is true for arbitrary measure spaces under the
assumption that there is some A; with v(4;) < oo, and (i) holds for all finite measures upon replacing 1
with v(S).



Sigma Algebras.

We now review some some basic facts about o-algebras. Our first observation is

Proposition 2.1. For any index set I, if {F;}icr is a collection of o-algebras on Q, then so is (\;c; Fi-

It follows easily from Proposition 2.1 that for any collection of sets A C 2%, there is a smallest o-algebra
containing A — namely, the intersection of all g-algebras containing .A.
This is called the o-algebra generated by A and is denoted by o(A).

Note that if F is a o-algebra and A C F, then o(A) C F.

An important class of examples are the Borel o-algebras: If (X, T) is a topological space, then Bx = o(T)
is called the Borel o-algebra. It is worth recalling that for the standard topology on R, the Borel sets are
generated by open intervals, closed intervals, half-open intervals, open rays, and closed rays, respectively.

Our main technical result about o-algebras is Dynkin’s m-A Theorem, an extremely useful result which is
often omitted in courses on measure theory. To state the result, we will need the following definitions.

Definition. A collection of sets P C 2% is called a w-system if it is closed under intersection.

Definition. A collection of sets £ C 2 is called a A-system if

(1) el
(2) f A,Be Land AC B, then B\Ae /L
(3) If A, € £ with A, " A, then Ae L

Theorem 2.2 (Dyukin). If P is a w-system and L is a A-system with P C L, then o(P) C L.

Proof. We begin by observing that the intersection of any number of A-systems is a A-system, so for any

collection A, there is a smallest A-system ¢(A) containing .A. Thus it will suffice to show

a) {(P) is a o-algebra (since then o(P) C ¢(P) C L).

In fact, as one easily checks that a A-system which is closed under intersection is a o-algebra
(A® =Q\ A, AUB = (AN B, and ;_, 4; / Uj=, A;), we need only to demonstrate

b) £(P) is closed under intersection.

To this end, define G4 = {B: AN B € £{(P)} for any set A. To complete the proof, we will first show
c) G4 is a A-system for each A € £(P),

and then prove that b) follows from c).

To establish c), let A be an arbitrary member of ¢(P). Then A = QN A € {(P), so G4 > Q. Also, for any
B,C € G4 with B C C, we have AN (C\ B) = (ANC)\ (AN B) € £(P) since ANB,ANC € {(P) and
£(P) is a A-system, hence G4 is closed under subset differences. Finally, for any sequence {B,} in G4 with
B, /' B, we have (ANB,,) /" (ANDB) € £(P), so G4 is closed under countable increasing unions as well and

thus is a A-system.



It remains only to show that ¢) implies b). To see that this is the case, first note that since P is a 7m-system,
P C G4 for every A € P, so it follows from ¢) that £(P) C G4 for every A € P. In particular, for any A € P,
B € ¢(P), we have AN B € ¢(P). Interchanging A and B yields A € £(P) and B € P implies AN B € £(P).
But this means if A € ¢(P), then P C G4, and thus ¢) implies that £(P) C Ga. Therefore, it follows from
the definition of G4 that for any A, B € {(P), AN B € {(P). O

It is not especially important to commit the details of this proof to memory, but it worth seeing once and you
should definitely know the statement of the theorem. Though it seems a bit obscure upon first encounter,
we will use this result in a variety of contexts throughout the course. In typical applications, we show that
a property holds on a m-system that we know generates the o-algebra of interest. We then show that the
collection of all sets for which the property holds is a A-system in order to conclude that the property holds
on the entire o-algebra.

A related result which is probably more familiar to most is the monotone class lemma used to prove Fubini-
Tonelli.

Definition. A monotone class is a collection of subsets which is closed under countable increasing unions

and countable decreasing intersections.

Like m-systems, A-systems, and o-algebras, the intersection of monotone classes is a monotone class, so it
makes sense to talk about the monotone class generated by a collection of subsets.

Lemma 2.1 (Monotone Class Lemma). If A is an algebra of subsets, then the monotone class generated by

A is o(A).

Clearly o-algebras are A-systems and A-systems are monotone classes, but the converses need not be true.



3. DISTRIBUTIONS

Recall that a random variable on a probability space (2, F, P) is a function X : Q — R that is measurable

with respect to the Borel sets.

Every random variable induces a probability measure p on R (called its distribution) by
u(A) =P (X7(4))

for all A € B.

To check that p is a probability measure, note that since X is a function, if A1, Ao, ... € B are disjoint, then
so are {X € A1},{X € As},... € F, hence

p(Uid) =P({X e YAl =P(UAX e 4} =) PUX e A}) =) n(A).
i i
The distribution of a random variable X is usually described in terms of its distribution function
F(z) = P(X < 3) = p((—00,1]).
In cases where confusion may arise, we will emphasize dependence on the random variable using subscripts

- i.e. X, Fx.

Theorem 3.1. If F is the distribution function of a random variable X, then

(1) F is nondecreasing

(ii) F is right-continuous (i.e. lim,_,,+ F(z) = F(a) for all a € R)
(iii) limg, , o F(z) =0 and lim,_,o F(z) =1

(iv) If F(27) = lim,_,,- F(y), then F(27) = P(X < x)

(v) P(X=x)=F(z)— F(z™)

Proof.

For (i), if z <y, then {X <z} C {X <y}, so F(z) = P(X < z) < P(X <y) = F(y) by monotonicity.

For (ii), observe that if z \ a, then {X <z} \, {X < a}, and apply continuity from above.

For (iii), we have {X <z} \ 0P as z \, —oco and {X <z} /Rasz  oo.

For (iv), {X <y} " {X <z} asy ~ x. (Note that the limit exists since F' is monotone.)

For (v), {X =2} ={X <z} \ {X < z}. O

In fact, the first three properties in Theorem 3.1 are sufficient to characterize a distribution function.

Theorem 3.2. If F : R — R satisfies properties (i), (ii), and (iii) from Theorem 3.1, then it is the

distribution function of some random variable.
Proof. (Draw Picture)
Let Q= (0,1), F = B(o,1), P = Lebesgue measure, and define X : (0,1) — R by

X(w)=F }w):=inf{ly e R: F(y) > w}.

Note that properties (i) and (iii) ensure that X is well-defined.
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To see that F is indeed the distribution function of X, it suffices to show that
{w: X(w) <z} ={w:w < F(2)}

for all z € R, as this implies

P(X <2) = P({w: X(w) < a}) = P({w:w < F@)}) = F(z)
where the final equality uses the definition of Lebesgue measure and the fact that F(x) € [0, 1].
Now if w < F(x), then z € {y e R: F(y) > w}, so X(w) =inf{y e R: F(y) > w} < z.
Consequently, {w:w < F(z)} C{w: X(w) < z}.
To establish the reverse inclusion, observe that if w > F'(x), then properties (i) and (ii) imply that there is
an € > 0 such that F(z) < F(z +¢) < w.

Since F is nondecreasing, it follows that z+-¢ is a lower bound for {y € R : F(y) > w}, hence X (w) > z+¢ > x.
Therefore, {w: w < F(2)}Y C{w: X(w) < 2}¢ and thus {w: X(w) <z} C{w:w < F(z)}. O

Theorem 3.2 shows that any function satisfying properties (i) - (iii) gives rise to a random variable X, and
thus to a probability measure pu, the distribution of X. The following result shows that the measure is

uniquely determined.

Theorem 3.3. If F' is function satisfying (i)-(iii) in Theorem 3.1, then there is a unique probability measure
woon (R, B) with p((—o0,x]) = F(x) for all z € R.

Proof. Theorem 3.2 gives the existence of a random variable X with distribution function F. The measure
it induces is the desired pu.

To establish uniqueness, suppose that p and v both have distribution function F. Define
P ={(—o00,a] :a € R}
L={AeB:u(h)=v(A)}.
Observe that for any a € R, p((—o0,a]) = F(a) = v ((—o0,al]), so P C L.
Also, for any a,b € R, (—00,a] N (—o0,b] = (—o0,a A b] € P, hence P is a w-system.
Finally, £ is a A-system since
(1) w(Q)=1=v(Q),s0 Qe L.
(2) For any A, B € £ with A C B, we have
W(B\A) = u(B) — u(A) = v(B) — v(4) = v(B\ A)
(by countable additivity and the definition of £), so B\ A € L.
(3) If A, € L with A,, " A, then

w(A) = lim p(4,)= lim v(4,)=v(A)

n—oo n—oo

(by continuity from below and the definition of £), so A € L.

Since the closed rays generate the Borel sets, the m-A Theorem implies that B = o(P) C L and thus

w(E) =v(E) for all E € B. O
10



To summarize, every random variable induces a probability measure on (R, B), every probability measure
defines a function satisfying properties (i)-(iii) in Theorem 3.1, and every such function uniquely determines

a probability measure.

Consequently, it is equivalent to give the distribution or the distribution function of a random variable.

However, one should be aware that distributions/distribution functions do not determine random variables,

even neglecting differences on null sets.

For example, if X is uniform on [—1,1] (so that ux = %mh,m]), then —X also has distribution py, but
—X # X almost surely.

When two random variables X and Y have the same distribution function, we say that they are equal in
distribution and write X =4 Y.

Note that random variables can be equal in distribution even if they are defined on different probability

spaces.
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Constructing Measures on R . (Brief Review)

We kind of cheated in Theorem 3.2 since we assumed the existence of Lebesgue measure. In fact, the standard
derivation of Lebesgue measure in terms of Stieltjes measure functions implies the results in Theorems 3.2
and 3.3. Presumably everyone has seen this argument before and since it is fairly long, we will content

ourselves with a brief outline.

Recall that an algebra of sets on S is a non-empty collection A C 2% which is closed under complements and

finite unions.

A premeasure pp on A is a function pg : A — [0, 00] such that

1) fo(0) =0
2) If A1, A, ... is a sequence of disjoint sets in .4 whose union also belongs to 4, then

Ho (Uj; Ai) = Z;}; to(Ai).

(If po(S) < o0, then 2) implies that pg (0) = po (0) + po (), which implies 1).)

An outer measure ;1* on S is a function p* : 25 — [0, 00] such that

) w(@=0
i) p(A) <p(B)if ACB.
i) pt (U, A) < 3500 w(4y),

and a set A C S is said to be p*-measurable if

W (E) = p (ENA) + (BN A°)

for all £ C S.

It can be shown that if g is a premeasure on the algebra A, then the set function defined by

i=1

i=1
is an outer measure satisfying
a) W la = o
b) Every set in A is p*-measurable.

To obtain a measure, one then appeals to the Carathéodory Extension Theorem:

Theorem 3.4 (Carathéodory). If u* is an outer measure on S, then the collection M of p*-measurable sets

is a o-algebra, and the restriction of p* to M is a (complete) measure.

Finally, one can show that if 1 is o-finite, then the measure p = p*| s is the unique extension of py to M.
12



Using these ideas, one can construct Borel measures on R by taking any nondecreasing, right-continuous

function F' (called a Lebesgue-Stieltjes measure function) and defining a premeasure on the algebra

A= {U(ai,bi] 100 < a; < b < oo, (ai, bi] N (aj,b;] =0, neN}
=1

to(0) =0,

1o (U(ai,b¢]> =2 [F(b:) — Flai)]-

i=1

Lebesgue measure is the special case F(z) = x.

The above construction is typical of how one builds premeasures on algebras from more elementary objects:

A semialgebra S is a nonempty collection of sets satisfying

i) A, B e Simplies ANBeS
ii) A € S implies there exists a finite collection of disjoint sets A, ..., 4, € S with A® = LI, A

(Some authors require that S € S as well and call the above a semiring. We will not worry about this

distinction as we are ultimately only concerned with the algebra S generates.)

An important example of a semialgebra on R is the collection of h-intervals - that is, sets of the form (a, b]
or (a,00) or ) with —co < a < b < co.

On R?, the collection of products of h-intervals - e.g. (a1,b;] x --- x (ag,bg] - is a semialgebra.

If S is a semialgebra, then one readily verifies that S = {finite disjoint unions of sets in S} is an algebra
(called the algebra generated by S). Note that this construction ensures that o (S) = o (S).

Given a semialgebra S and a function v : § — [0, 00) such that if A € S is the disjoint union of Ay, ..., A, € S,
then v (A) = Y1 v(4;), define v: S — [0,00) by U (L[, B;) = Y iv, v(Bi).

It is easy to check that ¥ is well-defined, finite, and finitely additive on S.

To verify countable additivity (so that 7 is a premeasure on S), it suffices to show that if {B,} 7 is a
sequence of sets in S with B,, \ (), then 7(B,,) \, 0.

Indeed if {4,;}52, is a countable collection of disjoint sets in S such that A = (J;2, 4; € S, then for any
neN, B, =U;2, A=A\ U?;ll A; belongs to the algebra S, so finite additivity implies that
7(A) = Y02 P(Ay) +7(By).

Alternatively, one can show that 7 is countably additive on S if v is countably subadditive on S - that is, for

every countable disjoint collection {A;};e; C S such that (J;c; 4; € S, one has v (| ;c; Ai) < 3,0, v(4)).

iel
(The implication is immediate if v is countably additive on S.)

Thus if one takes a finitely additive [0, co)-valued function v on a semialgebra S, extends it in the obvious way
to the function 7 on the S, and then checks that 7 is countably additive, then the Carathéodory construction

guarantees the existence of a unique measure p on ¢(S) which agrees with v on S.
13



Classifying Distributions on R.

At this point, we recall the following definitions from measure theory:

Definition. If ;1 and v are measures on (5,G), then we say that v is absolutely continuous with respect to
u (and write v < ) if v(A) =0 for all A € G with u(A) = 0.

Definition. If 4 and v are measures on (S, G), then we say that p and v are mutually singular (and write
puLv) if there exist E, F € G such that

i) ENF =19
iy EUF=§8
i) wp(F)=0=v(E).

A fundamental result in measure theory is the Lebesgue-Radon-Nikodym Theorem (which we state only for

positive measures).

Theorem 3.5 (Lebesgue-Radon-Nikodym). If u and v are o-finite measures on (S,G), then there exist
unique o-finite measures A, p on (S,G) such that
Alp, p < v=A+p.

Moreover, there is a measurable function f : S — [0,00) such that p(E) = [, fdu for all E € G.

The function f from Theorem 3.5 is called the Radon-Nikodym derivative of p with respect to u, and one

writes f = j—z (or dp = fdu).

If v is a finite measure, then A\ and p are finite, so f is u-integrable.

If a random variable X has distribution p which is absolutely continuous with respect to Lebesgue measure,
then we say that (the distribution of) X has density function f = &

%-
Thus for all E € B, P(X € E) = u(E) = [ f(x)dx.

In particular, the distribution function of X can be written as
Flz)=P(X <z)= / ft)dt.

Accordingly, F is an absolutely continuous function and is m-almost everywhere differentiable with F’' = f.

x

Conversely, if g is a nonnegative measurable function with [, g(z)dz = 1, then G(z) = [~ _ g(t)dt satisfies

(i)-(iii) in Theorem 3.1, so Theorem 3.2 gives a random variable with density g.

In undergraduate probability, such an X is called continuous. This is actually somewhat of a misnomer.
Rather, we have

Definition. If the distribution of X has a density, then we say that X is absolutely continuous.
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The other class of random variables discussed in undergraduate probability are discrete random variables.

Definition. A measure 1 is said to be discrete if there is a countable set S with p (S¢) = 0. A random

variable is called discrete if its distribution is.

Note that if X is discrete, then pulm.

An example of a discrete distribution is the point mass at a: P(X =a) =1, F(z) = 1[4,00) (7).

More generally, given any countable set S C R and any sequence of nonnegative numbers pq, po,... with
S pi = 1, if we enumerate S by S = {s1,s2,...}, then the random variable X with P(X = s;) = p;,
F(x) =377, piljs; 00)(2) is discrete, and indeed all discrete random variables are of this form.

(Countable additivity implies that p is determined by its values on singleton subsets of S.)

In the case S = Q and p; > 0 for all ¢, we have a discrete random variable whose distribution function is

discontinuous on a dense set.
If we think of summation as integration with respect to counting measure, then just as the absolutely

continuous random variables correspond to densities (f > 0 with [ fdm = 1), we see that the discrete

random variables correspond to mass functions (p > 0 with [ pdc = 1).

There is also a third fundamental class of random variables, which we almost never have to deal with, but

mention for the sake of completeness. To describe it, we need another definition.

Definition. A measure p is called continuous if u({z}) =0 for all x € R.

By countable additivity, a discrete probability measure is not continuous and vice versa.

Absolutely continuous distributions are continuous, but it is possible for a continuous distribution to be

singular with respect to Lebesgue measure.

Definition. A random variable X with continuous distribution p 1L m is called singular continuous.

An example is given by the “uniform distribution on the Cantor set” formed by taking [0, 1] and successively
removing the open middle third of all remaining intervals. The distribution function is the Cantor function

given by F(z) = 3 forz € [}, 2], F(z) = % for z € [}, 2], F(z) = 2 for z € [£, §], etc...

Analogous to the singular/absolutely continuous decomposition in the Theorem 3.5, we have the following

result for finite Borel measures on R.

Theorem 3.6. Any finite Borel measure can be uniquely written as

= + pe

where pg is discrete and . is continuous.
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Proof. Let E={z € R:p({z}) > 0}.

For any countable F C E, > . u({z}) = u(F) < oo by countable additivity and finiteness.
It follows that Ex = {z € R: u({z}) > k~'} is finite for all k € N.

Consequently, E = J;—, Ek is a countable union of finite sets and thus is countable.

The result follows by defining p1q(A) = p(ANE), pe(A) = u(An EY). O

(The proof is easily modified to accommodate o-finite measures.)

Thus if p is a probability distribution, then it follows from the Radon-Nikodym Theorem that p = pac + s
where p,. < m and pslm. By Theorem 3.6, us = pq + psc where pg is discrete and pg. is singular
continuous. Since p is a probability measure, each of g, fta, thsc 1S finite and thus is identically zero or a
multiple of a probability measure. Accordingly, we have

Theorem 3.7. Every distribution is a convex combination of an absolutely continuous distribution, a discrete

distribution, and an absolutely singular distribution.

Theorem 3.7 is not especially useful in practice. Rather, we mention these facts because so many introductory
texts make a big deal about distinguishing between discrete and continuous random variables. There are
certainly important practical differences between the two, and it is worth knowing that more pathological
examples exist as well. However, one of the advantages of the measure theoretic approach is a more unified

perspective, and excessive focus on differences in detail can sometimes obscure the bigger picture.
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4. RANDOM VARIABLES

In general, a random variable is a measurable function from (€2, F) to some measurable space (59, G), but we

have agreed to reserve the unqualified term for the case (S,G) = (R, B).

If (9,G) = (R?, B?), we will say that X is a random vector.

We now collect some results that will help us establish that various quantities of interest are indeed random
variables.

Through a slight abuse of notation, we sometimes write X € F to indicate that X is (F-B)-measurable.

Theorem 4.1. If A generates G (in the sense that G is the smallest o-algebra containing A) and
X1 A)={weQ: X(w) € A} € F for all A € A, then X is measurable.

Proof. Because X! (U, E;) = J; X 1(E;) and X! (E€) = X}(E), we have that
E={ECS:XYFE)e F}is a o-algebra. Thus, since A C £ and A generates G by assumption, G C &,

so X is measurable. O

The fact that inverses commute with set operations also shows that for any function X : Q@ — S, if G is a
o-algebra on S, then o(X) = {X~}(E) : E € G} is a o-algebra on  (called the o-algebra generated by X).
By construction, it is the smallest o-algebra on 2 that makes X an (S, G)-valued random variable.

Proposition 4.1. If A generates G, then X *(A) = {X*(A) : A € A} generates o(X).

Proof. (Homework)

Since A C G, the definition of o(X) implies that X ~*(A) C ¢(X) and thus o (X ~!(A)) C o(X).

On the other hand, Theorem 4.1 shows that X is measurable as a map from (2,0 (X(A))) to (S,G),

so we must have that o(X) C o (X~!(A)). O

Example 4.1. If (5,G) = (R, B), some useful generating sets are
Ay ={(—o00,z] : z € R}, Ay ={(a,b):a,beQ}.

Example 4.2. If (5,G) = (R%, B), a convenient choice is

A={(a1,b1] x -+ x (ag,bq] : —00 < a; < b; < o0}.

More generally, given an indexed collection of measurable spaces {(Sa,Ga)}aca, the product o-algebra,
Qpca Gar on S =] ca S is generated by {n ' (Ga) : Go € Go, v € A} where 7, : S — S, is projection
onto the « coordinate.

In other words, the product c-algebra is the smallest o-algebra for which the projections are measurable.
This is because we want a function taking values in the product space to be measurable precisely when its

components are measurable.

This is analogous to the definition of the product topology as the initial topology with respect to the

coordinate projections.
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Proposition 4.2. If A is countable, then @4 Ga is generated by the rectangles {[[,c4 Ga @ Ga € Ga}.
If, in addition, G, is generated by £, > S, for every a € A, then K, 4 Ga is generated by

{HaeAEa - E, € 5a}.
Proof. If G, € G,, then 7, 1(G,) = H,BeA G where Gg = Sg for all 5 # «, hence

0 ({731(Ga) : Go € Gaya € A}) C o ({ [[Ga:Cac ga}> .

a€cA

On the other hand, [T c4 Ga = Naca ™o *(Ga), s0

o ({ H Gy Gy e%}) QJ({ﬂgl(Ga):Ga GQQ,QGA}).

acA
The second statement will follow from the above argument once we show that @, 4 Ga is generated by
Fi1 = {n ;Y (Ey) : Ey € Eu,a € A}. To this end, observe that 71 C {m;'(G4) : Go € Gu,a € A} by
definition, so o(F1) € @ e Ga-
On the other hand, arguing as in the proof of Theorem 4.1, we see that for each a € A,
{E C Sy :73 (E) € 0(F1)} is a o-algebra containing &, (and thus G, ), so 7y '(E) € o(F1) for all E € Ga,
hence o ({73*(Ga) : Go € Ga,a € A}) C o(Fy) as well. O
Because the product and metric topologies coincide for R”, Proposition 4.2 justifies Example 4.2.
(In general, one can show that if Sy, ..., .S, are separable metric spaces and S = H?:l S; equipped with the
product metric, then @', Bs, = Bs.)

A simple but extremely useful observation is
Theorem 4.2. If X : (O, F) — (S,G) and f: (S,G) — (T,E) are measurable maps, then
f(X):(Q,F) = (T,€) is measurable.
Proof. For any B € £, f~1(B) € G since f is measurable, thus
{weQ: f(X(w)eBt={weQ: X(w)e f'(B)}eF
since X is measurable. O

Theorem 4.2 is the familiar statement that compositions of measurable maps are measurable.

Thus if f : R — R is measurable (e.g. if f is any continuous function) and X is a random variable, then

f(X) is also a random variable.
An important application of Theorem 4.2 is given by

Theorem 4.3. If X, ..., X,, are random variables and f : (R™, B") — (R, B) is measurable, then (X1, ..., X,)

is a random variable.

Proof. In light of Theorem 4.2, it suffices to show that (X7, ..., X,,) is a random vector. To this end, observe
that if A4, ..., A,, are Borel sets, then

{(X1,..X,) €A1 x - x Ay} = ﬂ{Xi cA}YerF.

i=1

Since B" is generated by {A; x -+ x A, : A; € B}, the result follows from Theorem 4.1. O
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Corollary 4.1. If Xq,..., X,, are random variables, then so are S, = Z?:l X; and V,, = H?:l X;.

It is sometimes convenient to allow random variables to assume the values +o00, and we observe that almost
all of our results generalize easily to (R, B) where R = RU {40} and B = {E C R: ENR € B}, which is
generated, for example, by rays of the form [—o0,a) with a € R.

Theorem 4.4. If X1, X5, ... are random variables, then so are

inf X,,, supX,, liminfX,, limsupX,.
neN neN n—>00 n—00

Proof. For any a € R, the infimum of a sequence is strictly less than a if and only if some term is strictly

less than a, hence

{nelfNXn<a}= Uxn<ateF
neN

Since {[~o00,a) : a € R} generates B, this shows that inf,cy X, is measurable.
To see that sup,,cy X», is a random variable, note that sup,, .y X, = —inf,ey — X, and  — —x is measurable.

Arguing as in the first case, inf,,>, X, is measurable for all m € N, so it follows from the second case that

liminf X,, = sup ( inf Xm>

n— 00 neN \m=>n

is a random variable. The lim sup case is similar. O

It follows from Theorem 4.4 that

{ lim X, exists} = {limiann = lim sup Xn} = {limiann — limsup X,, = 0}
n—oo n—00 n—o0 n—00 n—00

is measurable since it is the preimage of {0} € B under the map (liminf, _, X;,) — (limsup,,_, . X ), which

is the difference of measurable functions and thus measurable.

When P {lim,,,» X, exists} = 1, we say that the sequence converges almost surely to X := limsup,,_, .o Xn,
and write X,, — X a.s.
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5. EXPECTATION

Integration. (Brief Review)

First recall that the indicator function of a measurable set F is defined as

1, z€eFE

1E(x):{ 0, ¢ E

and a simple function ¢ =3 | a;1g, is a linear combination of indicator functions (where we may assume

that the coefficients are distinct).

A fundamental observation is that we can approximate a measurable function with simple functions by

partitioning the codomain.

Theorem 5.1. If (S,G) is a measurable space and f : S — [0,00] is measurable, then there is a sequence
{dn}22, of simple functions with 0 < ¢1 < ¢o < ... < f such that ¢, — [ pointwise, and the convergence is

uniform on any set on which f is bounded.

Proof. For n=1,2,... and k =0,1,...,4™ — 1, define
kE k+1
Ef = << *]) and F, = f~1 (2", 00]),

on’ gn
and set
a1
On = ; 271E71§—|—2n11:n. O

Now let (S,G, 1) be a measure space. We construct the integral as follows:
(i) For any F € G,
/ lgdp = p(E).

(i) For any simple function ¢ = .7, a;1g,,

/(bdu—éai/l&du—éai#(&)

with the convention that 0-oco = 0.
(iii) For any measurable function f : S — [0, o0,

/fd,uzsup{/qbdu:Og(be,(bissimple}.

(This is equal to lim /¢ndu with ¢,, as in the proof of Theorem 5.1 by the MCT.)
n—oo
(iv) For any measurable f:S — R with [ |f|du < oo (called an integrable function),

[ fan= [ (e v 0~ [-5von

For f integrable, A € G, we define the integral of f over A as [, fdu = [ fladpu.

When we wish to emphasize dependence on the argument, we write [ fdp = [ f(x)du(z), or sometimes

[ f(@)p(dz).

Proposition 5.1. For any a,b € R and any integrable functions f,g, [(af +bg)du =a [ fdu+b [ gdp.

If f <gae., then [ fdu < [ gdp.
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Definition.

If X is a random variable on (Q, F, P) with X > 0 a.s., then we define its expectation as E[X] = [ XdP,

which always makes sense, but may be +oo.

If X is an arbitrary random variable, then we can write X = X* — X~ where X = max{0, X} and

X~ =max{0, —X} are nonnegative random variables.

If at least one of E[X ], E[X ] is finite, then we define F[X] = E[X ] — E[X].
Note that E[X] may be defined even if X isn’t an integrable function.

A trivial but extremely useful observation is that P(A) = E[14] for any event A € F.

Inequalities.

Recall that a function ¢ : R — R is said to be convez if for every z,y € R, A € [0,1], we have

Az + (1= XNy) < Ap(x) + (1= N)ep(y)-

That is, given any two points x,y € R, the line from (z, ¢(x)) to (y,¢(y)) lies above the graph of .

Lemma 5.1. If o : R — R is convex, then

ply) —p(x) _ p(z) —p(2) _ »(z) — oY)
Yy—x - Z—T - z—y

for every x <y < z.

Proof. (Homework)
Writing A = 2= € (0,1), we have y = Az + (1 — \)z, so it follows from convexity that
¢(y) < Ap(2) + (1 = A)p(x), and thus

o(y) — (@) < A (9(2) — (@) = L= ((2) — p(a)) .

Z—x

Dividing by y — = > 0 gives the first inequality.

Similarly, setting p = 2% =1— X € (0,1), we have y = px + (1 — )z, so ¢(y) < pp(z) + (1 — p)e(z), and

zZ—x
thus

e(y) = o) < 1 (p(@) = 9(2)) = =2 (p(a) = (=),

hence
p(2) —oly) | ¢(2) —p(z) 0
z—1 B Z—T

Lemma 5.2 (Supporting Hyperplane Theorem in R?). If o is a convex function, then for any c € R, there
is a linear function l(x) which satisfies I(c) = ¢(c) and l(x) < p(x) for all x € R.

Proof. (Homework)

For any h > 0, taking x = c—h, y = ¢, z = ¢+ h in Lemma 5.1, it follows from the outer inequality that

that
ple) —ple=h) _ pleth) —p(c)
h - h '
Also, for any 0 < hy; < ho, we have ¢ — hy < ¢ — h1 < ¢, so the second inequality in Lemma 5.1 shows that

(c)—p(c—h2) (c)—p(c—h1)
® Zz 2) < @ il 1)
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(ctha)—¢p(c) (cthi1)—¢(c)
;2 o) > ¢ ﬁl ple)

Similarly, since ¢ < ¢+ h1 < ¢+ hs, the first inequality in Lemma 5.1 shows that £

Consequently, the one-sided derivatives exist and satisfy

@)(c) == lim plo) —ple—h) < lim

plct+h)—wplc)
h—0+ h e h = ¢ (©).

Now let a € [p](c), ¢.(c)] and define the linear function I(z) = a(z — ¢) + ¢(c). Clearly, I(c) = ¢(c).
To see that I(z) < ¢(z) for all z € R, note that if z < ¢, then z = ¢ — k for some k > 0, so

Z<x>—w<z>=a<x—c>+¢<c)_¢(c_k):_k(a_W) 0

since W < ¢j(c) < a by monotonicity. The x > ¢ case is similar. g

Theorem 5.2 (Jensen). If ¢ is a convex function and X is a random variable, then
¢ (E[X]) < E[p(X)]
whenever the expectations exist.

Proof. Lemma 5.2 gives the existence of a function I(z) = az + b which satisfies | (E[X]) = ¢ (F[X]) and
I(z) < () for all z € R.

By monotonicity and linearity, we have
Elp(X)] = /ga(X)dP > /l(X)dP = /(aX + b)dP

:a/XdP+b:aE[X]+b:l(E[X]):cp(E[X]). 0

The triangle inequality F|X| > |F[X]| is an important special case.
I remember the direction in Jensen’s inequality by E [X2] — E[X]? = Var(X) > 0.
A function is called strictly convex if the defining inequality is strict. For such functions, modifying the

preceding arguments where necessary shows that Jensen’s inequality is strict unless X is a.s. constant.

To state the next inequality, we define the L norm of a random variable by [|X||, = E [|X|p]% for p € [1,00)
and | X|| =inf{M : P(|X| > M) = 0}.
We define LP = LP (Q, F, P) = {X XL, < oo} (where random variables X and Y define the same element

of LP if they are equal almost surely), and one can prove that LP is a Banach space for p > 1.

oo

Theorem 5.3 (Holder). If p,q € [1, 0] with % + % =1 (where = =0), then
XYy < XL, 1Yl -

Proof.
We first note that the result holds trivially if the right-hand side is infinity, and if [ X||, = 0 or [|Y][, =0,

then |[XY| =0 a.s. Accordingly, we may assume that 0 < || X||,,[|Y[|, < co. In fact, since constants factor
out of LP-norms, it suffices to establish the result when [|X||, = ||V, = 1.

Also, the case p = 00,q = 1 (and symmetrically) is immediate since |X| < || X||, a.s., thus
EWXY[ < E[|X]lo VI = Xl EIYT= Xl 1Y -
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Accordingly, we will assume henceforth that p,q € (1, 00).
Now fix y > 0, and define the function ¢ : [0,00) = R by ¢(x) = ‘%p + % — xy.
Since ¢'(z) = 2771 —y and ¢"(z) = (p — 1)2P~2? > 0 for > 0, ¢ attains its minimum at zg = Y.

“1
Thus, as the conjugacy of p and ¢ implies that p%l tl= = (1 — %) = ¢, we have that

.’Ep q ﬁ q 1 1 1
p(z) > pleo) = 2+ L gy =Y +y—ypi1+1:yq<+>_yq:0
b4 P a P g

for all z > 0. It follows that % + % > xy for every x,y > 0.

In particular, taking x = | X|, y = |Y|, and integrating, we have
1 1
E|XY)| :/|X||Y|dP§ f/|X\de+f/|Y|qu
p q

X0 IyYle 1 o1
L T S -
p q q

Some useful corollaries of Holder’s inequality are:
Corollary 5.1 (Cauchy-Schwarz). E|XY| < /E[X?|E[Y2].
Alternate Proof. For all t € R,

0<E|[(X]+¢ |Y|)2} = B [X?] + 2E|XY| + 2B [Y?] = q(t),
so ¢(t) has at most one real root and thus a nonpositive discriminant

(2E|XY])? —4E [X*| E[Y?] <0. O

Corollary 5.2. For any random variable X and any 1 <r < s < oo, || X|],. < || X],-
Therefore, we have the inclusion L® C L.
Proof. For s = oo, we have | X|" < || X||’_ a.s., hence

I1XI; = [1x1ap < [ X1 dp =X

For s < oo, apply Holder’s inequality to X" and 1 with p = 2, ¢ = = to get

T s—r

Ix1; = B0 < 11, 0, = ([ 1017 ap) " = 1 0

Note that for Corollary 5.2, it is important that our measure was finite.

Of course, we could also prove the inclusion by breaking up the integral according to whether | X| is greater

or less than 1, though we would not obtain the inequality in that case.

The proof of our last big inequality should be familiar from measure theory (convergence in L' implies

convergence in measure).

Theorem 5.4 (Chebychev). For any nonnegative random variable X and any a > 0,

E[X]

P(X >a) <

23



Proof. Let A ={w: X(w) > a}. Then

aP(XZa):a/1AdP§/XlAdPg/XdP:E[X]. O

Corollary 5.3. For any (S, G)-valued random variable X and any measurable function ¢ : S — [0, 00),

Elp(X)]

P(p(X) > a) <

Some important cases of Corollary 5.3 for real-valued X are

e o(x) = |z|: to control the probability that an integrable random variable is large.

e o(z) = (z — E[X])*: to control the probability that a random variable with finite variance is far
from its mean.

e p(z) = e!: to establish exponential decay for random variables with moment generating functions

(concentration inequalities).

Limit Theorems.

We now briefly recall the three main results for interchanging limits and integration. The proofs can be

found in any book on measure theory.

Theorem 5.5 (Monotone Convergence Theorem). If 0 < X,, /X, then E[X,] /* E[X].

Theorem 5.6 (Fatou’s Lemma). If X,, > 0, then liminf F[X,| > E [lim inf Xn]

n—oo n—oo

Note that if X,, > M, then X,, — M > 0, so since constants behave nicely with respect to limits and

expectation, “nonnegative” can be relaxed to “bounded below” in the statement of Theorems 5.5 and 5.6.

Also, since X, X if and only if (—X,,) \( (-X) and liminf X,, = —limsup(—X,,), one has immediate
n—0o0 n—00
corollaries for lim sups and for monotone decreasing sequences (provided that they are bounded above).

Theorem 5.7 (Dominated Convergence Theorem). If X,, — X and there exists some Y > 0 with E[Y] < oo
and | X,| <Y for alln, then E[X,]| — E[X].

When Y is a constant, Theorem 5.7 is known as the bounded convergence theorem. In that case, it is

important that we’re working on a finite measure space.

In each of these theorems, the assumptions need only hold almost surely since one can modify random

variables on null sets without affecting their expectations.

Change of Variables.
Though integration over arbitrary measure spaces in nice in theory, in order to actually compute expectations,
we will typically need to work in more familiar spaces like R%.

The following change of variables theorem allows us to compute expectations by integrating functions of a

random variable against its distribution.
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Theorem 5.8. Let X be a random variable taking values in the measurable space (S,G), and let y = PoX !
be the pushforward measure on (S,G).
If f is a measurable function from (S,G) to (R,B) such that f >0 or E|f(X)| < oo, then

) = /S £(5)du(s)

Proof. We will proceed by verifying the result in increasingly general cases paralleling the construction of

the integral.
To begin with, let B € G and f = 1p. Then

E[f(X)] = E[15(X)] = P(X € B) = u(B) = /S 15 (s)du(s) = /S F(s)du(s)

Now suppose that f = Z?:l a;1lp, is a simple function. Then by linearity and the previous case,

:éaiE[IB Zaz/lB Ydp(s /f Ydp(s

If f > 0, then Theorem 5.1 gives a sequence of simple functions ¢,  f, so the previous case and two

applications of the MCT give

BUF(0)) = Jim Pl ()] = lim [ 6.(s / £(s)dps

n—oo

Finally, suppose that E|f(X)| < oo, and set f*(z) = max{f(z),0}, f~ () = max{—f(z),0}. Then
fHf >0, f=ft—f",and E[f(X)"], E[f(X)"] < E|f(X)| < o0, so it follows from the previous result
and linearity that

BLF(X)] = BLf*(X)] - / 1 (5)du(s / F(5)du(s / F()dus =

In light of Theorem 5.8, if X is an integrable random variable on (Q2, F, P) with distribution u, then

_ / XdP = / wdp(x).

If X has density f = $%, then for any measurable g : R — R with g > 0 a.s. or [ |g|du < oo,
Elg()) = [ g@)f(a)da.

If X is a random variable, then for any k € N, we say that E[X"] is the kth moment of X.

The first moment E[X] is called the mean and is usually denoted E[X] = p.
The mean is a measure of the center of the distribution of X.

If X has finite second moment E[X?] < oo, then we define the variance (or second central moment) of X as
Var(X) = E[(X — n)?).

The variance provides a measure of the dispersion of the distribution of X and is is usually denoted
Var(X) = o2

By linearity, we have the useful identity
Var(X) = E[(X — p)?] = E[X?] - 24E[X] + i = E[X?] — E[X2.
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6. INDEPENDENCE

Heuristically, two objects are independent if information concerning one of them does not contribute to one’s
knowledge about the other. The correct way to formally codify this notion in a manner amenable to proving

theorems is in terms of a sort of multiplication rule.

e Two events A and B are independent if P(AN B) = P(A)P(B).

e Two random variables X and Y are independent if P(X € E|Y € F) = P(X € E)P(Y € F) for all
E,F € B. (That is, if the events {X € E} and {Y € F'} are independent.)

e Two sub-c-algebras F; and F5 are independent if for all A € F;, B € F5, the events A and B are

independent.

Observe that if A € F has P(A) =0 or P(A) =1, then A is independent of every B € F.
This also implies that if X is a.s. constant, then X is independent of every Y € F.

An infinite collection of objects (sub-o-algebras, random variables, events) is said to be independent if every
finite subcollection is independent, where

e Events Ay,..., A, € F are independent if for any I C [n], we have

P (ﬂ Ai> = HP(Ai).

icl iel
e Random variables X, ..., X,, € F are independent if for any choice of F; € B;, i = 1,...,n, we have

P(X, € By, ... X, € E,) = HP(XZ» € E;).

i=1

e sub-c-algebras Fi, ..., F,, are independent if for any choice of A; € F;, i = 1,...,n, we have

i=1 i=1

Note that o-algebras and random variables are implicitly subject to the same subcollection constraint as

events since special cases of the definition include taking A; = Q, F; = R for i € I€.

For any n € N; it is possible to construct families of objects which are not independent, but every subcollection
of size m < n satisfies the applicable multiplication rule. For example, just because a collection of events
Ay, ..., A, satisfies P(A;NA;) = P(A;)P(A;) for all i # j (called pairwise independence), it is not necessarily
the case that A, ..., A, is an independent collection of events.

(Flip two fair coins and let A = {1st coin heads}, B = {2nd coin heads}, C' = {both coins same}.)

One can show that independence of events is a special case of independence of random variables (via indicator
functions), which in turn is a special case of independence of o-algebras (via the o-algebras the random

variables generate). We will take as our running definition of independence, the further generalization:

Definition. Given a probability space (2, F, P), collections of events A, ..., .4, C F are independent if for
all I C [n],
P <ﬂ AZ-) = HP(Ai)
iel il
whenever A; € A; for each i € I.

An infinite collection of subsets of F is independent if every finite subcollection is.
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Observe that if A, ..., A, is independent and we set A; = A; U{Q}, then Ay, ..., A, is independent as well.
In this case, the independence criterion reduces to P (N, 4;) = [[;—, P(A;) for any choice of A; € A;.

Sufficient Conditions for Independence.

The preceding definitions often require us to check a huge number of cases to determine whether a given

collection of objects is independent. The following results are useful for simplifying this task.

Theorem 6.1. Suppose that Ay, ..., A, are independent collections of events. If each A; is a w-system, then
the sub-o-algebras o(Ay), ...,0(Ay) are independent.

Proof. Because o(A;) = 0(A;) where A; = A; U{Q}, we can assume without loss of generality that Q € A;
for all 7 so that we need only consider intersections/products over [n].

Let A, ..., A, be events with 4; € A;, set F =(_, A;, and set L={A e F:P(ANF)=P(A)P(F)}.
Since P(Q N F) = P(F) = P(Q)P(F), we have that © € L.
Now suppose that A, B € £ with A C B. Then
P((B\A)NF)=P(BNF)\(ANF)) = P(BNF) - P(ANF)
— P(B)P(F) — P(AYP(F) = (P(B) — P(A)) P(F) = P(B\ A)P(F),

hence (B\ A) € L.
Finally, let By, Bs, ... € £ with B, / B. Then (B, NF) /" (BNF), so

P(BNF)= lim P(B,NF)= lim P(B,)P(F)=P(B)P(F),

n=o00 n—oo
so B € L as well.

Therefore, £ is a A-system, so, since A4; is a w-system contained in £ by assumption, the 7-A Theorem shows
that o(A;) C L.

Because Ag, ..., A,, were arbitrary members of A,, ..., A,, we conclude that o(A4;), As, ..., A, are independent.

Repeating this argument for As, As, ..., A,, 0 (A1) shows that o(As), As, ..., A,,0(A;) are independent, and
n — 2 more iterations completes the proof. O

A useful corollary is given by

Corollary 6.1. Random variables X1, ..., X,, are independent if

PXi <z, Xp <zm,) = HP(Xi <) for all x1,...,z, € R.
i=1
Proof. Let A; ={{X; <z}:ze€R}fori=1,..,n
Since {X; < 2z} N{X; <y} ={X; < x Ay}, the Als are m-systems, so o(A;),...,0(A,) are independent by
Theorem 6.1.
Because {(—o0,z]: x € R} generates B, 0(A;) = 0(X;), and the result follows. O

Since the converse of Corollary 6.1 is true by definition, independence of random variables X, ..., X,, is
equivalent to the condition that their joint cdf factors as a product of the marginals cdfs.

One can prove analogous results for density and mass functions using the same basic ideas.
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It is clear that if X7,..., X,, are independent random variables and fi, ..., f» : R — R are measurable, then

f(X1),..., f(X,) are independent random variables since for any choice of B; € B;,

P (fi1(X;) € By, .o, fn(X3) € By) = P (X1 € f7 ' (B1), ..., X € £, 1(BR))
=[P (X st B)) =] P(fixi) € By).

With the help of Theorem 6.1, we can prove the stronger result that functions of disjoint sets of independent

random variables are independent.

Lemma 6.1. Suppose F;;, 1 < i < n, 1 < j < m(i), are independent sub-c-algebras and let G; =
o (UJ ]-'i,j). Then G, ..., G, are independent.

Proof. Let A; = {ﬂJ A A€ fz‘,j}-

If ﬂj Ai’j,ﬂj Bi,j € A;, then (ﬂj Ai’j) N (ﬂj Bi,j) = ﬂj (Ai’j N Bi,j) € A;, thus A; is a m-system, so
o(Ay),...,0(A,) are independent by Theorem 6.1.

Because F' € Uj}—i,j implies F' € F; j, for some k and thus F =QnN---NQNEFNQN---NQ e A;, we have
that Uj Fij CA,s0G =0 (U] .7-'1-7]-> C o(A;). Consequently, Gy, ..., G,, are independent. O

Corollary 6.2. If X;;, 1 <i < n, 1 < j < m(i), are independent random variables and the functions
fi :R™D 5 R are measurable, then J1(X1,15 00 X))y oo Jn( X5 oo X)) are independent.

Proof. Let F;j = 0(X;;). Since fi(Xi1,..., Xim()) is measurable with respect to G; = o (UJ ]:i)j), the

result follows from Lemma 6.1. O
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Product Measure.

We now pause to recall the construction of product measures.

Proposition 6.1. Given finite measure spaces (1, F1, 1) and (Qo, Fa, u2), there exists a unique measure
p1 X pg on (0 x Qo, F1 ® Fo) which satisfies (1 X pi2)(A X E) = py (A)pz(E) for all Ac Fi, E € Fs.

Proof.

Let S={AX FE: A€ F,FE € F}.

If Ay x E1,Ay x E5 € S, then (A1 X E1) N (Ag x Ey) = (A1 N Ag) x (E1 N E>) and

(A1 x E1)9 = (A9 x E1) U (A x EC) U (A§ x ES), hence S is a semialgebra.

Define v : § — [0,00) by v(A X E) = p1(A)ua(E).

In light of the discussion in Section 3, the result will follow if we can show that for any countable disjoint
union of sets {A; x E;}ics in S such that Ax E = J;c;(Ai x E;) € S, we have v (A x E) = >, v(A; X Ey).
To see that this is so, observe that for all (x,y) € 1 x Qq,

La(@) 1Y) = Laxe(@,y) = > laxe(@,y) =Y 1a,(@)1s(y)

el el

iel

Consequently,

p(A1e0) = [ La@)1e)du( /Zu ), () g ()

“ i€l
= EZI/Q 1a,(2)1g, (y)dpi(x) = 1621 </91 ].Ai(l')dp,l(x)) 15, (y)

(The interchange of summation and integration is justified by the monotone convergence theorem.)

Integrating against po gives

V(A x E) = i (A)pa(E) = / 1 (A) s () dpay) = / S 01 (A0) 1, (y)dpa )
= Zﬂl / y)dpa(y ZMI ZV(Ai x Ej). O

el el iel

* The above holds for o-finite measure spaces as well by the same argument, but we mainly care about finite

measure spaces in probability.

An induction argument easily extends Proposition 6.1 to arbitrary finite products.
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Independence, Distribution, and Expectation.

We now consider the joint distribution of independent random variables.

Theorem 6.2. If X1,..., X, are independent random variables with distributions i, ..., pn,, respectively,

then the random vector (X1, ..., X,,) has distribution g X -+ X fiy.

Proof. Given any sets Ay, ..., A, € B, we have

P (X1, Xn) € Ay X -+ X Ay) = P(X1 € Ay, .., Xy € A,) = [[ P(Xi € A))

In the proof of Theorem 3.3, we showed that for any probability measures u,v, £L={A: u(A) =v(A4)} isa
A-system. Because the collection of rectangle sets is a 7w-system which generates B™, the result follows from
the 7-\ Theorem. O

In other words random variables are independent if their joint distribution is the product of their marginal

distributions.

At this point, it is appropriate to recall the theorems of Fubini and Tonelli, whose proofs can be found in

any book on measure theory.

Theorem 6.3. Suppose that (R, F, 1) and (S,G,v) are o-finite measure spaces.
I) Tonelli: If f: R x S — [0,00) is a measurable function, then

() [ gt = /</fxydu ) /(/f:vydv ) ().

IT) Fubini: If f: R x S — R is integrable (i.e. [|f|d(p x v) < o), then (x) holds.

In the language of probability, we have

Theorem 6.4. Suppose that X and Y are independent with distributions p and v. If f : R2 — R is a
measurable function with f >0 or E|f(X,Y)| < oo, then

FXY)] = / / F s y)dpu()dv ().

In particular, if g,h : R — R are measurable functions with g,h > 0 or E |g(X)|,E |h(Y)| < oo, then

Elg(X)h(Y)] = Elg(X)]E[A(Y)].

Proof. 1t follows from Theorem 6.2 and the change of variables formula (Theorem 5.8) that

B = [ fedn <)),

so the first statement follows from Fubini-Tonelli.
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Now suppose that g, h : R — R are nonnegative measurable functions. Then Tonelli’s Theorem gives

Bla0R )] = [ [ aminiint) = [ ) ( / g(x)du<x>) av(y)
- / h(y) Elg(X)]dv(y) = Elg(X)] / h(y)du(y) = Elg(X)ER(Y)).

If g, h are integrable, then applying the above result to |g|, || gives E |g(X)h(Y)| = E |g(X)| E |h(Y)] < oo,
and we can repeat the above argument using Fubini’s Theorem. O

Note that the second part of the preceding proof is typical of multiple integral arguments: One uses Tonelli’s
theorem to verify integrability by computing the integral of the absolute value as an iterated integral (or
interchanging order of integration), and then one applies Fubini’s Theorem to compute the desired integral.

Theorem 6.4 can easily be extended to handle any finite number of random variables:

Theorem 6.5. If X;,..., X,, are independent and have X; > 0 for all i, or E|X;| < oo for all i, then
H Xi] = H E[X]].
i=1 i=1

Proof. Corollary 6.2 shows that X; and X5 - -- X, are independent, so Theorem 6.4 (with g = h the identity

function) gives

E

n

HXi ﬁXz] )
=1 i=2

and the result follows by induction. O

E = E[X)|E

(To make Theorem 6.5 look more like Theorem 6.4, recall that if X, ..., X,, are independent and
fis-e, fn : R = R are measurable, then f1(X1), ..., fn(X,) are independent.)

Note that it is possible that F[XY] = E[X]|E[Y] without X and Y being independent.

For example, let X ~ N(0,1), Y = X2, Then X and Y are clearly dependent, but a little calculus shows
that E[X] and E[XY] = E[X3] are both 0 and E[Y] = E[X?] =1, so E[XY] = 0= E[X]E[Y].

Definition. If X and Y are random variables with E[X?], E[Y?} < co and E[XY] = E[X]E[Y], then we
say that X and Y are uncorrelated.

Often, independence is invoked solely to argue that the expectation of the product is the product of the

expectations. In such cases, one can weaken the assumption from independence to uncorrelatedness.

Of course, we can obtain a partial converse to Theorem 6.4 if we require the expectation to factor over a
sufficiently large class of functions.

Proposition 6.2. X and Y are independent if E[f(X)g(Y)] = E[f(X)]E[g(Y)] for all bounded continuous

functions f and g.
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Proof. Given any z,y € R, define

1, t<a 1, t<y
fa®) =S 1-n(t—2), s<t<z+i g)=K1-n(t—y), y<t<y+3i
0, t>x+ 1 0, t>y+ 2

Then bounded convergence and the assumptions give
P(X <2,Y <y) = E | lim fu(X)ga (V)] = lim B [fa(X)] Elga(Y)

= B[ lim fo(X)] [ lim (V)] = P(X <2)P(Y <y). 0

Before moving on, we mention that the ideas in this section can be used to analyze the sum of independent

random variables.

Theorem 6.6. Suppose that X and Y are independent with distributions p,v and distribution functions
F,G. Then X +Y has distribution function

PX+Y <2) = /F(z —)dG(y).

If X has density f, then X +Y has denszty h(z ff z —1y)dG(y).
If, additionally, Y has density g, then h(z) = [ f (z— )dy = fxg(z) - that is, the density of the sum is

the convolution of the densities.

Proof. The change of variables formula, independence, and Tonelli’s theorem give

POCHY <2) = [ 1w 40P = [ 1¢ ot il v)(a.y)

— [ [ 1o it = [ ([ 1@t ) aviy
/Fz— Ydu(y /Fz— )dG(y).

The final equality is just interpreting an integral against v as a Riemann-Stieltjes integral with respect to G.

Now if X has density f, then the previous result with u-substitution and Tonelli yield

P(X+Y <z)= /Fz— vy // i
// @ —y)dadu(y / /fx_ iv(o)ds
:/m (/f(gc_y)dG(y)) dz,

which means that the density of X + Y is as claimed.

The third assertion follows from the change of variables formula for absolutely continuous random variables
- which reads dG(y) = g(y)dy in the present context. O

Though one can use these convolution results to derive useful facts about distributions of sums, tools such
as characteristic and moment generating functions are generally much better suited for this task, so we will

not pursue the issue right now.
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Constructing Independent Random Variables.

To see that we have not done all of this work for nothing, we now show that independent random variables

actually exist!

Given a finite collection of distribution functions Fi, ..., F,,, it is easy to construct independent random
variables X1, ..., X,, with P(X; < z) = F;(x).

Namely, let Q = R", F = B", and P = py X - -+ X u, where y; is the measure on (R, B) with distribution

function Fj.

The product measure P is well-defined and satisfies

P (a1, 0] x -+ X (an, bn]) = (F1(b1) = Fi(ar)) - - (Fa(bn) — Fr(an)) .

If we define X; to be the projection map X; ((wy,...,ws)) = w;, then it is clear that the Xs are independent
with the appropriate distributions.

In order to build an infinite sequence of independent random variables with given distribution functions,

we need to perform the above construction on the infinite product space
RY = {(w1,ws, ...) : w; € R} = {functions w : N — R}.
The product o-algebra BY is generated by cylinder sets of the form
{weRY :w, € (a;, b fori=1,....n},

and the random variables are the projections X;(w) = w;.

(In the definition of cylinders, we take —oo < a; < b; < oo with the interpretation that (a;,o0] = (a;, 00).
a; = b; for any j gives the empty set.)

Clearly, the desired measure should satisfy

P ({w S RN Wy € (ai,bi] for i = 1, ,’I’L}) = H (Fz(bz) — Fl(az))
i=1

on the cylinders.

To see that we can uniquely extend this to all of BY, we appeal to

Theorem 6.7 (Kolmogorov). Suppose that we are given a sequence of probability measures p,, on (R™, B")

which are consistent in the sense that

Hn41 ((ah bl] X X (an7 bn] X R) = Hn ((ah bl] X X (a’ru bn]) .
Then there is a unique probability measure P on (RN, BY) with

P ({w eRY :w; € (ai,b),i = 1,...,n}) = pin ((a1,b1] X -+ X (an,by]) .

In particular, given distribution functions Fy, F5, ..., if we define the u,’s by the condition
pin (a1, b1] % -+ X (an, ba]) = [ (Fi(0) = Fi(ai))
i=1

then the projections X, (w) = w, are independent with P(X,, < z) = F,(z).
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Proof of Theorem 6.7. Let {11,}52 1 be a consistent sequence of probability measures, let S be the collection
of cylinder sets, and define @) : S — [0, 1] by

Q ({w eRY:w; € (a;,b],1 <i < n}) = tp ((a1,b1] X -+ X (an,by)) .
Let A = {finite disjoint unions of sets in S} be the algebra generated by S and define Py : A — [0,1] by
Py (Lr—; Sk) = > p_1 Q(Sk) for Sy, ..., S, disjoint sets in S.

As S is a semialgebra which generates BY, the discussion in Section 3 shows that it suffices to prove

Claim. If B,, € A with B, \ 0, then Py(B,) \0.

Proof. To further simplify our task, let F, be the sub-c-algebra of BY consisting of all sets of the form
E = FE*"xRxRx - with E* € B®. We use this asterisk notation throughout to denote the “B™

component” of sets in F".
We begin by showing that we may assume without loss of generality that B, € F,, for all n.

To see this, note that B, € A implies that there is a j(n) € N such that B,, € Fj, for all &k > j(n). Let
k(1) = j(1) and k(n) = k(n — 1) + j(n) for n > 2. Then k(1) < k(2) < --- and B, € Fy) for all n. Define
B; = RN for i < k(1) and B; = B, for k(n) <i < k(n+1). Then B, € F, for all n and the collections
{Bp} and {E } differ only in that the latter possibly includes RY and repeats sets. The assertion follows

since B, \, 0 if and only if B, \,@andPo( )\,OlfandonlylfPo( n) N\ 0.

Now suppose that Py(B,) > ¢ > 0 for all n. We will derive a contradiction by approximating the B} from
within by compact sets and then using a diagonal argument to obtain ), B, # 0.

Since B,, is nonempty and belongs to AN F,,, we can write
K(n)
U {w:w; € (aik,bikl,i=1,...,n} where —oo < a; < b < 0.

By a continuity from below argument, we can find a set F,, C B,, of the form

K(n)
E, = U {w Tw; € [ai,kabi,k]vi =1, ,n} , —oo< a’i’k < big < 00,

k=1
with i (B, \ Ej) < goer-
Let F,, = \,_, Em. Since B,, C B,, for any m < n, we have

Bu b = B0 (U ) U @nen) e U Bnnkn).
m=1 m=1 m=1

hence

| 9

pn(BE\Fy) <Y (B \ Eyy) <
m=1
Since pi,(Bj) = Py(B,) > 4, this means that p,,(F) > $ , hence F} is nonempty.
Moreover, E’ is a finite union of closed and bounded rectangles, so
Fr=E:n(E'_{xR)N---N(E; xR"™)

is compact.
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For each m € N, choose some w™ € Fy,,. As F,,, C Fy, wi" (the first coordinate of w™) is in FY.
By compactness, we can find a subsequence m(1, j) > j such that wT(l’j) converges to a limit 6, € Fy.
For m > 2, F,,, C F3, so (w}*,wd") € Fy. Because Fy is compact, we can find a subsequence of {m(1,5)},

(2,9)

which we denote by m(2,7), such that wy' converges to a limit 62 with (0, 63) € F.

In general, we can find a subsequence m(n,j) of m(n — 1, j) such that wi-3) converges to 6,, with

(01, ....0,) € F*.

Finally, define the sequence w(i) = w™(®%, Then w(i) is a subsequence of each w™(7), 50 lim; o0 w(i)x = O
for all k. Since (64, ...,0,) € E for all n, 8 = (01,05, ...) € F,, for all n, hence

XS ﬁ F, C ﬁ B,,
n=1 n=1

a contradiction!

Note that the proof of Theorem 6.7 used certain topological properties of R™.
As one might expect, the theorem does not hold for infinite products of arbitrary measurable spaces (S, G).

However, one can show that it does hold for nice spaces where (S,G) is said to be nice if there exists an

1

injection ¢ : S — R such that ¢ and ¢ ™" are measurable.

The collection of nice spaces is rich enough for our purposes. For example, if S is (homeomorphic to) a

complete and separable metric space and G is the collection of Borel subsets of S, then (S, G) is nice.
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7. WEAK LAw OF LARGE NUMBERS

We are now in a position to establish various laws of large numbers, which give conditions for the arithmetic
average of repeated observations to converge in certain senses. Among other things, these laws justify and
formalize our intuitive notions of probability as representing some kind of measure of long-term relative

frequency.

Convergence in L? and Probability.

The weak law of large numbers is concerned with convergence in probability where

Definition. A sequence of random variables X7, Xo, ... is said to converge to X in probability if for every
e >0, lim, 00 P (| X, — X| >¢) = 0. In this case, we write X,, —, X.

In analysis we would call this convergence in measure.

Note that if X,, —, X, then lim,_,o P (|X,, — X| <¢) =1 for all € > 0, while X,, - X a.s. implies that
P (limy, 00 | X5, — X| < &) =1 for all € > 0. The following proposition and example show the importance of

the placement of the limit in the two definitions..

Proposition 7.1. If X,, =+ X a.s., then X, —, X.

Proof. Let € > 0 be given and define

A= {1Xm = X| >},

m>n

A= ﬁ Ap,
n=1
E={w: nlLrI;OXn(w) # X (w)}.

Since A1 2 As D ..., continuity from above implies that P(A) = lim,, o, P(A4y).

Now if w € A, then for every n € N, there is an m > n with | X, (w) — X (w)| > €, 50 lim,,_, o0 Xy (w) # X (w),
and thus A C E.

Because we also have the inclusion {|X,, — X| > ¢} C A,,, monotonicity implies that
lim P(|X, —X|>¢) < lim P(A,)=P(A) <P(E)=0
n— 00 n—oo

where the final equality is the definition of almost sure convergence. ]

Example 7.1 (Scanning Interval). On the interval [0,1) with Lebesgue measure, define

X, = 1[0,1),X2 = 1[0 ),X3 = 1[%71),...,X2n+k = 1[277%’7624;1),

1
'3
It is straightforward that X,, —, 0 (for any ¢ € (0,1), m > 2" implies P (|X,,, — 0] >¢) < 5%), but
lim,, o X, (w) does not exist for any w (there are infinitely many values of n with X,,(w) = 1 and infinitely

many values with X, (w) = 0), thus X,, - 0 a.s.

The preceding shows that convergence in probability is weaker than almost sure convergence. In fact, this

is the source of “weak” in the weak law of large numbers.
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Our first set of weak laws make use of L? convergence where

Definition. For p € (0,00], a sequence of random variables X7, Xs,... is said to converge to X in LP if
lim [|X,, — X||, = 0. (For p € (0,00), this is equivalent to F [|X,, — X|"] — 0.)
n—oo

Our first observation about LP convergence is

Proposition 7.2. For any 1 <r < s <oo, if X;, > X in L®, then X,, — X in L".

Proof. If X,, — X in L?, then Corollary 5.2 implies || X,, — X||,. < || X,, — X]||, — 0. O

To see how LP convergence compares with our other notions of convergence, note that

Proposition 7.3. If X,, — X in LP for p >0, then X,, —, X.

Proof. For any € > 0, Chebychev’s inequality gives

P(X,—X|>¢e)=P(|X, - X|" >eP) <ePE[|X, — X|'] = 0. O

Example 7.2. On the interval [0,1] with Lebesgue measure, define a sequence of random variables by
X, = nil(oynq]. Then X,, — 0 a.s. (and thus in probability) since for all w € (0,1], X,,(w) = 0 whenever
n > w~!. However, E[|X,, — 0|"] =1 for all n, so X,, » 0 in LP.

Proposition 7.3 and Example 7.2 show that LP convergence is stronger than convergence in probability.

Example 7.2 also shows that almost sure convergence need not imply convergence in LP

(unless one makes additional assumptions such as boundedness or uniform integrability).

Conversely, Example 7.1 shows that LP convergence does not imply almost sure convergence.

It is perhaps worth noting that a.s. convergence and convergence in probability are preserved by continuous
functions. (The latter claim can be shown directly from the e-¢ definition of continuity, but we will give an
easier proof in Theorem 8.2.) However, L? convergence need not be. For example, on [0, 1] with Lebesgue
measure, X,, = nél(om_p) converges to 0 in LP, p > 0, but if f(z) = 22, || f(X,) — f0)][, =1 for all n.

Now recall that random variables X and Y with finite second moments are said to be uncorrelated if
E[XY] = E[X]E[Y].

If we denote E[X] = pux, E[Y] = puy, then the covariance of X and Y is defined as
Cov(X,Y) : = E[(X — ux)(Y — py)] = E[XY — Xpy — pxY + pxpy]
= E[XY] - 2uxpy + pxpy = E[XY] - E[X|E]Y],
so uncorrelated is equivalent to zero covariance and finite second moments.

We say that a family of random variables {X;};cr is uncorrelated if Cov(X;, X;) = 0 for all ¢ # j.
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Before stating our first weak law, we record the following simple observation about sums of uncorrelated

random variables.

Lemma 7.1. If X1, X5, ..., X,, are uncorrelated, then

Var(X; + ... + X,,) = Var(Xy) + ... + Var(X,,).

Proof. Let p; = E[X;] and S,, = > | X;. Then E[S,] = Y, y1; by linearity, so

(Sn - E[Sn])ﬂ =FE <Z(Xz - Ni))

=1

Var(S,) =FE

—

E

(X — pi)? + Z(Xl — 1) (X — py)
1 i

7

—

n

I

«
Il
-

E[(Xi— )]+ E[(Xi — mi)(X; — )]
i#j

I

Var(X;) + »  Cov(X;, X;) = > Var(X;). 0
1 i#j i=1

2

We also observe that the for any a,b € R,

Var(aX +b) = E [((ax +b) — (apx + b))ﬂ = a®E [(X — px)?] = a®Var(X).

With these results in hand, the L? weak law follows easily.

Theorem 7.1. Let X1, X, ... be uncorrelated random variables with common mean E[X;] = p and uniformly
bounded variance Var(X;) < C < oco. Writing S, = X1 + ... + X,,, we have that %Sn — p in L? and in
probability.

Proof. Since E [15,] = 13" | 1= p, we see that

1
n

E|(+s | v (L 1Zn:v (x)<" o
=S, — =Var (-5, | = = ar(X;) < —
n . n n2 P n?
as n — oo, hence 15, — yin L. By Proposition 7.3, 25, —, 11 as well. O

Specializing to the case where the X;’s are independent and identically distributed (or i.i.d.), we have the

oft-quoted weak law

Corollary 7.1. If X1, Xo, ... are i.i.d. with mean u and variance o? < oo, then X,, = %Z?:l X, converges
in probability to L.

The statistical interpretation of Corollary 7.1 is that under mild conditions, if the sample size is sufficiently

large, then the sample mean will be close to the population mean with high probability.
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Examples.

Our first applications of these ideas involve statements that appear to be unrelated to probability.

Example 7.3. Let f :[0,1] — R be a continuous function and let

e (ar (Y

be the Bernstein polynomial of degree n associated with f. Then lim sup |f,(z)— f(x)| =0.

n—=00 1el0,1]

Proof.

Given any p € [0, 1], let X3, X5, ... beiid. with P(X; =1)=pand P(X; =0)=1—p.

One easily calculates E[X;] = p and Var(X;) = p(1 —p) < 1.

Letting S, = >i"; X;, we have that P(S, = k) = ({)pF(1 —p)" 7%, s0o E [f (£5,)] = fu(p).

Also, Corollary 7.1 shows that X,, = %Sn converges to p in probability.

To establish the desired result, we have to appeal to the proof of our weak law.

First, for any o > 0, Chebychev’s inequality and the fact that F [X,] = p, Var (X,,) = & (1 p) < 1= gives

Var(X,) 1
< .
o? ~ 4na?

P(|Xn—p|=a) <

Now since f is continuous on the compact set [0, 1] it is uniformly continuous and uniformly bounded. Let
M = sup,¢(o17|f(7)], and for a given € > 0, let 6 > 0 be such that |z — y[ < ¢ implies |f(x) — f(y)| < e for
all z,y € [0, 1]. Since the absolute value function is convex, Jensen’s inequality yields

As this does not depend on p, the result follows upon letting n — co. O

Our next amusing result can be interpreted as saying that a high-dimensional cube is almost a sphere.

Example 7.4. Let X1, Xo,... be independent and uniformly distributed on [—1,1]. Then X2, X2, ... are also
independent with E[X2] = [* 5 2 dy = % and Var(X?) < E[X{] < 1, so Corollary 7.1 shows that 2 > | X2
converges to = in probability.

Now given ¢ € (0,1), write A, . = {z € R": )T < |zl € (1+¢)y/Z} where [[z] = (2F + ... + 22)3

is the usual Euclidean distance, and let m denote Lebesgue measure. We have

m (An,s N[-1,1]")
on

= P((X1,...Xp) € Ape) =P | (1— e)\/z

1 1 )
—P<3(12e+6 ZX 31+2s+s)>

P(l 26—5‘)’
n < 3

>oxt-g)<
i=1 3
— 1 as n — oo. In words, most of the volume of the cube [—1,1]™ comes from A, .,

m(A, N[—1,1]")
so that ———3———

which is almost the boundary of the ball centered at the origin with radius \/g .
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The next set of examples concern the limiting behavior of row sums of triangular arrays, for which we appeal

to the following easy generalization of Theorem 7.1.

Theorem 7.2. Given a triangular array of integrable random variables, {X,, k}neni1<k<n,
let Sy, =Y 1_, Xnk denote the nth row sum, and write pi,, = E[S,], 02 = Var(S,,).

2
If the sequence {b,}32, satisfies lim, o 75 =0, then

Sn_ n
7M_>p0'

bn

2
Proof. By assumption, F (@) = % — 0 as n — 00, so the result follows since L? convergence

n n

implies convergence in probability. ]

Example 7.5 (Coupon Collector’s Problem). Suppose that there are n distinct types of coupons and each
time one obtains a coupon it is, independent of prior selections, equally likely to be any one of the types.
We are interested in the number of draws needed to obtain a complete set. To this end, let T}, , denote the
number of draws needed to collect k distinct types for k£ = 1,...,n and note that 7,,; = 1. Set X,,; =1 and
Xngk = Tox — Tnp—1 for k =2,...,n so that X,, ; is the number of trials needed to obtain a type different
from the first kK — 1. The number of draws needed to obtain a complete set is given by

T, = Tnm =1+ Z (Tn,k: - Tn,k—l) =1+ Zka
k=2 k=2

By construction, X, 2, ..., X, , are independent with P(X,, , =m) = ("_7’”1) (%)m_l for m € N.

n

)mfl

Now a random variable X with P(X =m) =p(1—p is said to be geometric with success probability p.

A little calculus gives

EX]=> mp(l—p™t=p) —d%(l -p"
m=1 m=1
> m d1l-—p B
:_pjn;( —p) _p%T ];
and
EX? =Y m’p1—p)™ ' = [m(m—1)+mlpl—p)""
=p(l—p) Y mm—1)(1—p)" >+ Y mp(l—p)™"
=p<1—p>mz_2C;u—p)mE[X]:pu— il
20—p) 1 _2-p
T T
hence ) )
_ 21 2_+-DP _ L
Var(X) = E[x% - BIX]P = P <



It follows that

1
ET,)=1+4+) E[X,, =1+ 1+n) —=n) -
kZ:g k kzﬂnfkﬂrl ; ]le
and
" g N
Var(T, ZVar .k <§_:<n—k—|—l> = z::—z n;j—zz .

Taking b,, = nlog(n) we have Vaz(%T”) < GIOg(n

~1_
1 - +1
RIS
(which can be seen by bounding log(n) = [ % with the upper Riemann sum Y3_} L < 37 1 and the

T
nlog(n)

7z — 0, so Theorem 7.2 implies % —, 0.

Using the inequality

lower Riemann sum >, + ="/, + — 1), we conclude that —p L.
r
Example 7.6 (Occupancy Problem). Suppose that we drop 7, balls at random into n bins where — — c.
n
Letting X,, , = 1{bin k is empty}, the number of empty bins is X, = >} X, x.
It is clear that

n n n — 1 Tn
= E[Xpx] = P(bin k i ty) =
; (X k] Z (bin k is empty) = n ( - )

k=1
and
—E Z X2 042> XniXp,| =Y EXnx]l+2) E[X, X, ;]
1<j k=1 i<j
= Z P(bin k is empty) + 2 Z P(bins 7 and j are empty)
k=1 i<j
-1 Tn —9 Tn 1 Tn D) Tn
() G () e () e (-0)
n 2 n n n
SO

Var(X,,) = E[X2] - E[X,]* =n (1 - 1) +n(n—1) (1 - 2) —n? (1 - 1>2T" :

n

. . . . T
Now L’Hospital’s rule gives lim = —1, so, since — — ¢, we have that
n—00 n

-1 Tn - 1 n—1 -1 Tn
log n :T—~M—>—candthus n —e “asn — oo.
n n n—1

2 Tn 1 2ry,
Similarly, (1 — ) , (1 — ) — e 2
n n

E[X, —1\™
Consequently, %] = (n ) — e “and

3

n

X 1—1)™ 1 2\ "™ 1\
Var( "’L) — ( TL) + n(n ) (1 _ ) _ (1 _ ) - 0 + 1 . 6_2C _ 6—20 — O
n

n? n n n

X
as n — 00, so taking b,, = n in Theorem 7.2 shows that the proportion of empty bins, ——, converges to e~¢
n

in probability.
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Weak Law of Large Numbers.

We begin by providing a simple analysis proof of the weak law in its classical form. The general trick is to

use truncation in order to consider cases where we have control over the size and the probability, respectively.

Theorem 7.3. Suppose that X1, X, ... are i.i.d. with E|X;| < co. Let S, = Z?:l X; and p = E[X4].
Then %Sn — o in probability.

Proof.

In what follows, the arithmetic average of the first n terms of a sequence of random variables Y7, Y, ... will
be denoted by Y, = £ 3" | V;.

We first note that, by replacing X; with X! = X, — u if necessary, we may suppose without loss of generality
that E[X;] = 0.

Thus we need to show that for given €,6 > 0, there is an N € N such that P (|X,| >¢) < § whenever
n> N.

To this end, we pick C' < oo large enough that E[|X1|1{|X1]| > C}] < n for some 7 to be determined.

(This is possible since | X;]1{|X1| < n} < |X;] and F |X;1]| < o0, so lim, 0o E[|X1|1{|X1] < n}] = F|X4]
by the dominated convergence theorem, hence F [|X1]|1{|X1| > n}]| = E|X:1|— E[|X1|1{|X1] < n}] = 0.)

Now define
Wi = X;1{|X;| < C} = E[X;1{|X;i| < C}]
Z; = X;1{|X;| > C} — E[X;1{|X;| > C}].
By assumption, we have that
E|Z;| <2E[| X1 1{|X;| > C}] < 27,
and thus, for every n € N,

E|Z,|=E

1 n
w2 %

Also, the W;’s are i.i.d. with mean zero and satisfy |W;| < 2C by construction, so

1n
< = El|Z;| <2n.
_n; |z|_7]

E {WQ} - % iE[Wf] + > EWW;] | = BV < 4702,

" L~ n n
i#£]

and thus

Si
n

Bl < B[] < 2&
by Jensen’s inequality.

Consequently, if n > N := {47%2—‘, then E ’Wn| <.

Finally, Chebychev’s inequality and the fact that

[ KXol = Wo+ 20| < [Wa| + |20
imply that for n > N,

P(T| > ) < P (W] + |Za] > ¢) < EIVnl L EIZal 30

9 9

Taking n = % completes the proof. (]
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We now turn to a weak law for triangular arrays which can be useful even in situations involving infinite

means.

Theorem 7.4. For each n € N, let X, 1,...,X,,,, be independent. Let {b,}>2, be a sequence of positive
numbers with lim,,_,.c b, = 0o and let )N(n,k = X, ,1{|Xpn k| < bp}. Suppose that as n — oo

(1) Sy P (1 Xoi] > bu) 0
(2) b2 Sh E[X2,] 0.
an

- S, —
If welet S, => 7 _ Xnk and ap, =Y 1 F [Xn,k} , then ——"

b —p 0.

Sp—an

Proof. Let S,, = Y oreq X, x. By partitioning the event { -

we see that
S, — an
pll|2r—=n
(5

To estimate the first term, we observe that

> e} according to whether or not S,, = §n,

S, —an
bn

>g> gP(Sn;A§n)+P<

where the first inequality is due to the fact that S, # §n implies that there is some k € [n] with X, ; # )Z'n’k,

and the second inequality is countable subadditivity.

For the second term, we use Chebychev’s inequality, F {gn} = an, the independence of the )?;L’ks, and our
second assumption to obtain

g

Sn*an

bn

. 2
> 5) <e’E (Snb a") = ¢ 2b;2Var(S,)

= ?p, 2 zn:Var [)Z'flk} <e? (bn2 En: E [)Z'flk}> — 0. O
k=1 k=1

Theorem 7.4 was so easy to prove because we assumed exactly what we needed. Essentially, these are the
correct hypotheses for the weak law, but they are a little clunky so we usually talk about special cases that

take a nicer form.

In order to prove our weak law for sequences of i.i.d. random variables, we need the following simple lemma.

Lemma 7.2 (Layer cake representation). If Y > 0 and p > 0, then
E[Y?] =/ py" " P(Y > y)dy.
0
Proof. Tonelli’s theorem gives

/ py? T P(Y > y)dy = / py? ! </ 1{Y >y} dP) dy
0 0 Q

/ pyP M {y <Y} dy) dP
0

(
:/Q (/prypldy> dP:/QYde:E[Y”]. O
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We now have all the necessary ingredients for

Theorem 7.5 (Weak Law of Large Numbers). Let X1, Xo, ... be i.i.d. with
xP(|X1| > x) = 0 as x — oo.

Let Sp, = X1 + ... + Xy, and p,, = E[X11{|X1]| < n}]. Then %Sn — i, — 0 in probability.

Proof. We will apply Theorem 7.4 with X,, ,, = X}, and b,, = n (hence a,, = nu,).

The first assumption is satisfied since

> P (|Xnxl >n) =nP(|X1| >n) = 0.
k=1

For the second assumption, we have )Z’nk = X 1{|Xk| < n}, so we must show that

%E X2,] = ! ;E X2.] ~o.

T n2
Lemma 7.2 shows that
E [5(31} - / 2P (‘)?nl
0

since P (‘)?nl‘ > y) =0for y >nand P (’)?nl‘ > y) = P(|X1| >y) — P(|X1| > n) for y < n, so we will

be done once we prove that

>y) dyS/ 2yP (| X1] > y) dy
0

1 n
[ 2p x> gay o
nJo

To see that this is the case, note that since 2yP (] X;| > y) — 0 as y — oo, for any £ > 0, there is an N € N
such that 2yP (|X1| > y) < € whenever y > N. Because 2yP (| X1| > y) < 2N for y < N, we see that for all
n> N,

I I L[
[ axiswa = [P (x> wdy e [2p x> v
nJo nJo nJN
1y 1 2N? - N
§f/ 2Ndy—|—f/ Edy:——i—n €,
n Jo n Iy n n
hence )
1 /M 2N - N
limsup—/ 2yP(|X1|>y)dy§hmsup—+n e=g¢,
n—oo T Jo n—o00 n n
and the result follows since € was arbitrary. O

Remark. Theorem 7.5 implies Theorem 7.3 since if F|X;| < oo, then the dominated convergence theorem

gives
pn = E[X11{|X1| <n}] = E[X1] = p as n — oo,

2P (|1X1] > 2) < E[| X1 1{|X1] > 2}] — 0 as z — oc.
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On the other hand, the improvement is not vast since P (|X1| > ) — 0 implies that there is M € N so
that 2P (| X1| > «) <1 for > M, and thus for any £ > 0, Lemma 7.2 with p = 1 — ¢ yields

(oo}

Blxal ) = [Ca-arpixl= = -a) [Ty x>y

M e
<(1- 6)/ y~ ) Mdy 4 (1 - s)/ y~ 9 dy < 0.
0 M

Example 7.7 (The St. Petersburg Paradox). Suppose that I offered to pay you 27 dollars if it takes j flips
of a fair coin for the first head to appear. That is, your winnings are given by the random variable X with

P(X = 2J) = 277 for j € N. How much would you pay to play the game n times? The paradox is that

o0

EX]=372, 27 . 277 = 00, but most sensible people would not pay anywhere near $40 a game.

Using Theorem 7.4, we will show that a fair price for playing n times is $log,(n) per play, so that one would

need to play about a trillion rounds to reasonably expect to break even at $40 a play.

Proof. To cast this problem in terms of Theorem 7.4, we will take X7, X5, ... to be independent random
variables which are equal in distribution to X and set X,, , = Xj. Then §,, = ZZ=1 X} denotes your total
winnings after n games. We need to choose b,, so that

nP(X >by) = > P(Xpx > by) =0,
k=1

n _ - 2
b [X21{X <b,}] =b;> ;E [(Xn’kl {1 Xl <ba})?] = 0.

To this end, let m(n) = log,(n) + K(n) where K(n) is such that m(n) € N and K(n) — oo as n — oo.

If we set b, = 2™(") = n2K(™) e have

nP(X >by) <nP(X >by) =n » 27 =n27mWH =97 KMHL g

i=m(n)
and
E[X?1{X <bp}] = > 2%.27 =2m(H _2<9p,,
i=1
so that 5
b%E [X21{|X| <bn}] < bl‘ =92~ Km+1
Since
n m(n)
an =Y E[Xp 1 {[ Xl <0} =nE[X1{X <b,}]=n Y 227" =nm(n),
k=1 i=1
Theorem 7.4 gives
Sy — nlogy(n) — nK(n)
oK () —p 0.
If we take K(n) < log, (logy(n)), then the conclusion holds with nlog,(n) in the denominator, so we get
i %p 1. O
nlogy(n)
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8. BOREL-CANTELLI LEMMAS

Given a sequence of events Aj, As, ... € F, we define

oo oo
limsup,, 4,, := ﬂ U Ay, = {w: wis in infinitely many A, },

n=1m=n
which is often abbreviated as {4,, i.0.} where “i.0.” stands for “infinitely often.”

The nomenclature derives from the straight-forward identity limsup 14,

=1y .
e limsup,, A,

One can likewise define the limit inferior by
liminf, A, := U ﬂ Ay, = {w:wis in all but finitely many A, },
n=1m=n

but little is gained by doing so since liminf, A, = (lim supnAg)C.

To illustrate the utility of this notion, observe that X,, — X a.s. if and only if P (|X,, — X| >¢ei.0.)=0
for every € > 0.

Lemma 8.1 (Borel-Cantelli I). If Y " P(A,) < oo, then P(A, i.0.) = 0.

Proof. Let N =37 14, denote the number of events that occur. Tonelli’s theorem (or MCT) gives

BN =3 Byl = 3 P(4,) < oo,

so it must be the case that N < oo a.s. O

A nice application of the first Borel-Cantelli lemma is

Theorem 8.1. X, =, X if and only if every subsequence { X, }7°_; has a further subsequence { X, ., 172,
such that X,

By — X Q.8 as k — 0o,

Proof.

Suppose that X,, —, X and let {X,, }5°_; be any subsequence. Then X, —, X, so for every k € N,
P (|X,, —X| > +) = 0 as m — oo. It follows that we can choose a further subsequence {Xn, itz such
that P (| X, ., — X| > 1) <27 for all k € N. Since

ZP (|Xnm(k) - X| > ]i) <1< o0,
k=1

the first Borel-Cantelli lemma shows that P (|X
Because {’X —X‘ >eio.} C {’Xn

- X|> {1i0)=0.

Mo (k)

— X| > ¢ i.0.} for every € > 0, we see that X — X as.

MNm (k) m(k) Mom (k)

To prove the converse, we first observe

Lemma 8.2. Let {y,}52, be a sequence of elements in a topological space. If every subsequence {yn, }>°_;

has a further subsequence {ynm(k)}z';l that converges to y, then y, — y.
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Proof. If y, - y, then there is an open set U > y such that for every N € N, there is an n > N with
yn ¢ U, hence there is a subsequence {y,, }>>_, with y,, ¢ U for all m. By construction, no subsequence

of {yn,, }52_, can converge to y, and the result follows by contraposition. O

Now if every subsequence of {X,,}52, has a further subsequence that converges to X almost surely, then

applying Lemma 8.2 to the sequence y,, = P(|X,, — X| > ¢) for an arbitrary € > 0 shows that X,, —, X. O

Remark. Since there are sequences which converge in probability but not almost surely (e.g. Example 7.1),
it follows from Theorem 8.1 and Lemma 8.2 that a.s. convergence does not come from a topology.

(In contrast, one of the homework problems shows that convergence in probability is metrizable.)

Theorem 8.1 can sometimes be used to upgrade results depending on almost sure convergence.

For example, you are asked to show in your homework that the assumptions in Fatou’s lemma and the

dominated convergence theorem can be weakened to require only convergence in probability.
To get a feel for how this works, we prove

Theorem 8.2. If f is continuous and X,, —, X, then f(X,) —, f(X). If, in addition, f is bounded, then
E[f(Xn)] = E[f(X)].

Proof. If {X,, } is a subsequence, then Theorem 8.1 guarantees the existence of a further subsequence
{Xn,.ry} which converges to X a.s. Since limits commute with continuous functions, this means that
f(Xn,.y) = f(X) a.s. The other direction of Theorem 8.1 now implies that f(X,) —p f(X).

If f is bounded as well, then the dominated convergence theorem yields E [ f (Xnm,<k))] — E[f(X)].
Applying Lemma 8.2 to the sequence y,, = E[f(X,,)] establishes the second part of the theorem.

(Since f is bounded, the same argument shows that f(X,) — f(X)in L'.) O

We will now use the first Borel-Cantelli lemma to prove a weak form of the Strong Law of Large Numbers.

Theorem 8.3. Let X1, Xo,... be i.i.d. with E[X1] = pp and E [Xf] <oo. If S, = X1+ ..+ X,, then
%Sn — 1 almost surely.

Proof. By taking X! = X; — u, we can suppose without loss of generality that y = 0. Now

E[Si]=E (Z XZ-) X (Z Xk> (Z Xl> =E| Y XX XX
i=1 j=1 k=1 =1 1<i,j,k,l<n
By independence, terms of the form FE [XZ-?’X]-], E [XfXij] and E[X;X;X;X;] are all zero (since the
expectation of the product is the product of the expectations).
The only non-vanishing terms are thus of the form E [X}] and E [X2X?], of which there are n of the former
and 3n(n — 1) of the latter (determined by the (g) ways of picking the indices and the 2(;) ways of picking

which two of the four sums gave rise to the smaller and larger indices).
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Because E [XEXJQ} =F [Xiz]2 < E [X}], we have
E[S!] <nE[X}] +3n(n— 1)E [X?]* < On?
where C' = 3F [X{] < oo by assumption.

It follows from Chebychev’s inequality that

1 . 4 4 ¢
P(215 > ) =P (I5l* > (ne)?) <

3 |S|>E §CE‘4OOi<oo.
27 > 2
b

Borel-Cantelli, so, since € > 0 was arbitrary, nS — 0 a.s. O

hence

Therefore, P (£ |S,| > ¢ i0.) =

The converse of the Borel-Cantelli lemma is false in general:

Example 8.1. Let 2 =[0,1

] Borel sets, P = Lebesgue measure, and define A4, = (0, 1).
Then >0 | P(A,) =Y 0" + = oo and limsup,,_, ., A, = 0.

‘n

However, if the A/ s are independent, then we have

Lemma 8.3 (Borel-Cantelli II). If the events Ay, As, ... are independent, then Y - | P(A,) = oo implies
P(A4, io0.)=1.

Proof. For each n € N, the sequence B, 1, By, s, ... defined by B,, . = (V1" AC decreases to B, == >°_, AY

m-

Also, since the A,,’s (and thus their complements) are independent, we have

n+k n+k
P(B, ) =P ( N Aﬁ) =[] P (45)

n+k n+k »
= I[ (1= P(An)) < J[ e 74 = e X0t P

where the inequality is due to the Taylor series bound e™* > 1 — z for z € [0, 1].

Because Y~ P(A,,) = co by assumption, it follows from continuity from above that

P(By) = lim P(By ) < lim e~ S P(Am) —
— 00

k—o0

hence P (Up._,, Am) = P (BS) =1for all n € N.

m=n

Since Upr_,, A N\ limsup,,_, o A, = {4, 1.0.}, another application of continuity from above gives

P(A"IO)_HII_)H;OP<UA> O

m=n

Taken together, the Borel-Cantelli lemmas show that if Ay, Ao, ... is a sequence of independent events, then
the event {A,, i.0.} occurs either with probability 0 or probability 1.
Thus if Ay, A, ... are independent, then P(A,, i.0.) > 0 implies P(4, i.0.) = 1.
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It follows from the second Borel-Cantelli lemma that infinitely many independent trials of a random experi-

ment will almost surely result in infinitely many realizations of any event having positive probability.

For example, given any finite string from a finite alphabet (e.g. the complete works of Shakespeare in
chronological order), an infinite string with characters chosen independently and uniformly from the alphabet
(produced by the proverbial monkey at a typewriter, say) will almost surely contain infinitely many instances

of said string.

Similarly, many leading cosmological theories imply the existence of infinitely many universes which may be
regarded as being i.i.d. with the current state of our universe having positive probability. If any of these
theories is true, then Borel-Cantelli says that there are infinitely many copies of us throughout the multiverse

having this discussion!

A more serious application demonstrates the necessity of the integrability assumption in the strong law.

Theorem 8.4. [thXg, ... are i.i.d. with E'|X1| = oo, then P (|X,| > n i.0.) = 1.
Sh
Thus if Sy, ZX“ then P ( lim — exists in R) =0.

n—oo N
i=1
Proof. Lemma 7.2 and the fact that G(x) := P (|X1| > ) is nonincreasing give

E|X| :/ P(Xi|>2)de <> P(Xi|>n) <> P(X1|>n).
0 n=0 _

Because E'|X;| = oo and the X,,’s are i.i.d., it follows from the second Borel-Cantelli lemma that
P(|X,| >nio.)=1.

To establish the second claim we will show that C = {limnﬁOO 5; exists in R} and {|X,| > nio.} are
disjoint, hence P (|X,| > n i.0.) = 1 implies P(C) = 0.
To this end, observe that

& _ Sn-i—l _ (Tl + 1)Sn - n(Sn +Xn+1) _ Sn _ Xny1
n n+1 n(n+1) nn+1) n+1
Now suppose that w € C. Then it must be the case that lim,, ., ns<2(+“’1)> = 0, so there is an N € N with
ns’;l(fl) ’ < 1 whenever n > N.

If we {|X,| > nio.} as well, then there would be infinitely many n > N with W > 1.

S (w) _ Xnt1(w)
n(n+1) n+1

But this would mean that ‘S”(w - S”hﬁ(lw)

> % for infinitely many n, so that the

(oo}
sequence {ST(‘”)} is not Cauchy, contradicting w € C. O
n=1

Our next example is a typical application where the two Borel-Cantelli lemmas are used together to obtain

results on the limit superior of a (suitably scaled) sequence of i.i.d. random variables.

Example 8.2. Let X;, Xo,... be a sequence of i.i.d. exponential random variables with rate 1 (so that
X; > 0with P(X; <z)=1-e"7%).
We will show that

X
lim sup " _—1as.

n—oo log(n)
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First observe that

SO

> r(mz1)-2;

thus, since the X,,’s are 1ndependent the second Borel-Cantelli lemma implies that P ( Toata) >1i.0. ) =1,
and we conclude that limsup,,_, W > 1 almost surely.

On the other hand, for any ¢ > 0,

A 1
P(log( 2 1+5> =P (X, > (1+¢)log(n)) = —5

which is summable, so it follows from the first Borel-Cantelli lemma that P (

log(n) >1+610):0.

Since € > 0 was arbitrary, this means that limsup,, . m < 1 almost surely, and the claim is proved.

We conclude with a cute example in which an a.s. convergence result cannot be upgraded to pointwise

convergence.

Example 8.3. We will show that for any sequence of random variables {X,,}5° ,, one can find a sequence
X

of real numbers {c,}2; such that — — 0 a.s., but that in general, no such sequence can be found such
n

that the convergence is pointwise.

The first statement is an easy application of the first Borel-Cantelli lemma: Given {X,,}22,, let {¢,}2,
be a sequence of positive numbers such that P (|X | > C") < 27" Such a sequence can be found since

P(|X,| > ) = 0as z — oco. Then
Nt X
>or (|
n=1 tn

o.) < P (|3

The interesting observation is that we cannot always choose {c,}52; so that the convergence is pointwise.

1
>)§1<oo,
n

1
n

i.o.) =0, hence & — 0 a.s.

Cn

so for all £ > 0, P(‘

To see this, let C denote the Cantor set. Since C has the cardinality of the continuum, there is a bijection
f:C—{{an}s2y : an € N for all n}.

Define the random variables {X,,}52; on [0, 1] with Borel sets and Lebesgue measure by

Xo(w) = f(“’)"“’ ”ZE
, w

For any sequence {c,}52,, the sequence {¢,}5°, defined by ¢, = [|c,|] is equal to f(w’) for some ' € C,
Xn(w)

Cn

hence > 1 for all n, so there is no sequence of reals for which the convergence is sure.
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9. STRONG LAw OF LARGE NUMBERS

Our goal at this point is to strengthen the conclusion of Theorem 7.3 from convergence in probability to

almost sure convergence. The following proof is due to Nasrollah Etemadi.

Theorem 9.1 (Strong Law of Large Numbers). Suppose that X1, Xo, ... are pairwise independent and iden-
tically distributed with E|X,| < oo. Let S, = Y 1_, Xi and p = E[X1]. Then %S’n — u almost surely as

n — oQ.

Proof.
We begin by noting that X+ = max{X},0} and X, = max{—X},0} satisfy the theorem’s assumptions, so,

since Xy = X ,j X, , we may suppose without loss of generality that the X} s are nonnegative.

Next, we observe that it suffices to consider truncated versions of the Xj’s:
1 1

Claim 9.1. I Y}, = X1 {X), <k} and T,, = > _; Vi, then =T, — p a.s. implies —S,, — p a.s.
n n

Proof. Lemma 7.2 and the fact that G(¢) = P (X; > t) is nonincreasing imply

S P(Xp#Yi) =) P(Xp>k)=) P(X1>k) g/oop(xl > t)dt = E|X| < oo,
k=1 k=1 — 0

so the first Borel-Cantelli lemma gives P(X} # Yj i.0.) = 0. Thus for all w in a set of probability one,
n T’n. .

sup,, | Sy (w) — T, (w)| < oo, hence S _Tn — 0 a.s. and the claim follows. O
n n

The truncation step should not be too surprising as it is generally easier to work with bounded random
variables. The reason that we reduced the problem to the X3 > 0 case is that this assures that the sequence
T1,T5, ... is nondecreasing.

Our strategy will be to prove convergence along a cleverly chosen subsequence and then exploit monotonicity
to handle intermediate values.

Specifically, for a > 1, let k(n) = |a™], the greatest integer less than or equal to a™.

Chebychev’s inequality and Tonelli’s theorem give

3 Var (Ty(n B
Z P (|Tk(n) - F [Tk(")” > 5k(n)) Z % 2 Z k —2 Z Var (Y
n=t n=1 1
=< Vara) 3 K<t S ER] 3 le)
m=1 n:k(n)>m m=1 nian>m

Since [a™] > La™ for n > 1 (by casing out according to a™ smaller or bigger than 2),

Z LanJ -2 <4 Z a—2n < 4a—210gam Za—Qn — 4(1 _ a_Q)_lm_Z,

n:an">m n>log, m n=0
hence
> P (|Them) = B [T | > k(m) <2 3 E[V7] > (o]
n=1 m=1 n:a”>m
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At this point, we note that

>\ E[Y?
Claim 9.2. E T[n;”] < 0.
m=1

Proof. By Lemma 7.2,

o m m
E[Y:] = / 2yP(Yyn > y)dy = / 2yP Yy > y)dy < / 2yP(X; > y)dy,
0 0 0

so Tonelli’s theorem gives

Z E%m} < Z m=? /Om 2yP (X1 > y)dy = 2/0OO (y Z m_2> P(X; > y)dy.

m=1 m=1 m>y

Since / P(X; > y)dy = E[X1] < oo, we will be done if we can show that y Z m~? is uniformly bounded.
0

m>y
To see that this is the case, observe that
DILEED R
m>y m=1
for y € [0,1], and for j > 2,
oo o]
Soms [Cate- -y
m=j Jj—1
SO
o0
yY m?=y 3 m2< L <o
m>y m=|y|+1 I‘yj
for y > 1. O

It follows that Z P (|Tiny — E [Ti(my] | > €k(n)) < o0, so, since £ > 0 is arbitrary, the first Borel-Cantelli
n=1

Ty(n) = E [Ti)]
k(n)

Now klim E[Y;] = E[X1] by the dominated convergence theorem, so lim,,
—00

— 0 a.s.

lemma implies that

E [Ty

o = Bl

Ti(n)
k(n)
Finally, if k(n) < m < k(n + 1), then

Thus we have shown that

— p almost surely.

k) Teoy _ Teoy T _ Tty _ Thnrn) k(0 +1)
kn+1) k(n) k(n+1) =~ m — k(n)  kn+1)  kn)
since T}, is nondecreasing.
n+1
Because k(n+1) = La J — «a as n — 0o, we see that

k(n) [
T .. T,
H <liminf — < limsup — < apu,
@ n—oo M n—oo MM

and we’re done since a > 1 is arbitrary. (]
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The next result shows that the strong law holds whenever F[X;] exists.
Theorem 9.2. Let X, X, ... be i.i.d. with E [Xf'] =00 and E [X[ ] < co. Then %Sn — 00 a.5.

Proof. For any M € N, let XM = X; A M. Then the X’s are ii.d. with E|Xf\/[’ < 00, S0, writing
SM =" XM, it follows from Theorem 9.1 that S — F [X]] almost surely as n — oo.

Sn S
Now X; > XM for all M, so liminf == > lim —* = E [X}"].
n—oo N n—soo nN

The monotone convergence theorem implies that
. + . +
i [0 = [ ()] = 2 ] =
S0
EXM] =B [(x})] - B[(x!) ] =B [(xM)] - B[X]] /e,

thus liminf,, ‘%" > oo a.s. and the theorem follows. O

Our first application of the strong law of large numbers comes from renewal theory.

Example 9.1. Let X5, X, ... be i.i.d. with 0 < X; < 00., and let T, = X1 + ... + X,,. Here we are thinking
of the X;’s as times between successive occurrences of events and 7, as the time until the n*™ event occurs.
For example, consider a janitor who replaces a light bulb the instant it burns out. The first bulb is put
in at time 0 and X; is the lifetime of the " bulb. Then T, is the time that the nt" bulb burns out and
N, =sup{n : T,, <t} is the number of light bulbs that have burned out by time ¢.

N, 1
Theorem 9.3 (Strong Law for Renewal Processes). If E[X:] = u < oo, then Tt — — a.5. ast — o0
,u
(with the convention that = =0).

T, . .
Proof. Theorems 9.1 and 9.2 imply that lim — = p a.s., and it follows from the definition of N; that
n—oo N
Tn, <t <Tn,+1, hence

Tn, <t TNy Netl

Nt _Nt Nt+1 Nt

Since T,, < oo for all n, we have that N; 0o as t /* co. Thus there is a set Q¢ with P(g) = 1 such that
T (w)

lim = p and lim Ny(w) = 0o, hence
n—oo n t—o0
TN, (w N, 1
N (w) (W) L t(w) + Y
Ni(w) Ni(w)
for all w € Q.
t
It follows that A — p on g, which implies the result. O
t

Example 9.2. A common situation in statistics is that one has a sequence of random variables which is
assumed to be i.i.d., but the underlying distribution is unknown. A popular estimate for the true distribution
function F(x) = P(X; < z) is given by the empirical distribution function

1 n
Fa(@) = — > 1 (<00 (X5)-
i=1
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That is, one approximates the true probability of being at most x with the observed frequency of values < x
in the sample. The strong law provides some justification for this method of inference by showing that for
every ¢ € R, F,,(x) — F(x) almost surely as n — oco. The next result shows that the convergence is actually

uniform in z.
Theorem 9.4 (Glivenko-Cantelli). As n — oo
sup |F, () — F(z)| = 0 a.s.
T

Proof.

Fix x € R and let Y,, = 1{X,, < z}. Then Y1,Ys,... are i.i.d. with E[Y;] = P(X; < z) = F(z7), so the
strong law implies that F,,(z7) = 13" | V; — F(27) a.s. as n — co. Similarly, F,(z) — F(z) a.s.

In general, for any countable collection {z;} C R, there is a set Qy with P(£o) = 1 such that F,(z;)(w) —
F(z;) and F,(z; )(w) = F(x;) for all w € Q.

For each k € N, j = 1,...,k — 1, set z;, = inf {y : F(y) > %} The pointwise convergence of Fj,(x) and
F,(z™) implies that we can pick Nj(w) € N such that

1 .
|Fol@jn )W) — Faie )| [Fa(@je) (W) — Fze)] < p forall j=1,...,k—1

whenever n > Ni(w). Setting z¢  := —oo and xy i = +00, we see that the above inequalities also hold for
j =0,k
Thus if 2,1, < x < x;; with 1 < j <k and n > N, then the inequality F(z;, ~) — F(zj—1,%) < % and
the monotonicity of F,, and F imply
1 2 2
Fo() < Falzjpn ™) < Flaje ™) + 3 < Flaj-e) + 3 < Fl2) + 4,
_ 2 2

Fn(2) 2 Fa(@j-10) 2 Fzj-1) = ¢ 2 Flage ™) — 7 2 F2) — 1.

Consequently, we have sup, g |F,(z) — F(z)| < 2 and the theorem follows. O
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10. RANDOM SERIES

We now give an alternative proof of the SLLN which allows us to introduce some other interesting results

and to estimate the rate of convergence.

Definition. Given a sequence of random variables X1, X, ..., we define the tail o-field T = ﬂ o(Xn, Xnt1, )
n=1

Our next theorem is an example of a 0 — 1 law - that is, a statement that certain classes of events are trivial

in the sense that their probabilities are either 0 or 1.

Theorem 10.1 (Kolmogorov). If X1, X, ... are independent and A € T, then P(A) € {0,1}.

Proof. We will show that A is independent of itself so that P(A)? = P(A)P(A) = P(AN A) = P(A).

To do so, we first note that B € o(X7, ..., X) and C € 0(Xj41, Xk+2,...) are independent.

This follows from Lemma 6.1 if C' € 0(Xj41, ..., X+j). Since o(X1, ..., Xi) and U;L 0(Xkt1, .o, Xpyj) are
m-systems, Theorem 6.1 shows this is true in general.

Next, we observe that E € o(X1, Xs,...) and F € T are independent.

If £ €o0(Xy,..., Xg), then this follows from the previous observation since F' € T C o(Xgy1, Xit2,-.-)-
Since Uz, 0(X1, ..., X)) and T are 7-systems, Theorem 6.1 shows it is true in general.

Because T C 0(X1, Xa, ...), the last observation shows that A € T is independent of itself. ]

Example 10.1. If By, Bs, ... € B, then {X,, € By, i.0.} € T. Taking X,, = 14, B,, = {1}, we have
{X, € B,, i.0.} = {A, i.0.}, so Theorem 10.1 shows that if A;, A, ... are independent, then
P (A, i.0.) € {0,1}. Of course, this also follows from the Borel-Cantelli lemmas.

Example 10.2. Let S,, = X; +... + X,,. Then

o {lim, ,oc S, exists} € T (since convergence of series only depends on their tails).
e A= {limsup,,_,., Sn >0} ¢ T in general (since the initial terms can effect the sign of the sum).
e If ¢, — oo, then < limsup,_,o. =S, >z € T for all 2 € R (since the contribution from any finite

number of terms of S,, will be killed by ¢,,).

The first item in the previous example shows that sums of independent random variables either converge
almost surely or diverge almost surely.

Our next result can be useful in determining when the former is the case.

Theorem 10.2 (Kolmogorov’s maximal inequality). Suppose that X1, Xs, ... are independent with E[X;] =0
and Var(Xy) < oo, and let S, = X1 + ...+ X,,. Then

P(max | Skl 295) < M.

1<k<n 2

Remark. Note that under the same hypotheses, Chebychev only gives P (|S,| > z) < %
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Proof. We will partition the event in question according to the first time that the sum exceeds = by defining
A = {|Sk| >z and |S;| <z for all j < k}.

Since the Ay’s are disjoint with (J;_; Ay € Q and (S, — S)? > 0, we see that

E[S2] > Z/ S52dp = Z/ (S% +2Sk(Sy, — Sk) + (S, — Si)?) dP
k=1
>> S,%dp+22/sk1Ak(sn — S)dP.
k=1" Ak k=1

Our assumptions guarantee that Sila, € o (X1, ..., X) and S, — Sk € 0(Xk41, ..., Xn) are independent and
E[S, — Si] =0, so

/ Sila, (S — Sp)AP = B [Skla,(Sn— S)] = E [Skla,] E[Sn — Si] = 0.
Accordingly, we have

23 [ star= e =or (s s o). :
— k - -

k=1

We now have the tools needed to provide a sufficient criterion for the a.s. convergence of random series.

(As usual a series is said to converge if its sequence of partial sums converges.)

Theorem 10.3 (Kolmogorov’s two-series theorem). Suppose X1, Xs, ... are independent with E[X,] = pn,

and Var(X,,) = 2. If Y7 | pun converges in R and Y .-, 02 < oo, then > .., X,, converges almost surely.

n=1

Proof. Since Var(X,, —u,) = Var(X,,) and convergence of Y |y, means that Y, (X, (w)—p,) converges
if and only if > ° | X, (w) converges, we may assume without loss of generality that E[X,,] = 0.

Let Sy = Zi\;l X,,. Theorem 10.2 gives
_ < g2 _ — 2 .
P (Mmax |Sp — Sar| > 5) <e*Var(Sy —Sm) =¢ Z Var(X,,)
Letting N — oo gives
P(sup |Sm—SM>5><s_2 Z 02 =0 as M — oo.

m=2M n=M+1
Accordingly, for all £ > 0,
P(sup |Sm—Sn>25)§P<sup Sm—S’M|><€)—>O7
m,n>M m>M
SO SUP,;, > s [Sm — Sn| —p 0. By Theorem 8.1, we have that Wi; = sup,, ,> s [Sm — Sn| has a subsequence

which converges to 0 a.s. Since W}, is nondecreasing, this means that Wy, — 0 a.s.

In other words, S,, is a.s. Cauchy and thus a.s. convergent. O

Before moving on to prove the strong law, we take a slight detour to present a general theorem on the

convergence of random series.
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Theorem 10.4 (Kolmogorov’s three-series theorem). Let X1, Xo,... be independent, let A > 0, and let
Y, = X,1{|X,| < A}. Then )., X, converges almost surely if and only if the following conditions hold:

(1) 355 P(1Xa| > A4) < 0,
(2) 207, E[Y,] converges,

n=1

(3) >o02, Var(Y,) < .

Proof. To see that the conditions are sufficient, observe that Condition 1 and the first Borel-Cantelli lemma
imply that P(X,, # Y, i.0.) = 0, so it suffices to show that ) ° 'V, converges a.s. This is assured by
Conditions 2 and 3 along with Theorem 10.3.

Conversely, suppose that Zflo:l X, converges a.s.

It is clear that Condition 1 must hold because if >~ - | P (|X,,| > A) = oo, then the second Borel-Cantelli
lemma shows that P (|X,,| > A i.0.) = 1, which implies that the series diverges with full probability by the
“basic divergence test” from calculus.

Since Condition 1 holds, we know that > -, X,, converges a.s. if and only if -, Y, converges a.s.

Now suppose that we have proved that Condition 3 holds. Then Theorem 10.3 shows that Y~ , (Y,, — E[Y,,])
converges a.s., which, together with the a.s. convergence of > °° | Y,,, implies 2.

Thus it remains only to prove that if Y7, Y5, ... are independent and uniformly bounded, then a.s. convergence
of >>° | Y, implies > 7, Var(¥,,) < occ.
In fact, we can further assume that E[Y,,] = 0. Indeed, letting {Y,,} 52 ; be an independent copy of {¥;,} 52,

the random variables Z,, =Y,, — Y,/ are independent and uniformly bounded with Var(Z,) = 2Var(Y,,) and
S Zpy =30 Y =37 | Y as. convergent.

To summarize, the proof will be complete upon showing

Claim. Suppose that Z, Zs, ... is a sequence of independent random variables with E[Z,] =0 and |Z,| < C
for some C' > 0. If >°)° | Z, converges a.s., then > - Var(Z,) < oc.

Proof. Let S, =Y ._, Zx. Since S, converges a.s., we can find an L € N such that P (SUanl |Sn| < L) > 0.
(The events E,, = {supn21 |Sn| < m} form a countable increasing union which converges to

{sup,;>1 [Sn| < 00} D {limy, 0 Sy, exists}.)

For this L, let 7, = min{k > 1:|Sg| > L} and observe that the assumption |Z;| < C for all k implies
|Snar | < L+ C for all n.

Accordingly,
2

(L+C)P =z E (S5, ] =E izj«l{j <m}| | = ZE [Zi <m}+2 Y ElZiZ{j <m}].

=1 =1 1<i<j<n

Now {j <7} ={rp. <j— l}c € o (Zi,...,Z;j_1), so independence of the Z;’s and the mean zero assumption

give

(L+OP =Y EB[Zj<n}]+2 Y E[ZZ{j <)
=Y Var(Z)P(j<7)+2 Y E[Z{j <} E[Z]> P(rp =) ) Var(Z)).
<i<j<n - j=1



Taking n — oo, and noting that P(r, = c0) = P (sup,,>; |Sa| < L) > 0, we get

- (L+C)?
;Var(Zj) < m < 0

This completes the proof of the claim and the theorem. O

The connection between Kolmogorov’s two-series theorem and the strong law is given by

Theorem 10.5 (Kronecker’s lemma). If a,, /oo and Z — converges, then lim a,, Z =0.

n—oo
n= 1 m=1

Proof. Let ag =0, bp = 0, and b,,, = > -, 2—: for m > 1.

Then z,, = am, (b, — bym—1), so

n n n
—1 —1
a, Z Tm = a, Z Ambm — Z Ambm—1
m=1 m=1 m=1
n n
—1
=a, anbn + E am—lbm—l - E aman—l
m=2 m=2

n n
= b, — Z Mbm—l = b, — Z Mbm—L
m=2 n m=1 n,
n
By assumption, b, — b, so we will be done if we can show that Z dm
m=1

Given ¢ > 0, choose M € N such that |b,, — bs| < § for m > M.

— Om—1 b
anp

m—1 — bso as well.

Set B = sup,,>1 |bn| (which is finite since b, converges) and choose N > M such that 22 < @ forn > N.
Qn

Since a,;, — am_1 > 0 for all m, we see that for all n > N,

" Gy — Gy
> L (bt — boc)

n

n

A — Gm—1
E a bm—l - boo

n

m=2 m=2
1 M n a a
- -1
S a Z (am—am71)|bmfl_boo|+ Z %|bm,1—bm|
m=2 m=M+1

S%.2B+7an_aM .E<€’

Qn, A, 2
and the result follows. O

We can now give an

Alternative proof of the SLLN. Let X1, Xo,... be iid. with E'|X;| < oo and set u = E[X1], S, = > 5y Xk.
We wish to show that 15, — u as.

Setting Vi = Xyl (| Xk| < k), T, = Y. ;_, Y%, and arguing as in Claim 9.1 shows that it suffices to prove
1T, = pas.

Writing Zy, = Y}, — E[Y}], we have Var(Z,) = Var(Y;) < E [Y,f], so Claim 9.2 gives

n

R

k=1
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— Z
Since E [%] = (0, Theorem 10.3 shows that Z ?k converges a.s., hence
k=1

Tn 1 n n
in *ZE[Y’“] :n—lsz -0 a.s.
n n 1 1

by Theorem 10.5.
Finally, the DCT gives E[Y}] — p as k — oo, thus £ >0 E[Yy] — p as n — oo, and we conclude that

n
T,
o — [ a.s. O

As promised, we will conclude our discussion with an estimate on the rate of convergence in the strong law.

Theorem 10.6. Let X1, Xa, ... be i.i.d. random variables with E[X,] = 0 and E[X}?] = 02 < oo, and set
Sn=X1+ ...+ X,,. Then for all € > 0,
Sn

ﬁ ‘} O a-s.
nz log(n)z+e

Proof. Let a,, = n: log(n)%Jrs for n > 2 and a; > 0. We have
S X, o2 > 1
Var (2] =2 402y — <o,
2 ar ( > 2+ L g <

o0 Xn
so Theorem 10.3 implies Z — converges a.s. The claim then follows from Theorem 10.5. ]

n=1 "

Note that there is no loss in assuming mean zero.
The law of the iterated logarithm shows that
: S
lim sup =1
n—oo +/202nlog (log(n))

under the same assumptions, so the above result is not far from optimal.

See Durrett for convergence rates under the assumption that X,, has finite absolute p'® moment for 1 < p < 2

and for a generalization of Theorem 8.4.
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11. WEAK CONVERGENCE

Definition. A sequence of distribution functions Fi, Fy, ... converges weakly to a distribution function F,
(written F,, = Fuo) if lim, o0 Fi () = Fso(z) for all z at which F is continuous.

Random variables X1, X, ... converge weakly (or converge in distribution) to a random variable X, (written
X, = X)) if F,, = F, where F,,(z) = P(X,, <z) for 1 <n < oo.

Note that since the definition of weak convergence of random variables depends only on their distribution
functions, one can speak of a sequence X;, X5, ... converging weakly even if the X,,’s are not defined on the
same probability space. This is not the case with the other modes of convergence we have discussed.

Also, since distribution functions are right-continuous and have only countably many discontinuities, we see
that F, is uniquely determined by its values at continuity points.

Example 11.1. As a trivial example, suppose that X has distribution function F' and let {a,}52, be any
sequence of real numbers which decreases to 0. Then X, = X — a, has distribution function F,(xz) =
P(X —a, < 2) = F(z+ ay), hence lim,_,o F,(x) = F(z) for all z € R (since F is right-continuous) and
thus X,, = X .

On the other hand, X,, = X + a,, has distribution function F,(xz) = F (z — ay,), which converges to F' only
at continuity points. Thus we still have X,, = X, but the distribution functions do not necessarily converge

pointwise.

For some more interesting examples, we first need some elementary facts:

Fact 11.1. Ifc; — 0, a; — 00, and ajc; — A, then (1 +¢;)% — €.

log(1 1 log(1 j
Proof. lim w = lim ﬁ = 1 by L’Hospital’s rule, so a; log(1 + ¢;) = (ajcj)og(cjcj) — A, hence
(I4¢)% =e% log(1+cj) g oA O

n

n n

. _ . . . _ A

Fact 11.2. Ifnhngo max lejn| =0, 11_)1{.1o E 1 Cjn = A, and sup,, E 1 |cjn| < 00, then nh_}n;@ 1_[1(1 +cjn) =€’
= = =

Proof. (Homework) It suffices to show that Z log(1 + ¢j,) — A since then

j=1

n n

H(1 + i) = H elosltein) — gdijlos(ltesn) _y oA

j=1 j=1
To this end, note that the first condition ensures that we can choose n large enough that |c¢;,| < 1, hence

b cm cjin)?
log(1+¢jn) =— Z (—1)™-L2 and thus [log(1 + ¢j.n) — ¢jn| < % by standard results for alternating
m

m=1
series. It follows that

IN

Z log(1+4¢jn) — A

n n n
Zlog(l +cjn) — Z Cin| + chm - A
Jj=1 J=1 j=1

n n

2
(cjm)” + E Cim — Al < 1Iéla<X \c]n|§ lcjnl + E Cim
j

1

IN

J

1
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j=1 Jj=1

The first and third assumptions ensure that the first term goes to zero and the second assumption ensures

that the second term goes to zero. ]

Example 11.2. Let X, be the number of trials until the first success in a sequence of independent Bernoulli

trials with success probability p € (0,1). (That is X, is geometric with parameter p.)
Then P(X, > n) = (1 —p)", so Fact 11.1 shows that

P(pX,>z) =P <Xp > i) =(1-plsl 5e

as p \, 0, hence pX,, converges to the rate 1 exponential distribution.

Example 11.3. Let X, Xo, ... be independent and uniformly distributed over {1,2,..., N}, and let
Tn = min{n : X,, = X,,, for some m < n}.
We have )
- E-1\ 1 k
k=2 k=1
When N = 365, this is the probability that no two people in a group of size n have a common birthday.
Using Fact 11.2 (with n = Lx\/ﬁJ — 1, ¢jn = —j/ (%)%, and A = —Z) and the observation that

(o] ()

By 2 is oy ) E
we see that
T Lw\/ﬁjfl k- )
P N>33>: (1—>—>e_z2
(2o I (-5
as N — oo.

2

The approximation P (TN > a:\/]V) ~ e~ 7 with N = 365 yields P (T35 > 22) ~ ¢~ 9063 ~ 0.515 and

P (T365 > 23) ~ e 9725 x (0.484.

This is the birthday paradoz that in a room of 23 or more people, it is more likely than not that two share
a birthday.

Though distributional convergence is defined in terms of distribution functions, it is often convenient to be

able to work with random variables when proving theorems.

Theorem 11.1 (Skorokhod Representation). If F,, = F,, then there are random variables Y, 1 <n < oo,
on a common probability space (2, F, P) such that F, is the distribution of Y,, and Y,, — Y a.s.

Proof.
Let Q = (0,1), F = Borel sets, P = Lebesgue measure, and set Y,,(w) = F;}(w) := inf{y : F,(y) > w}.
We have seen that Y;, has c.d.f. F,. Also, we know that D = {y : F, is discontinuous at y} is countable, so

given ¢ > 0 and w € (0, 1), there is some z € D¢ with Y, (w) — & < x < Yao (w).
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By construction, we have that F(z) < w, so, since F,,(z) = Fx(x), there is an N € N such that F,,(z) < w
and thus Y (w) — e < 2 < Y, (w) for all n > N. Accordingly, liminf,, . Y, (w) > Y (w).

Now for any w’ > w, there is a y € D such that Y, (w') < y < Yoo (w') +¢, hence w < w’ < Fo(y). It follows
that for n large enough, w < F,(y) and thus Y, (w) <y < Yoo (w') + €, so that limsup,,_, ., ¥, (w) < Yoo (w')
for all W' > w.

If Y is continuous at w, then letting w’ \, w gives limsup,, , ., Yn(w) < Yoo (w), 50 lim,, 00 Y (w) = Yoo (w).

Of course, Y, is nondecreasing in w by construction, so it has only countably many discontinuities, and we

conclude that the convergence is almost sure. (]

Note that if V,, — Y a.s., then D = {w : Y,(w) » Y, (w)} has probability zero. Since modifying a

Yolw), wéD
0, weD

for 1 <n < oo. Then Z,, =4 Y,, and Z,(w) — Z(w) for all w, thus almost sure convergence can be replaced

random variable on a null set does not change its distribution, we can define Z, (w) = {

by sure convergence in the above theorem.

Our next result gives an equivalent definition of weak convergence. The basic idea is that a finite Radon
measure u defines a continuous linear functional on the Banach space C(R) of bounded continuous functions
via pu(f) = [ fdu When p = £(X) is a probability measure, u(f) = E[f(X)]. Weak convergence of the
sequence p, = .Z(X,) to p is defined in terms of convergence of ., (f) to u(f) as the test functions f range
over Cp(R).

Theorem 11.2. X,, = X, if and only if E[g(X,)] — E[g(Xw)] for every bounded continuous function g.

Proof. First suppose that X,, = X,. Theorem 11.1 shows that there exist random variables with Y,, =4 X,,
and Y, — Y a.s. If g is bounded and continuous, then ¢(V;,) = g(Ys) a.s. and bounded convergence gives

Elg(Xn)] = Elg(Ya)] = Elg(Yoo)] = Elg(Xoo)]-

To prove the converse, define for each z € R, £ > 0,

1, y<x
Jue(y) = 0, y>ax+e
1-22 z<y<zxz+e

€

Since g, ¢ is continuous with 1(_ 2] < gz.e < 1(Zoo,04¢) PoOintwise, we have

limsup P(X,, < z) = limsup E [1(,00@1 (Xn)] < limsup E [g.(Xn)]

n—oo n—oo n—oo

=FEgr(Xx)] < F [1(—00,1—0—5] (Xoo)] =P(X <z+e).
Letting € N\, 0 gives limsup,,_,., P(X, < z) < P(Xo < z).
Similarly,

liminf P(X,, <z) > lminf F g, (X,)] = E [gr—c,e(Xo0)] > P(Xoo < —¢),

n—oo n—oo
so liminf,, o P(X, <z) > P(X» < z).
This completes the proof since P(Xo < 2) = P(Xoo < z) if 2 is a continuity point of Fi. O
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One can show that the test functions in Theorem 11.2 can actually be taken to lie in the subspace C.(R) of
continuous functions with compact support. The advantage of this approach is that a Riesz representation
argument shows that the continuous dual of C.(R) can be identified with the space of real-valued Radon
measures so that we can think of weak convergence of probability measures in terms of weak-* convergence

in C.(R)*.

We now show that weak convergence is preserved under (almost) continuous functions.

Theorem 11.3. Let g : R — R be measurable and set Dy = {x : g is discontinuous at x}. If X,, = X and
P(Xo € Dy) =0, then g(X,,) = 9(Xoo). If g is bounded as well, then E[g(X,)] = E[g(Xo)].

Proof. Let Y,, =4 X,, with Y,, = Y, a.s. If f is continuous, then Doy C Dy, so P(Yoo € Dyog) = 0 and
thus f (g(Y,)) = f(9(Yo)) a.s.

If f is bounded as well, then bounded convergence implies

Elf (9(Xn))] = E[f (9(Ya))] = E[f (9(Yoo))] = E[f (9(X0))] -

As this is true for all f € Cp(R), Theorem 11.2 shows that g(X,) = 9(X)-
The second assertion follows by noting that g(V,,) — ¢(Ys) a.s. and applying bounded convergence. |

At this point, we have characterized weak convergence in terms of convergence of distribution functions at
continuity points and as a sort of pointwise convergence with respect to bounded continuous test functions.

Here are some further useful definitions.

Theorem 11.4 (Portmanteau Theorem). The following statements are equivalent:

(i): X, = X

(ii): For all open sets U, liminf,_,.o P(X, € U) > P(Xs € U)

(iii): For all closed sets K, limsup,,_, ., P(X, € K) < P(X» € K)

(iv): For all sets A with P(X. € 0A) =0, lim,, oo P(X,, € A) = P(X € A)
(Such an A is called a continuity set for the distribution of X.)

Proof. We establish equivalence by showing (¢) implies (¢i); (¢¢) implies (ii¢); (#4) and (i4i) imply (iv); and
(iv) implies (7).

Suppose that (7) holds. Then there exist random variables Y;, — Y, on a common probability space (92, F, P)
with Y,, =4 X,, and Y,, — Y, pointwise.

Now let w € Q be such that Yo (w) € U. Since Y, (w) = Yoo (w), for every open set V' 3 Y, (w), there is an
Ny € N with Y, (w) € V whenever n > Ny. In particular, there is an Ny € N such that Y,,(w) € U for all
n > Ny.

In other words, for all w € Q with 1y (Yoo(w)) = 1, we have 1y (Y, (w)) = 1 for n sufficiently large, hence
liminf, e 1y (Yo (w)) = 1. Tt follows that liminf,, ., 1y(Y,) > 1y(Yeo) pointwise and thus, by Fatou’s
lemma and monotonicity, we have

liminf P(X,, € U) = liminf P(Y,, € U) = liminf F [1y(Y},)]

n—oo

> E [liminflU(Yn) > E1y(Yeo)] = P(Yeo € U) = P(Xoo € U),

n—oQ

which is statement (ii).
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To see that (ii) implies (iii), observe that if K is closed, then K¢ is open, so (ii) implies that
liminf, .o P(X, € K¢) > P(X, € K), and thus
P(Xo € K)=1-P(X, € K >1—liminf P(X,, € K°)

n—oo
=limsup [1 — P(X, € Kc)] = limsup P(X,, € K).
n—00 n—oo
Now assume both (ii) and (iii) are true and let A be such that P(X., € A) = 0. Since A = A\ A°, this
means that P(X,, € A) = P(Xo € A°). Because A° C A C A, monotonicity implies that the common
value is equal to P(Xo, € A). Applying (ii) to A° C A and (iii) to A D A gives
liminf P(X, € A) > liminf P (X, € A°) > P (X, € A°) = P(X € A),
n—oQ

n—oo

limsup P(X,, € A) <limsup P (Xn € Z) <P (Xoo € Z) = P(X € A),

n—0o0 n—oo

and (iv) follows.

Finally, suppose that (iv) holds and let F,, denote the distribution function of X,,. Let x be any continuity
point of Fi,. Then P (X € {z}) =0, so, since {} = (—00, z], we have

Fo(z) = P(Xy € (—00,2]) = P(Xoo € (—00,2]) = Foo(),

hence X,, = X. O

Our next set of theorems form a sort of compactness result for certain families of probability measures.

Theorem 11.5 (Helly’s Selection Theorem). If {F,}5°, is any sequence of distribution functions, then there
is a subsequence { I, (m)}o—1 and a nondecreasing, right-continuous function ' with lim,, o Fym)(z) =

F(zx) at all continuity points x of F.

Proof.

We begin with a diagonalization argument: Let ¢1,¢2,... be an enumeration of Q. Since the sequence
{Fn.(q1)}%2 is contained in the compact set [0,1], it has a convergence subsequence by the Bolzano-
Weierstrass theorem. That is, there exist ny(1) < n1(2) < --- such that {F,, m) (ql)}:zl converges to
some value G(q1) € [0,1]. Similarly, the sequence {Fnl(m)(qg)}::l has a subsequence {Fnz(m)(QQ)}::l
which converges to G(gz).

In general, we can find a subsequence {ny41(m)}o_; of {ny(m)} ~_, such that

1imm_>oo Fnk_H(m) (Qk+1) = G(qk+1) for each k > 1.

Define the subsequence {F, () }ne—1 by Fum) = Fn,, (m) (so that {Fn(k+j)(qk)}oo is a subsequence of

j=1
{Fnk(m)(%)}m:l for all k > 1).

By construction, lim,, . Fy,(m)(q) = G(q) for all ¢ € Q.

Also, if 7,5 € Q with 7 < s, then F},(;)(r) < Fyy(m)(s) for all m, hence G(r) < G(s).
Now define the function F : R — [0, 1] by

F(z) =inf{G(q) : ¢ € Q,q > z}.
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To see that F' is nondecreasing, note that for any = < y, there is some r € Q with z < r < y.
Since G(r) < G(s) for all rational r < s, we have
F(z) =inf{G(q) : ¢ € Q,q¢ >z} < G(r) <inf{G(s) : s € Q,s > r} <inf{G(s) : s € Q,s >y} = F(y).
Now for each z € R, ¢ > 0, there is some rational ¢ > x such that G(q) < F(x) +e. Thus if z < y < ¢, then
F(y) < G(q) < F(x) + . Since € > 0 was arbitrary, we see that F' is right-continuous as well.
Finally, suppose that F' is continuous at x. Then there exist r1,79,s € Q with 1 < ro < & < s such that
F(x)—e < F(r1) < F(re) < F(z) < F(s) < F(x) +e.

Since Fy,(my(r2) — G(r2) > F(r1) and F(,)(s) — G(s) < F(s) as m — oo, we see that for m sufficiently
large,

F(z) —e < Fomy(r2) < Fopm)(2) < Fopmy(8) < F(z) +¢,
hence F, () (z) — F(x). O

It should be noted that the subsequential limit F' from Theorem 11.5 is not necessarily a distribution
function since the boundary conditions may not hold. When a sequence of distribution functions converges
to a nondecreasing right-continuous function at its continuity points, the sequence is said to exhibit vague

convergence, which will be denoted by =,.

In these terms, Helly’s selection theorem says that every sequence of distribution functions has a vaguely

convergent subsequence.

Because all of the distribution functions take values in [0, 1], their limit must as well. The limit is thus a

Stieltjes measure function for some subprobability measure on R—a positive measure v with v(R) < 1.

Thus vague convergence means that the distribution functions converge to a ‘distribution function’ of a
subprobability measure, whereas weak convergence means that they converge to the distribution function of

a probability measure.

Alternatively, vague convergence is weak-* convergence in C.(R)*. We know that probability measures pu,,
converge weakly to a probability measure p if and only if u,, — p in the weak-* sense, but it is possible for

1in, to be weak-* convergent without the limit being a probability measure.

This distinction is illustrated in the following example.

Example 11.4. Choose any a,b,c > 0 with a + b+ ¢ = 1 and any distribution function G(z), and define
F,(z) =al(z > n) +bl(z > —n) + cG(z).
One easily checks that the F s are distribution functions and F,(z) — F(z) := b+ ¢G(z). However,

lim F(z)=b and lim F(z)=1-aq,

Tr—r—00 r—00

so I is not a distribution function.

In words, an amount of mass a escapes to +o0o and mass b escapes to —oo.

Intuitively, the test functions in C, that define vague convergence can’t detect mass lost to infinity, whereas

C} test functions can.
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An immediate question is “Under which conditions do the two definitions coincide?” or “Is there a property

of a vaguely convergent sequence of distribution functions which prevents mass from being lost in the limit?”

Definition. A sequence of distribution functions is tight if for every € > 0, there is an M, > 0 such that

limsup 1 — F,(M.) + F,(—M,) <e.

n—oo

Theorem 11.6. A sequence of distribution functions is tight if and only if every subsequential limit is a

distribution function.

Proof. Suppose the sequence is tight and F},(,;,) = F. Given € > 0, let r < —M, and s > M, be continuity
points of F.

Since Fyy(m)(r) — F(r) and Fy,()(s) — F(s), we have

1= F(s) + F(r) = lim (1= Fy(s) + Fom (1) <e.

m—oo -

As e was arbitrary, we see that F' is indeed a distribution function.
On the other hand, suppose that {F}, }52; is not tight. Then there is an ¢ > 0 and a subsequence { F}, () }rr—1
with
L= Fyn) (1) + Fnmy (—m) 2 €
for all m.
Helly’s theorem says that there is a further subsequence {F,,)}3Z; which converges vaguely to F.

Let 7 < 0 < s be continuity points of F. Then
L= F(s) + F(r) = Hm (1= Fygn,)(5) + Fagn (7))

> liminf (1 — Fy(ny) (M) + Fogm,) (—me)) > €,

k—o0

so letting r — —oo and s — oo along continuity points of F' shows that F' is not a distribution function. [

Roughly, we have that weak convergence equals vague convergence plus tightness.
We conclude with a sufficient condition for tightness.

Theorem 11.7. If there is a nonnegative function ¢ such that ¢p(x) — oo as x — oo and
C= supn/qb(x)an(:c) < 00,

then {F,,}22, is tight.

Proof. If the assumptions hold, then for every n

lan(M)Jan(fM):/ dF,(z) < —C

= ?7
|z|>M |ml|I§M¢(m)

which goes to 0 as M — oo by assumption. O
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12. CHARACTERISTIC FUNCTIONS

An extremely useful construct in probability (and the primary ingredient in the classical proofs of many
central limit theorems) is the characteristic function of a random variable, which is essentially the (inverse)

Fourier transform of its distribution.

Definition. The characteristic function of a random variable X is defined as ¢(t) = E [¢"X].

When confusion may arise, we will indicate the dependence on the random variable with a subscript.

Though we have restricted our attention to real-valued random variables thus far, no new theory is required
since if Z is complex valued, F[Z] = E [Re(Z)] + iE[Im(Z)] provided that the expectations of the real and
imaginary parts are well defined.

In the case of characteristic functions, Euler’s formula gives e?X = cos(tX) + isin(tX), and the sine and
cosine functions are bounded and thus integrable against px.

(Note that we are still assuming that the underlying random variables are real-valued.)

Several properties of characteristic functions are immediate from the definition.

(2) @(—t) = E[cos(—tX)] + iE[sin(—tX)] = E[cos(tX)] — iE[sin(tX)] = ¢(t)
3) le()| = |E [e"X]| < Ele™*| =1
(4) |<p(t + h) _ @(t” S E |6i(t+h)X _ ez‘tX’ =B [|€itX| |6ihX _ 1|] = F HeihX _ 1|]

Since the last term goes to zero as h — 0 (by the bounded convergence theorem),

 is uniformly continuous.
(5) <PaX+b(t) - E [eit(aX+b)] - F [ei(at)Xeitb} — eitbgax (at)
(6) p—x(t) =px(—t) =¢x(t) by 2 and 5

(7) If X; and X, are independent, then

PX1+X> (t) =F |:eit(X1+X2)i| =E [eitXl eitXZ] =FE [eitXl] E [eitXQ] = VX, (t><10X2 (t>

We now turn to some examples.

Example 12.1 (Rademacher). If P(X =1) = P(X = —1) = 3, then its ch.f. is given by

1
2

1., 1 .
o(t) = 56” + 56_” = cos(t).
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Example 12.2 (Poisson). If P(X = k) = e_)‘Ak for k =0,1,2,..., then its ch.f. is given by

] e’} i k
o(t) = Zeztk 7,\)‘ Y z e )\e” 6,\(e“‘71).
k=0 k=0

Example 12.3 (Normal). If X has density fx(z) = \/%6,§7 then its ch.f. is given by p(t) = e z.

Naive derivation:

2 _ (@—it)? Zt)2 2

(t) sle—t*+ g0 — o= dr=e"72
ol \/ 2 / \/27‘(‘ / V2T
_ (z—it)?

z  is the the density of a normal random variable with mean it and variance 1.

: 1
1n —_—
smee Tore

Formal proof:

5 is odd and integrable,

1 ; o2 1
o(t) = \/TTT/Re”’””e_de = EACOS(t$) T dx—l— —/sm (tr)e™ T Fdz
1 22
= —— [ cos(tz)e” z dz.
\/277/]1& (t)

Differentiating with respect to ¢ (which can be justified using a DCT argument) gives

Since sin(tz)e

/

1 d 22 1 22
t)= — [ —cos(tx)e” 2de = — | —zsin(tzx)e” 2 d
o' (t) \/%/R o cos(tx)e” 7 dx \/ﬂ/R xsin(tz)e” 2 dx
1 /'(t)(d-f)d L /t (tz)eF dz = —to(t)
= —— [ sin(tx) | —e rT=—— cos(tx)e r=— .
V2 Jr dx V2T Jr v

It follows from the method of integrating factors that 4 (e%go(t)) = 0, hence e o(t) = e% 0(0) =1
for all ¢.

Example 12.4 (Exponential). If X is absolutely continuous with density fx(z) = e™*1jg c)(%), then its
ch.f. is given by
b

< < Git-1) L -
t — T _Id — 11— fl}'d — 1' - n— xr = —
wlt) /0 ere A /0 ¢ T -

Our next task is to show that the characteristic function uniquely determines the distribution.

We first observe that

Proposition 12.1. For all T > 0,

T .
/ sin(t) g <
0t 2

Proof. (Homework)

—uv

For all T > 0 the function e "sin(u) is bounded in absolute value by e~"?, which is integrable over

Ry = {(u,v) : 0 <u < T,v >0}, so it follows from Fubini’s theorem that
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/OT Sin{fu) du = /OT (/OOO e W sin(u)dv) du = /Ooo (/OT U Sin(u)du) d

u=T
o 1
— e’ (cos(u) + vsin(u dv
| e teostw <>>u=01
e dv i 1 —Tv . o v —Tv
:/0 1_’_71)2—(:OS(T)/0 L dv—sm(T)/o el dv.
< d
Since/ 71’:2“@ have
o 1+02 2

< 1 < w
T 7Tvd in(T 7Tvd
cos( )/O el v + sin( )/0 T o2C v

T .
/ sin(t) g — 7T| _
.t 2

<l 1 <l v
< |cos(T ~Tvg in(T
< |eos( )|/O ‘1_“)2 e v + |sin( )|/0 '1_“)2

§/ e_T”dv—l—/ ve Ty = I—’Z . O
0 0

e Tdy

A little more calculus gives

-1, <0
dt = wsgn(0) where sgn(f) = 0, 0=
1, 6>0

T .

ot

Lemma 12.1. For every 0 € R, lim sin(0%)
T—o0 -7

Proof. (Homework)

in(0t
Since lim sin(6%) = lim
t—0 t t—0

sin(6t)

0 cos(0t T sin(6t
0 cos(81) =0, it is easy to see that the integral / %dt exists for all 7' > 0.

-T

Because

is even, it follows by u-substitution that

T T 0T 0T
/ sin(6t) g — 2/ smi@t) g — 2/ smlfu) du — ZSgn(H)/ sin(u) du
0 0 0

-T t U
01T s 0T s
Proposition 12.1 shows that lim sin(u) du = = for all # 0, so, since = 0 implies that / sin(u)
T— 00 0 u 2 0 u
for all T', we have
T 01T
ot
lim / mdt = 2sgn(f) lim &(u)du — msgn(d)
T—oo J_p t T—oo Jq U
for all # € R. O

With the previous result at our disposal, we are in a position to prove

Theorem 12.1 (Inversion Formula). Let p(t) = [ €'*®du(x) where p is a probability measure on (R, B). If
a < b, then

1 T ,—ita _ ,—itb 1
lim — ——p(t)dt = b = b}).
Jim 5o [ S ettt = (0, + g (fa.b))
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Proof. We begin by noting that
e—ita _ e—itb

1t

b
< / |e_ity‘ dy="b-—a,
a

b .
/ e_’tydy
a

so, since [T, T] is finite and p is a probability measure, Fubini’s theorem gives

T _—ita _ ,—ith T _—ita _ ,—ith )
= [ = [ ([ ) a
-T it _T it R

T _it(x—a) _ it(x—b)
:/ (/ € _¢ dt) du(x).
R \J-T it

eitl@=a) _ eit@=b) i (¢(z — a)) — sin (t(z — b)) AL (t(z — b)) — cos (t(x — a))
it B t t ’
. . . T  cos(t(x—b))—cos(t(z—a)) .
and it follows from (x) and the inequality [Im(z)| < |z| that [~ . dt exists.
cos (t(x — b)) — cos (t(z — a))
t

T _it(x—a) _ it(z—b)
Ir =/ (/ = _© dt) du(x)
R \J-T it

:/ (/T sin (t(z — a)) —sin(t(x—b))dt+i/T cos (t(xz — b)) — cos (t(x—a))dt> du(x)

(%)

Now

Thus, since is an odd function, we must have

t _r t

- / /T sin (H(z — a)) —sin(t(z — b)) ., dp()
R =T t
B /]R </T t dt [T t dt) d“( )

Lemma 12.1 shows that ‘fTT Mdt‘ converges to the finite constant m as T' — oo, so it follows from the

L
bounded convergence theorem and Lemma 12.1 that

i I — lim T sin (t(z — a)) 3 T sin (t(z — b)) .
lim Iy = 1 R(/ sin(t(@ = a)) 4, / dt)du()

TS0 TS0 T t -7 t

e e e

= 7r/ [sgn(z — a) — sgn(z — b)] dp(x).
R

0, z<aorzxz>0b

Since a < b by assumption, we have that sgn(z —a) —sgn(z —b) =< 1, x=aor z=>, thus
2, a<z<b
1 T et _pitd 1. sgn(z —a) —sgn(x — b)
e S R 2 (@
1
= / O0du(z) + / 3 dp(x) + / 1dp(x)
(—00,a)U(b,00) {a,b} (a,b)
1
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T

Remark. Note that the Cauchy principal value Tlim f(x)dzx is not necessarily the same as
— 00 T

00 b
/_ f@)de = lim [ f(x)de.

a—r — o0 a

2z
1+ 22

a
For example, lim / dx = 0 since the integrand is odd, but
a—oo |,

@2 a 1+ a?
lim T _dr = lim log (1 + x2) ‘72 = lim log ( ta ) = —log(4),
a— 00 a

a—=oo [ o, 1+ 2 a—00 1+ 4a?
. . . 2 .
so the improper Riemann integral ———dz is not defined.
oo 1+
. 2z 2 < 2 . . .
Of course, since ~ — for large |z, ——dz is not defined as a Lebesgue integral either.
1+ 22 || oo 1422

It is left as a homework exercise to imitate the proof of Theorem 12.1 to obtain

Theorem 12.2. Under the assumptions of Theorem 12.1,

Combining Theorems 12.1 and 12.2, and noting that a Borel measure is specified by its values on open
intervals (by a m — A\ argument), shows that probability distributions are uniquely determined by their

characteristic functions.

To prove our next big result, we need the following bound on the tail probabilities of a distribution in terms

of its characteristic function.

Lemma 12.2. If ¢ is the characteristic function corresponding to the distribution p, then for all u > 0,

" ({x ol > i}) <ot [T -y

Proof. 1t follows from the parity of the sine and cosine functions that

/u (1—e)dt =2u — /u (cos(tz) + isin(tx)) dt = 2 (u

—Uu —Uu

X

Dividing by u, integrating against du(z), and appealing to Fubini gives

ufl/ (1—p(t))dt = ufl/ </ 1- eit‘rdt> du(z) = 2/ (1 - s1n(ux)) du(x).
Since [sin(y)| = |} cos(z)dz| < |y| for all y, we see that the integrand on the right is nonnegative, so we
u_l/u(l— (t))dt—2/  _ Sn(uz) d(x)>2/ g SN )
—u v N uxr a - |z|>2 uxr a

S P (| R

have
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We are now able to take our next major step toward proving the central limit theorem by relating weak

convergence to the convergence of the corresponding characteristic functions.

Theorem 12.3 (Continuity Theorem). Let p,, 1 < n < oo, be probability distributions with characteristic
Junctions o, (t) = [5 " dun(2).

(i) If iy = foo, then v, (t) = Yoo(t) for all t € R.
(i) If o, (t) converges pointwise to a limit o(t) that is continuous at t = 0, then the sequence {p,}

is tight and converges weakly to the distribution p with characteristic function ¢(t).

Proof.
itx

For (i), note that since e

Pn(t) = Poo(t).

is bounded and continuous, if p, = fis, then it follows from Theorem 11.2 that

For (ii), we observe that
u
u_l/ (1—(t)dt <2sup{l—o(t):|t| <u} —>0asu—0
—u
since ¢ is continuous at 0 and thus lim;_,¢ ¢(t) = ¢(0) = 1.

It follows that for any € > 0, there is a v > 0 such that

v*l/ (1— (1)) dt < g
Because |1 — ¢(t)| < 2 and ¢, (t) — ¢(t) for all ¢, the bounded convergence theorem shows that there is an
N € N such that

/ (L= pu(t) dt —v™! / (1- WW‘ <3

whenever n > N.

The last two observations and Lemma 12.2 show that

fin ({w 2| > i}) < vl/z (1—pn(t))dt < e

for all n > N, so, since ¢ was arbitrary, it follows that {u,}>2 is tight.

Now let {pn,, }5°_; be any subsequence. Tightness and Theorems 11.5 and 11.6 imply that there is a further
subsequence which converges weakly to some probability measure fi.

It then follows from part (i) that the corresponding characteristic functions converge pointwise to the char-
acteristic function of fio.

Because ¢, (t) — ¢(t) for all ¢ and characteristic functions uniquely characterize distributions, it must be
the case that pe = p.

Therefore, every subsequence of {y,}22; has a further subsequence which converges weakly — that is, in the

weak-* topology — to u, so Lemma 8.2 shows that u, = pu. O

The crux of the proof of the nontrivial part of Theorem 12.3 was establishing tightness of the sequence {, },
and this is where we used the assumption that the limiting characteristic function is continuous at 0.
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As an illustration of how weak convergence may fail without the continuity assumption, consider the case
tn = N(0,n). Then p, has ch.f.
nt? 0, t#0
on(t) = e o a ,
1, t=0

which is discontinuous at 0. To see that pu, has no weak limit, observe that for any x € R,

(ool = [ eFa= L [Tetun L[ o
n ((—o0,z]) = e ndt = — s = ——
a 2™ J_ oo 27 J o 21

We turn next to the problem of representing characteristic functions as power series with explicit remainders.

To start, we have

Theorem 12.4. If E[|X|"] < oo, then the characteristic function ¢ of X has a continuous derivative of

order n given by

o () = / (iz)"e* du(z).

Proof. (Homework)

Argue by induction and justify differentiating under the integral with the DCT or some applicable corollary
thereof. |

It follows from Theorem 12.4 that if E [|X|"] < oo, then (™ (0) = [(iz)"du(z) = i"E [X"].

The above observation combined with Taylor’s theorem shows that if X has finite absolute nt™"

then

moment,

_ ' ( k ) k: m
= bt Z B [XE] 4 (0
k=0 k=0

where the Peano remainder r,(t) — 0 as t — 0.

In particular, we have
Corollary 12.1. If X has mean 0 and finite variance o?, then

t2 1
() =1+ itE[X] — EE[XQ] +ro(t)t? =1— 50—2152 + o(t?)

where o(t?) denotes a quantity which, when divided by t?, tends to 0 as t — 0.

Remark. To verify the statement of Taylor’s theorem given above, set

™ (0)
n

Pty = S F0O 0y 4 0+t

o t", ra(t)
k=0

(t)=Pn (t)
wﬁv t#0
0, t=20

Then one needs only to prove that }ir% rn(t) = 0.
—
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Applying L’Hospital’s theorem n — 1 times gives
d
- L p(t) — Pu(t
o) P) L [e() — Palt)]

%141)1(1) Tn (t) 150 tk =0 %tk
a - (=1 (4) — M=) (0) — feo(m)
g e —Pa()] t)—¢ (0) — te™(0)
=...= %gr(l) T — %L{% -
T '
L1y (p(”*l)(t) _ (’D(nil)(o) (n) 1 (n) (n)
= [ ; —M )| = [¢™0) — ™) =0,

Corollary 12.1 is enough to get the classical central limit theorem for i.i.d. sequences, but when we consider
the Lindeberg-Feller CLT for triangular arrays, we will need a little better control on the error term. With

| 2" 20"
< min ,
(n+1)!" nl
Proof. Integrating by parts gives

® , *ld (x —s)"HL , vt i x ,
— 5)"eds = el S g = _ \n+1 s s
/O(x s)"e**ds /0 [ds( )€t 7n+1+n+1/0($ s)"Te*ds

Taking n = 0 shows that 4

e -1 s [ is

— = eds=xz+i [ (z—s)eds
¢ 0 0

this end in mind, we prove

Lemma 12.3.

) " (iz)*
¢ Z(k;')

a"i
k=0

and thus
e =14ix + i2/ (x — s)e'ds.
0

If we assume that

then we get

k=0 0
n - Nk -n4+1 n+1 . x )
_ Z (zx') N i ' (m N i / (@ — 5)"+1elsd5)
= k! nl \n+1 n+1)J
ntl . Nk (ntbl)+1 px
(iz) 7 / 1 s
— AT ) is g
2. + EESyA (x —s)" " e"ds,

so it follows from the principle of induction that

T - (Zx)k in+1 ‘ nis
e —Z i O(x—s)eds

k=0

for alln=0,1,2, ...
We will be done if we can show that the modulus of the right hand side is bounded above by both
" 2 x|
and .
(n+1)! n!
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In the first case we have

,L'n+1 x )
/ (x —s)"e"ds| <
0

n!

For the second case, note that

‘n+1 x . N x _ n )
! ' / (x —s)"eds = ! / (z ) {de“} ds
n! Jo (n—1)"J, n ds

hence

+1
|z ="

Observe that the upper bound is better for small values of |x|, while the bound is better for

(n+1)! n!

|z| > 2(n+1).
Applying Lemma 12.3 to z = tX and taking expected values gives

Corollary 12.2.

— (it) k ix e (iX)F
k=0 k=0
n . k n+1 n
gl 08| [ it 2]
— k! (n+1)!" =l
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13. CENTRAL LiMIT THEOREMS

We are almost ready to prove the central limit theorem for i.i.d. sequences, but first we need a few more

elementary facts.

Lemma 13.1. Let 21, ..., 2z, and w1, ..., w, be complex numbers, each having modulus at most 6. Then

n n n
sz—Hwk g@”_l E |zk—wk|.
k=1 k=1 k=1

Proof. The inequality holds trivially for n = 1.

Now assume that it is true for 1 < m < n. Then
n n n n
[T 2 =TT < |2 [T 20 =20 [T e
k=1 k=1 k=2 k=2
n
[ e
k=2

n n
<f-0"2 Z lzp — wi| + 0"z —wy| = 0"t Z |z — wp
k=2 k=1

<

n n
+ Zlek_wll_[wk
k=2 k=2

+ |Zl — U)1| 9”_1

and the result follows by the principle of induction. O

Lemma 13.2. If z € C has |2| < 1, then |e* — (14 2)| < |2|*.

Proof. Expanding the analytic function e* in a power series about 0 gives

zz'

k=2

~ S EE < S - 0

e = (142)| =

Theorem 13.1. If {¢,}32, is a sequence of complex numbers which converges to c, then

lim (1 + C—n) = e“.
n—00 n

2| \

Proof. Choose n large enough that |¢,| < 2|c| and ‘”“‘ < 1. Then |1 + 2 <1+ lc"l <e S ,
so taking z,, = 1 + <, wy, = e, 0= ¢“ in the statement of Lemma 13.1 and then appealing to
Lemma 13.2 gives
(550 e () afem (5 )] e ()
n n
2 2 2|c|
< 62|C|n4|c| = Alel”e™ — 0,
n?2 n

hence

Cn Cn\"

‘(1—1——) —ef g‘(1+—) —e’n |+ | —e°| = 0. O
n n
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After all of the work of the past two sections, we are finally able to prove the classical central limit theorem!

Theorem 13.2 (Central Limit Theorem). If X1, Xo, ... are i.i.d. with E[X;] =y and
Var(X;) = 02 € (0,00), then
Sn —np
—— = Z ~N(0,1).
o N(0,1)
Proof. By considering X}, = X}, — p if necessary, it suffices to prove the result for p = 0.

2
We have seen that the standard normal has characteristic function pz(t) = e~ 7, which is continuous at

t = 0, so Theorem 12.3 shows that we only need to demonstrate that the characteristic functions of US\%

converge pointwise to pz(t).

Since X has ch.f. () =1 — $0%t* + o(t?) by Corollary 12.1, it follows from Theorem 13.1 and the basic

properties of characteristic functions that 0‘5:75 has ch.f.
exp | 7 t z": X =F ﬁ exp | ¢ t X = ﬁ FE |exp | @ ! X
P ovn = I T Pt P ovn T bt P ovn F

<o (i) = () = (37 (oim) () ))

Spn(t) =E

(2) gives 7~ F o 7 where X, — 1S, is th 1 d<
6 gives —,— = Z where X, = ;.S is the sample mean and %

Multiplying the standardized sum by =
n \/ﬁ

is the standard error. Thus the CLT can be interpreted as a statement about how sample averages fluctuate

about the population mean.

The following poetic description of the CLT is due to Francis Galton:

I know of scarcely anything so apt to impress the imagination as the wonderful form of

> The Law would have been

cosmic order expressed by the “Law of Frequency of Error.
personified by the Greeks and deified, if they had known of it. It reigns with serenity and
complete self-effacement amidst the wildest confusion. The huger the mob and the greater

the apparent anarchy, the more perfect is its sway. It is the supreme law of unreason.

The most common application of the central limit theorem is to provide justification for approximating a
sum of i.i.d. random variables (possibly with unknown distributions) with a normal random variable (for

which probabilities can be read off from a table).

However, one should keep in mind that, a priori, the identification is only valid in the n — oo limit. It is
truly amazing that it holds at all, and often it is remarkably accurate even for small values of n, but one

needs empirical evidence or more advanced theory to justify the approximation for finite sample averages.

The issue of convergence rates is addressed in a subsequent section.

Our next order of business is to adapt the argument from Theorem 13.2 to prove one of the most well-
known generalizations of the central limit theorem, which applies to triangular arrays of independent (but

not necessarily identically distributed) random variables.
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We will use the notation E [Y; A] := E[Y14(Y)] for the expectation of the random variable Y restricted to
the event A.

Theorem 13.3 (Lindeberg-Feller). For eachn € N, let X, 1, ..., Xp n, be independent random variables with
E[X,m]=0.If

. 2 _ 2
(1) nlgr;omEZIE (X7 ,.] =0 €(0,00),
- 2 . _
(2) nh_r)rgo E E X7 0| Xnm| > €] =0 for all e > 0,

then S, := Z Xn,m = 0Z where Z has the standard normal distribution.

m=1
Proof.

Let onm(t) = E [¢"¥»m], 02 = E[X2,,]. By Theorem 12.3, it suffices to show that

n,m n,m
n
_t%o
Il@nm 2.

From Corollary 12.2, we have

t202
n,m(t) — 1-— il -
©n,m (t) 5

<[t’E |:|Xn7m|3 N Xm| < s] +12E [X2

E

son,m@)fz(i? Bt <

k=0

min ,
3! 2!

nm’ ‘X’ﬂm| > E]

<elt° B [|Xnml| + 2B [X2 0| Xl > €]

Summing over m € [n], taking limits, and appealing to assumptions 1 and 2 gives

- t202
lim sup Z Onm(t)—[1- %

n—o00
m=1
252

On.m(t) — (1 — T)‘ = 0 as € can be taken arbitrarily small.

39 2
< e|t|” limsu E[Xnm ]
o timsup 3 (15

+t hmsupZE X2 i 1 Xnm| > €] =clt)’o?

n—oo
m=1

m=1

hence lim >
n—oo

We now observe that U?L’m <2+ FE [\Xn’m|2 | Xnm| > 5} for all € > 0 and the latter term goes to 0 as

n — oo by the second assumption.

20_2
Accordingly, for any fixed ¢, we can find n large enough that 1 > 1 — t% > —1. Since |@nm(t)] <1 as

well, 2, = ©n.m(t) and wy, =1 — % satisfy the assumptions of Lemma 13.1 with 6 = 1 for large n and

thus
- % m tPon m
lim sup Hcpnm - 11 (2 <11711150ng Pm(t) = | 1= — =0.
m=1 m=1 m=1
t2 2 202 t202 252
Finally, si = ——— it follows from Fact 11.2 that [ _ ( — 2"’”) —e "z asn— oo
n~>oo 2
and the proof is complete O
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Roughly, Theorem 13.3 says that a sum of a large number of small independent effects has an approximately

normal distribution.

Example 13.1. Let 7, be a permutation chosen from the uniform distribution on S,, and let K,, = K(m,)
be the number of cycles in m,. For example, if 7 is the permutation of {1,2,...,6} written in one-line
notation as 532146, then 7 can be expressed in cycle notation as (154)(23)(6), so K (7) = 3.

n'

* Observe that there are ————
T, !

ways to write a permutation having A\ k-cycles, k=1, ..., n.
Indeed, once we have fixed the placement of parentheses dictated by the cycle type - say beginning with
A1 pairs of parentheses having room for 1 symbol, followed by A2 pairs of parentheses having room for 2
symbols, and so forth - there are n! ways to distribute the n symbols amongst the parentheses.

But this overcounts since we can permute each of the Ay k-cycles amongst themselves and we can write each
k-cycle in k different ways.

For this reason, it is sometimes helpful to use the canonical cycle notation wherein the largest element
appears first within a cycle and cycles are sorted in increasing order of their first element.

For example, we would write m = (32)(541)(6).

** Note that the map which drops the parentheses in the canonical cycle notation of ¢ to obtain ¢’ in
one-line notation (so that 7’ = 325416, for example) gives a bijection between permutations with &k cycles
and permutations with k& record values.

(A record value of o € S, is a number j € [n] such that o(j) > o(i) for all i < j. Here we are thinking of

o(j) as the ultimate ranking of the j*" competitor.)

Now the number of permutations of [n] having k cycles is the unsigned Stirling number of the first kind,
denoted c(n, k).

These numbers can be computed using the recurrence ¢(n + 1, k) = ne(n, k) + ¢(n, k — 1).

This is because every permutation of [n + 1] having & cycles either has n + 1 as a fixed point (that is, in a
cycle of size 1) or not. The number of the former is just ¢(n, k — 1) and the number of the latter is n - c(n, k)

as n + 1 can follow any of the first n symbols divided into k cyclically ordered groups.
c(n, k)
n!

Thus, in principle, one can explicitly compute P (K, = k) = , but this is computationally prohibitive

for large n.

We will show that when suitably standardized, K, is asymptotically normal. To do so, we will construct
random permutations using the Chinese Restaurant Process:

In a restaurant with many large circular tables, Person 1 enters and sits at a table. Then Person 2 enters
and either sits to the right of Person 1 or at a new table with equal probability. In general, when person k
enters, they are equally likely to sit to the right of any of the k — 1 seated customers or to sit at an empty
table. We associate the seating arrangement after n people have entered with the permutation whose cycles
are the tables with occupants read off clockwise.

That this generates a permutation from the uniform distribution follows by induction: It is certainly true
when n = 1, and if we have a seating arrangement corresponding to a uniform permutation of [n — 1] before
person n sits down, then the rules of the process ensure that we have a uniform permutation of n afterward

by the same line of reasoning used to establish the recursion for ¢(n, k).
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If we let X,, ;; be the indicator that Person k sits at an unoccupied table, then K, = 22:1 X ke

Since the X, ;’s are clearly independent, we have

n n ) n 1
= ZE[Xnk] = ZP(k sits at a new table) = Z 7~ log(n)
k=1 k=1 k=1
and .
Var (K, ZVar nk) Z < ) ~ log(n).
k=1
More precisely, if we set Y,, , = X’I‘k?%), then E[Y,, ;] =0 and
og(n
- 1 1 /1 1
EY? ] = ——Var(K,) = - — = 1.
D ] = gV ) = i 22 ()

k=1 k=1

Also,
Z Y2 Yaul >e] =0
k=

since the sum is 0 once log(n)~2 < e.

Therefore, Theorem 13.3 implies that Y p_, Yo, = Z ~ N(0,1).

d — 1 K, —1
Because Z / w < Z —, the conclusion can be written as im) = Z.
=k log(n)

In terms of sequences of independent random variables, Theorem 13.3 specializes to

Corollary 13.1. Suppose that X1, Xs, ... are independent, random variables with E[Xt] = 0 and Var(X}) =
2€(0,00) for allk. Let S, = ;_, Xy and s2 =Y _,_, o2. If the sequence satisfies Lindeberg’s condition:

n

. 1
lim TZE[X% | X% > esn] =0

n—o00 §

™ k=1
for every € > 0, then
Sn
Proof. Take X, = f—:‘ in Theorem 13.3. O

Of course the mean zero condition is just a matter of convenience since finite variance implies finite mean

and we can always consider X}, = X, — E[Xk].

Note that the classical central limit theorem is an immediate consequence of Corollary 13.1 since X1, Xo, ...

i.i.d. with mean zero and finite variance o2 gives s,, = o/n and

lim ZEXk,|Xk|>esn}_a lim —ZEXk,|Xk\>sa\f]
n—oo N

n—oo 52
=02 lim E[Xl; |X1| > eov/n] =0
n—oo

by the DCT and finite variance.
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We conclude with an example showing that one can have normal convergence even when the Lindeberg

condition is not satisfied.

Example 13.2. Let X, Xo, ... be independent with X; ~ N(0,1) and X ~ N(0,2%72) for k > 2.
Setting S, = > _; Xk, we have

n n n—2
n—l 1
272: _ E:k727 E:ki __ on—1
S = Var(Xk)71+ 2 =1+ 2 —1+ﬁ—2 .
k=1 k=2 k=0
1
Foranyse(O,ﬁ),nzl

E[X2|X,| > es,| > B[X2] — E[X2|X,| <esp| > B[X2] — 2P (|X,| > e5,) > 2772 — 22771

thus )

E X2 X,| > esp 2 _g2on-l ]
X0 1 Xl ] > < =--e">0

s2 2n—1 2

1 n
o) > EIXE; [ Xk| > 5] >
k=1

for all n > 2.

However, we observe that if W; and W, are independent with W, ~ N (p, 0,%), then W}, has ch.f.
or(t) = e”‘kt*ﬁ, hence Wy + W3 has ch.f. pw, 1w, (t) = ©1(t)p2(t) = e“’“*’mt*w
Wi+ Wa ~ N (p1 + p2, 0% + 03).

By induction, we have “Sums of independent normals are normal and the means and variances add.”

Applied to the case at hand, we see that S, = >}, Xj ~ N(0,s2), hence f—: ~ N(0,1) for all n and thus

in the n — oo limit.

, SO

81



14. Poi1ssoN CONVERGENCE

We now turn our attention to one of the more ubiquitous discrete limiting distributions, the Poisson, begin-
ning with the “law of rare events” (or “weak law of small numbers”). It is instructive to compare the following

result and its corresponding proof with that of the Lindeberg-Feller theorem.

Theorem 14.1. For eachn € N, let X, 1, ..., Xn.n be independent with P (X, m = 1) = pp.m and
P (Xn,m =0)=1- Dn,m -

Suppose that as n — oo,

D Y pam — A€ (0,00),

m=1

2
@) max om0

If Sp, = Xp1+ ... + Xoum, then S,, = W where W ~ Poisson(\).

Proof. The characteristic function of X, ;, is

Spn,m(t) - E [eitXn,m] -1— Prom +pn,m€it,

so it follows from the independence assumption that .S, has ch.f.

s, (t) = B[] = T [1+pum (¢ = 1)] .
m=1
Now, for p € [0,1],

lexp (p(e" —1))| = exp [Re (p(e” —1))] = exp[p(cos(t) —1)] < 1
and |1+ p(e —1)| = |p-e" + (1 — p) - 1| < 1 since it is on the line segment connecting 1 to e’, which is a
chord of the unit circle in C.

Thus, taking zp, = 14 pnm (€ — 1), wy, = exp (pp,m (e — 1)) in Lemma 13.1, we have

H 1+pnm - Hexp pnm 71))
m=1 m=1

n

H (1 + Pn,m (eit — 1)) — exp (Z pn,m(e” B 1)>

m=1

IA

2 [exp (P (e = 1)) = [1 4 pon (¢ = 1]

1 ,
By assumption 2, we have max p,, < =, and thus max ‘pn m (e’t - 1)| < 1, for n sufficiently large.
1<m<n” "’ 2 1<m<n ’

Using Lemma 13.2, we conclude that

n

I (14 pnm (6" = 1)) —exp <Z Prm (e — 1))

m=1 m=1
n 9 n
<D Bl =1 <4
m=1 m=1

by assumptions 1 and 2.
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Therefore, since assumption 1 implies exp (>, _; pnm (e — 1)) — eMe 1)

t)= [T [L+pnm (€ —1)] = XD = oy (1),

and the result follows from the continuity theorem. O

An easy consequence of Theorem 14.1 is

Theorem 14.2. Let X, ,,, 1 < m < n be independent Ny-valued random variables with
P(Xpm=1)=pnm and P (X, m > 2) = €, where

1) Zn: Pnm = A,

(2) 121173)( Drm — 0,

3) Z Enm — 0
m=1

asn — oco. Then S, = Xp1 + ... + X, converges weakly to the Poisson()) distribution.

Proof. Let Y, ,, = 1{X,,,, =1} and T,, = > _, Y, ,,. Theorem 14.1 implies T,, = W ~ Poisson(\),

so, since P (S, #7T,) < Yo _enm — 0 (thus S, — T,, =, 0), S, = T, + (S, — T5,) = W by Slutsky’s

theorem. O

It is worth mentioning that, just as in the normal case, independence is not a strictly necessary condition
for Poisson convergence. To relax the assumption in general one needs to use a different proof strategy than
convergence of characteristic functions. However, it is sometimes possible to give direct proofs by simple

calculations.

Example 14.1 (Hat check, Lazy Secretary, etc...).

Define X, m = Xy m(7) = 1{m(m) = m} where 7 is chosen from the uniform measure on S, the symmetric
group on {1,.,,,n}.

Then T}, = Y7 _| X, m is the number of fixed points in a random permutation of length n.

m=1

Inclusion-exclusion gives the probability of at least one fixed point as

l<m
+ Z PXppr=Xni=Xpm=1)— .+ (-1)""'P(Xp1 = .. = Xppn=1)
k<l<m
z”: k“( ) 2": 1)k
=1 k=1

since the number of permutations with k specified fixed points is (n — k)!.

It follows that the probability of a derangement is given by

n k:-‘rl n -1 k
P(Tn:O):l—P(Tn>0—1—Z (=1
k:l k=0




To compute other values of the mass function for T}, note that

P(T, = m) = (Z) WP(T,I_M =0) = miP(Tn_m =0) > mie—l.

Therefore, for every z € R, we have

P(T,<x)= Y  PT,=m)— Y, %eﬂ

meENg:m<x meNg:m<z

(as the above sums contain finitely many terms), so the number of fixed points in a permutation of length

n converges weakly to W ~ Poisson(1) as n — oo.

For most common discrete random variables, rather than memorize the p.m.f.s, one needs only to understand

the stories that they tell and the probabilities follow easily from combinatorial considerations.

For example, if X ~ Binomial(n, p), then the story is that X gives the number of heads in n independent
flips of a coin with heads probability p. To compute the probability that X = k for £ = 0,1, ...,n we note
that any sequence of k heads and n — k tails has probability p*(1—p)”~* by independence. Since the number
of such sequences is determined by specifying where the heads occur, of which there are (Z) possibilities, the
binomial p.m.f. is given by P(X = k) = (Z)pk(l —p)"* k=0,1,...,n

Similarly, if Y ~ Hypergeometric(N, M, n), then the story is that we sample n items without replacement
from a set of IV items of which M are distinguished, and Y counts the number of distinguished items in our

sample. For k < min(n, M), there are (J\];I) ways to choose k distinguished items, (N_M

b ) ways to choose the

remaining n — k items, and ( ) possible samples, so P(Y = k) = %

n

Because the Poisson distribution assigns positive mass to infinitely many outcomes, determining the p.m.f.
is not such a simple matter of counting. Nonetheless, the preceding results do supply us with an appropriate

story:

For 0 < s < t, let N(s,t) denote the number of occurrences of a given type of event in the time interval (s, ¢]

- say, the number of arrivals at a restaurant between s and ¢ minutes after it opens. Suppose that

1
2
3
4

The number of occurrences in disjoint time intervals are independent.
The distribution of N(s,t) depends only on t — s (stationary increments).
P(N(0,h) =1) = Ah + o(h).

)
)
)
) P(N(0,h) > 2) = ofh).

(
(
(
(

Theorem 14.3. If properties 1 — 4 hold, then N(0,t) ~ Poisson(\t).

2 and 3 show that p, . = P(Xnm = 1) = P(X,1 = 1) = 2L + 0(L); and properties 2 and 4 show that
m=P(Xym>2)=PXn1>2)=0(L).

Proof. Define X,, ., = N (M mt). Property 1 shows that X, 1,...,X,, , are independent; properties

Since Y0 pum =1 (2 +0 (L)) = Aand > enm =no (L) — 0 as n — oo, Theorem 14.2 implies
that X, 1 + ... + X,,,, = W ~ Poisson(At). The result follows by observing that X,, 1 + ... + X, , = N(0,¢)
for all n. O
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The random variables N(0,¢) as ¢ ranges over [0, 00) are an example of a continuous time stochastic process:

Definition. A family of random variables {N(¢)}+>¢ is called a Poisson process with rate X if it satisfies:

(1) For any 0 =ty < t1 < ... < ty, the random variables N(t;) — N(tx—1), k = 1,...,n are independent;
(2) N(t) — N(s) ~ Poisson (A(t — s)).

To better understand the process {N(¢) }+>0, it is useful to consider the following construction which explains
our “arrivals story” and provides a bridge between the Poisson and exponential distributions:

Let &1, &9, ... be i.i.d. exponentials with mean A~! - that is P(&; > t) = e~ for ¢t > 0.

Define T;, = Y"1, & and N(t) = sup{n : T), < t}.

If we think of the ¢s as interarrival times, then T,, gives the time of the n'" arrival and N(¢) is the number
of arrivals by time t.

Since a sum of n i.i.d. Exponential(\) R.V.s has a I'(n, A™!) distribution*, we see that T,, has density

)\nsn—l

fr.(s) = G

e for s > 0.

Accordingly,
At)°
P(Nt)=0)=P(Ty >t)=e M= e_)‘t%
and

P(N(t)=n)=P(T, <t <Tp41) = /0 fr,(8)P(§py1 >t — s)ds

= FAnsn e et gg = e_)‘t& tns"_lds =e M ()"
o (n—1)! ! Jo n!

for n > 1, so N(t) ~ Poisson(At).

To check that the number of arrivals in disjoint intervals is independent, we note that for all n € N and all
u>t>0,

¢
P(Thi1 > u,N(t)=n)=P(Th41 >u,T, <t)= / fr, (8)P(§nt1 > u — s)ds
0

_ /t Angn—1 e—)\sek(s—u)ds _ e_)\u (/\t)n _ e_)\(u_t)e—)\tw
0

(n—1)! n! n!
= e MIP(N(t) = n),
and thus
P(Tn+l > U,N(t) = TL) _ ef)\(uft).
P(N(t) = n)

P(Thi1 2 u|N(t) =n) =
Writing s = u — ¢, the above is equivalent to
P(Thy1 —t>s|N(t)=n) =e
for alln € N, s,t > 0.
It follows that 77 = Ty (+)4+1 — t is independent of N(t) and

P(T] > s) = i P(Tpy1 —t > s|N(t) =n)P(N(t) = n) = e %,

n=0

hence T] ~ Exponential(A).
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Setting T, = Tn)+x — IN@)+k—1 = Ny for B > 2 and observing that

P(N(t)=n,T]{ >u—t,T, > vy for k=2,..,K)

= P(Tn S t,Tn+1 Z U,Tn+k — Tn+]f,1 Z Vk for k = 2, ,K)
K

- P(Tn < t;Tn+1 Z u) H P(gn—i-k 2 ’Uk),
k=2

we see that 17, Ty, ... are i.i.d. Exponential()\) and independent of N(t).

In other words, the arrivals after time ¢ are independent of N(¢) and have the same distribution as the
original arrival sequence.

(Essentially, this is due to the “memorylessness property” of the exponential.)

It follows that for any 0 =to < t1 < ... <tpn, N(t1) — N(to), ..., N(t,,) — N(t,,—1) are independent Poissons.
This is because the vector (N(t2) — N(t1), ..., N(t,) — N(t,—1)) is measurable with respect to o (77,73, ...)
(where the T;’s are constructed as above with ¢ = ¢1) and so is independent of N (¢1).

Then an induction argument gives

n

P(N(t1) = N(to) = ku, ... N(tn) = N(tn—1) = kn) = [ |
i=1

ki
e—k(ti—ti—l)M
k;! '

* To keep the discussion self-contained, we show that sums of independent exponentials are gammas.

This is a situation where convolution is more convenient than characteristic functions.

First, recall that for o, 8 > 0, X ~ I'(a, §) has density fx(x) = F(al)B“ z*1e™5, x> 0, where the gamma
function T satisfies I'(n) = (n — 1)! for n € N.

Also, for A > 0, W ~ Exp(A) has density fi (w) = Ae™*, x> 0. Thus W ~ T (1,A71).

Suppose that Y ~ T (n,A™') and W ~ Exp(A) are independent and set Z =W +Y.

Then Z has positive support and Theorem 6.6 shows that for z > 0,

o) = fw = i) = [ T fwle —n) iy )y

: Mz—y) A" 1_-X
= [ AeACEW_Z__yn—le—g
/o ‘ -1y Y

)\n+1 N z 1 >\n+1
=0 n=lgy, — 2~
(n—1)1° /oy YT Tt n)”

It follows by induction that if Xy,..., X, are i.i.d. Exp(}\), then X; +...+ X, ~T (n7 )\_1).

(n+1)7167)\z.
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15. STEIN’S METHOD

We have mentioned previously that a shortcoming of the limit theorems presented thus far is that they do

not come with rates of convergence.

A proof of the Berry-Esseen theorem for normal convergence rates in the Kolmogorov metric is given in

Durrett, and a proof of Poisson convergence with rates in the total variation metric is given there as well.

Rather than reproduce these classical results, we will obtain similar bounds using Stein’s method in order to
give a glimpse of this relatively modern technique which can be applied to all sorts of different distributions

and often allows one to weaken assumptions such as independence as well.

As our purpose is expository, we will present some of the more straightforward approaches rather than seek

out the best possible constants and conditions.

Stein’s method refers to a framework based on solutions of certain differential or difference equations for
bounding the distance between the distribution of a random variable X and that of a random variable Z
having some specified target distribution.

The metrics for which this approach is applicable are of the form

dy(Z(X),Z(Z)) = sup |E[h(X)] — E[h(Z)]|
heH

for some suitable class of functions H, and include the Kolmogorov, Wasserstein, and total variation distances
as special cases. These cases arise by taking H to be the set of indicators of the form 1(_, 4, 1-Lipschitz
functions, and indicators of Borel sets, respectively. Convergence in each of these three metrics is strictly
stronger than weak convergence (which can be metrized by taking A as the set of 1-Lipschitz functions with

sup norm at most 1).

The basic idea is to find an operator A such that E[(Af)(X)] = 0 for all f belonging to some sufficiently
large class of functions F if and only if Z(X) = .2(Z).

For example, we will see that Z ~ N(0,1) if and only if E[f(Z) — Zf(Z)] = 0 for all Lipschitz functions f.
If one can then show that for any h € #H, the equation
(Af)(x) = h(z) — E[h(Z)]
has solution f;, € F, then upon taking expectations, absolute values, and suprema, one finds that
dy(Z(X), £(Z)) = sup |E[h(X)] = E[R(Z)]| = sup |[E[(Afn)(X)]].
heH hEH

Remarkably, it is often easier to work with the right-hand side of this equation and the techniques for
analyzing distances between probability distributions in this manner are collectively known as Stein’s method.

Stein’s method is a vast field with over a thousand existing articles and books and new ones written all the
time, so we will only be able to scratch the surface here. In particular, we will not prove any results for
dependent random variables. (Other than supplying convergence rates, the principal advantage of Stein’s
method is that it often enables one to prove limit theorems when there is some weak or local dependence,

whereas characteristic function approaches typically fall apart when there is dependence of any sort.)

An excellent place to learn more about Stein’s method (and the primary reference for this exposition) is the

survey Fundamentals of Stein’s method by Nathan Ross.
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Normal Distribution.

We begin by establishing a characterizing operator for the standard normal.
Lemma 15.1. Define the operator A by

(Af) (z) = f'(x) — 2 f(x).
If Z ~ N(0,1), then E[(Af) (Z)] = 0 for all absolutely continuous [ with E |f'(Z)] < co.

Proof. Let f be as in the statement of the lemma. Then Fubini’s theorem gives

E[f’<Z>]=\/12?/Rf’<x>e—”5dx=jﬁ/o f(@)e _Td“ﬁ/ e
L (e
— \/%/_Omye_y; (_/y f’(m)dw) dy—l—ﬁ/ e (/ f(x da:) dy

0 2
=\/%/_ ye T (f(y) — f(0)dy + — / ye 7 y) — f(0))dy
= \/12?/00 yf(y)e’L;dy—f(O)\/T—W[ ye’%dy
= E[Zf(Z2)] - f(0)E[Z] = E[Zf(Z)]. O

Of course, if || f||, < oo, then E|f'(Z)| < co. It turns out that the condition E[(Af) (W)] = 0 for all
absolutely continuous f with || f’|| < oo is also sufficient for W ~ A(0,1).

To see that this is the case, we prove

Lemma 15.2. If ® is the distribution function for the standard normal, then the unique bounded solution

to the differential equation
flw) —wf(w) =1 (oo u(w) — 2(2)
is given by
\ﬁw (1=2(z) ¢(w), w<zx
fo(w) = :
2me T <I>( )(1—-2(w)), w>zx

Moreover, f, is absolutely continuous with ||fz| . < \/E and || f1] . <

Proof. Multiplying both sides of the equation f’(t) —tf(t) = 1(_,4(t) — ®() by the integrating factor 6*§
shows that a bounded solution f, must satisfy

% (e_gfm(t)) = 6_§ [f;(t) - tfw(t)} = e_g [1(foo,m] (t) - (I)(LU)] ’

and integration gives

w? & 2
=—c7 e 7 (L(coo,a)(t) — @(a)) dt
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When w < z, we have

w
12

folw) = e / 6™ (1 oo (t) — @) dt = / e % (1— ®(a)) dt

— 00 — 00

= \/%672 (1—-®(x)) \/% /_w o5 dt = \/ﬂe# (1-®(z)) ¢(w),

o 2 2
= 271'6%‘1)3:—/ e Tdt = \V2me T ®(z)(1 — d(w)).
% ( )\/% y % (@)( (w))
To check boundedness, we first observe that for any z > 0,
<s+z>2
1 e Fdt < —— /
\/ / o \/271'

/ e ¥ds <e” 7 1 /m67§d3—167§
vV 271' vV 271' 0 2 ’

and, by symmetry, for any z <0,

—_
S

z

P(z)=1—-D(|z]) < ze” 7.

[\

Since f, is nonnegative and f,(w) = f_.(—w), it suffices to show that f, is bounded above for z > 0.

If w> x>0, then

If 0 <w <z, then

w? w? 17w72 T
Folw) = VBT (1= 0(0)) @) < VBT 1 LT = 7

The claim that f, is the only bounded solution follows by observing that the homogeneous equation
2

f'(w)—wf(w) = 0 has solution f;(w) = Ce’T for C' € R, so the general solution is given by f.(w)+C fy(w),

which is bounded if and only if C = 0.

Finally, we observe that, by construction, f, is differentiable at all points w # x with
f;(w) = wf:z:(w) + 1(—00,05] (’LU) - (I)(:E), so that

[fa(w)] < [wfo(w)] + [1(—oo(w) = @(2)] < wfo(w)] + 1.

For w >0
N w2 [0 42
o fu ()] = ‘—we : / 4 (1(oo’x](t)—c1>(x))dt‘ < we / 5 Lo () — B()| dt
w w
w2 [ 2 2 [ ¢ 12 w2 [ 2 w2 w2
<we'?2 e 2dt <wez —e_Tdt:eT/ te"2dt=e2ze 2 =1,
w w w w



and for w < 0,
lwfz(w)] = |—wfo(-w) <1,
hence | f1(w)] < [wf,(w)] + 1< 2.

Since f, is continuous and differentiable at all points w # = with uniformly bounded derivative, it is Lipschitz

and thus absolutely continuous. ([l

An immediate consequence of the preceding lemma is

Theorem 15.1. A random variable W has the standard normal distribution if and only if
E[f'(W) =W [f(W)] =0

for all Lipschitz f.

Proof. Lemma 15.1 establishes necessity.

For sufficiency, observe that for any x € R, taking f, as in Lemma 15.2 implies

[P(W <) = ®(@)] = |E [L—oo (W) = 2(2)]| = [E[fL(W) = W fo(W)]| = 0. 0

The methodology of Lemma 15.2 can be extended to cover more general test functions than indicators of

half-lines.

Indeed, the argument given there shows that for any function h : R — R such that

1 o0 22
Nh:=FEh(Z2)] = — h(z)e” 2 dz
2= —= [ ne)
exists in R, the differential equation
f'(w) —wf(w) = h(w) = Nh
has solution

(*) fh(w):€%2 /w (h(t) — Nh) e dt.

—0o0
Some fairly tedious computations which we will not undertake here show that
Lemma 15.3. For any h: R — R such that Nh exists, let f, be given by (x).

If h is bounded, then
™
il < /5 1= Nhll 1l <200~ N,

If h is absolutely continuous, then
2
Ifnlloo <210 0, Ifalls < \/Zlh'lloo, 17l < 21101l -

(That the relevant derivatives are defined almost everywhere is part of the statement of Lemma 15.3.)
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We can now give bounds on the error in normal approximation for sums of i.i.d. random variables.
We will work in the Wasserstein metric

dw (£ (W), Z(2)) = Sup [E[n(W)] = E[W(Z)]|

where

Hw = {h:R — R such that |f(z) — f(y)| < |z —y| for all z,y € R}.
If Z ~ N(0,1), then the preceding analysis shows that

dw(ZL(W), Z(Z)) = sup |E[f,(W) =W fr(W)]]

heHw

where fj, is given by (x).
Since Lipschitz functions are absolutely continuous, the second part of Lemma 15.3 applies with ||A'|| = 1.

From these observations and some elementary manipulations we have

Theorem 15.2. Suppose that X1, Xs, ..., X,, are independent random variables with E[X;] =0 and
E[XZ|=1foralli=1,..,n. IfW = ﬁzyd X; and Z ~ N(0,1), then

dw(2W).2(2) < 3 Y E[1X[7].

Proof. Let f be any differentiable function with f’ absolutely continuous, || f|| o, [[f/l|oc s [1f" [l < 00.
For each i = 1,...,n, set
1
Ly e
J#L \/ﬁ
Then X; and W; are independent, so E[X; f(W;)] = E[X;|E[f(W;)] = 0.

It follows that
EW f(W

SR

Adding and subtracting E [ﬁ S X (W — Wz)f/(Wl):| yields

\FZX f(Wi))] :

SX () - fW) - (W - W»f’(W»)]

BWIOW) =B | 223

5| gxxw - Wl')f’(Wi)] .

The independence and unit variance assumptions show that

vl — 2L w2 e — L 2 R T — L B
ELX.(W — W) f (W) = E [ X <W1>] = BB (V)] = =L W)
EW (W 7 Z FOV) = (W =W W) | + B |~ S f’(Wi)] :
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and thus

[E[f' (W) =W W]

- B ;EZX (FOV) = FW3) = (W = W) f/ (W) | + E jéjlf%w» —E[f’(W)]‘
- |& \}ﬁng(f(W)—f(Wz)—(W—Wz)f’(Wz)) +E ig(f’(Wi)—f’(W))H
<k zi;ua (FOV) = FOV) = (W = WS (W)l | + -5 iwwn—f'(vv)]
The Taylor expansion (with Lagrange remainder)
Flw) = £ + £ ) — )+ T w2y

for some ¢ between w and z gives the bound

) - 52) — - A < L - 2y

Wl

“ (%)

|l

g

R

|

TN
- ' E 12
2n2 i

Also, the mean value theorem shows that

S W) f’(W)I] <. E
i=1

1
—-F
n

i=1 nz

S (7 W W)] ”f”"OOZE|X|

Since 1 = E[X?|=F [(|XZ|3)§} <FE [|X | } we have F {|X | } > 1, hence

E|X;|<E [|Xi|3} ‘<P [\Xiﬂ. (The conclusion is trivial if £ [|Xi|3} = 0.
Putting all of this together gives

1
|+ E

B[/ (W) =W f(W Z\X FOW3) = (W = W) £/ (W,

En:|f/(Wi) —f/(W)ﬂ
OOZE[|X|} !’OZE‘\X|<3WHH°°ZE[|X\}

7

//||

and the result follows since

dw(ZL(W), Z(Z)) = sup |E[f,(W) =W fr(W)]]

heHw

and || f/]| . < 2[|W | =2 forall h € Hy. O
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Of course the mean zero variance one condition is just the usual normalization in the CLT and so imposes
no real loss of generality. If the random variables have uniformly bounded third moments, then Theorem

15.2 gives a rate of order n~2 which is the best possible.

We conclude with an example of a CLT with local dependence which can be proved using very similar (albeit

more computationally intensive) methods.

Definition. A collection of random variables {X7, ..., X, } is said to have dependency neighborhoods
N; €{1,2,...,n},i=1,..,n,if i € N; and X; is independent of {X;};¢n,.

Theorem 15.3. Let X1,..., X, be mean zero random variables with finite fourth moments.
Set 0% = Var (3., X;) and define W = o=+ Y" | X,;. Let Ny,..., N, denote the dependency neighborhoods
of {X1,..., Xy} and let D = max;ep,) |Ns|. Then for Z ~ N(0,1),

Poisson Distribution.

To illustrate some of the diversity in Stein’s method techniques, we now look at size-biased couplings in

Poisson approximation.

Definition. For a random variable X > 0 with ¢ = E[X] € (0,00), we say that X® has the size-biased
distribution with respect to X if F [X f(X)] = pE [f(X?)] for all f such that F|X f(X)| < oco.

To see that X° exists, note that our assumptions imply that Qf := iE [X f(X)] is a well-defined linear
functional on the space of continuous functions with compact support. Since X is nonnegative, we have
that Qf > 0 for f > 0. Therefore, the Riesz representation theorem implies that there is a unique positive
measure v with Qf = [ fdv. Since Q1 = %E[X] =1, v is a probability measure. Thus X* ~ v satisfies

lg (Xf(X)]=Qf = /fdv = E[f(X?)].

Alternatively, one can adapt the argument from the following lemma to construct the distribution function
of X* in terms of that of X.

Lemma 15.4. Let X be a nondegenerate Ny-valued random variable with finite mean p. Then X*® has mass

function

Proof.

EXf(X)]. 0

X =) uf(k)P(X*=k)=> kf(k)P(X =k)
k=0 k=0
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Size-biasing is an important consideration in statistical sampling.

For example, suppose that a school has N (k) classes with k students.
Then the total number of classes is n = Y, | N(k) and the total number of students is N = >"7, kN (k).

If an outside observer were interested in estimating class-size statistics, they might ask a random teacher

how large their class is.

Letting X denote the teacher’s response, we have P (X =k) = since N (k) of the n classes have k

N (k)
n

students.

On the other hand, they might ask a random student how large their class is.

kN (k
The student’s response, Y, would have P (Y = k) = % because kN (k) of the N students are in a class

of k students.

Noting that the expected number of students in a random class is
= N(k) 1 N
F[X]= k——— = — kN (k)= —
[X] ; = kZ::l (k) =~

we see that

EN(R)  kYE pp(x =k
PY =k) = ]\E): N~ é’[X] )7

soY = X°.
Observe that the average number of classmates of a random student (their self included) is

E[Y]= ;kk%@ = ;;kﬂ\%@ = 12[[))((]] > B[X].

The inequality is strict unless all classes have the same number of students.

Lemma 15.5. Let X1,..., X,, > 0 be independent random variables with E [X;] = p;, and let X7 have the
size-bias distribution w.r.t. X;. Let I be a random variable, independent of all else, with P (I =1i) = %,
i=1n, p=30" . W =" X, and W; = W — X;, then W = W + X} has the W size-bias

distribution.

Proof.

3

— B[Wg(W)]. =

ZXig(W)

Lemma 15.6. I[f P(X =1)=1—P (X =0) =p, then Y =1 has the X size-bias distribution.

Proof. L P(X -1
P(Xs—l)—'E([X}_)—Z—l. O
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To connect size-biasing with Poisson approximation, we need the following facts, which are proved in much

the same fashion as the analogous results for the normal distribution.

Theorem 15.4. Let Py denote the Poisson()) distribution. An No-valued random variable X has law Py if
and only if

EMNMX+1)-Xf(X)]=0
for all bounded f.

Also, for each A C Ny, the unique solution of the difference equation
Af(k+1) = kf(k) =1a(k) — PA(A), fa(0)=0
is given by
fa(k) = X"Ferk — 1) [Py (AN UR) — P (A) Px (Uy)] where Uy = {0,1,....,k —1}.
Finally, writing the forward difference as Ag(k) := g(k + 1) — g(k), we have

1—e?
T

£l < min {1,074} and A4l <

We can now prove
Theorem 15.5. Let X be an Ny-valued random variable with E[X] = X, and let Z ~ Poisson(\). Then
drv(X,Z2) < (1-e M) E|X +1-X°|.
Proof. Letting fa be as in Theorem 15.4, the definitions of total variation and size-biasing imply
drv(X,Z) = sup |P(X € A)— P(Z e A)
=sup AE[fa(X +1)] - E[X fa(X)]]
= sup |AE [fa(X +1)] = AE [fa(X")]
< Asng [fa(X +1) = fa(X?)]
<Asup [Afallo EIX +1 - X7
<(1-eME|X+1-X°.

The penultimate inequality follows by writing fa (X +1) — f4(X?®) as a telescoping sum of | X + 1 — X?| first
order differences. O

We conclude with a simple proof of Theorem 14.1 complete with a total variation bound.

Theorem 15.6. Let X, ..., X,, be independent random variables with P (X; =1) =1 — P(X; =0) = p;,
and set W =3""  X;, \=E[W]| =", p;. Let Z ~ Poisson()\). Then
l—e M

vy

Proof. Lemmas 15.5 and 15.6 show that W* = W; + X{ = W — X; 4+ 1 where [ is a random variable,

independent of the X;’s, with P (I =1) = &

drv (W, Z) <
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Thus, by Theorem 15.5,

dry W, Z) < (1—e ) E|W+1-W* = (1-¢e?) E|X/|

(1—e” ZE|X\P =)

— n

1_6 szpl = L-e ZPZQ

i=1

One can also prove Theorem 15.6 without taking a detour through size-biasing.

Indeed, suppose that f satisfies || f|| ., [|Af]l,, < oo. Then

=E ZXJ(W)
_sz W) [Xi =1] =Y pE[f(W;+1)].
i=1

EWfW)]

Since A = Y"1 | p;, we have

INEfW +1)] -

fW +1)] - Zpif(Wi+1)
=1
< ZPiE|f(W+ 1) — f(W; +1)]
im1

<3 pilIAfll EIW +1) — (Wi + 1)

i=1
= [Afll Y piEIXi| = |Af]l > P}
i=1 i=1
Therefore,
dry (W, Z)=sup|P(W € A) — P(Z € A)|
A

= sup IAE [fa(W 4+ 1)] — E[W fa(W)]]

e
1 e Zpl
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16. RANDOM WALK PRELIMINARIES

Thus far, we have been primarily interested in the large n behavior of S,, = 2?21 X; where X1, X, ... are
independent and identically distributed. We now turn our attention to the sequence Si,.55,..., which we
think of as successive states of a random walk.

Recall that the existence of an infinite sequence of random variables with specified finite dimensional distri-

butions is ensured by Kolmogorov’s extension theorem.

Here the sample space is Q = RN = {(wy,ws, ...) : w; € R}, the o-algebra is BY (which is generated by cylinder
sets), and a consistent sequence of distributions gives rise to a unique probability measure with appropriate

marginals via the extension theorem. The random variables are the coordinate maps X;((w1,ws,...)) = w;.

If S is a Polish space (i.e. a separable and completely metrizable topological space) and S is the Borel
o-algebra for S, then this Kolmogorov construction can be carried out with Q = SN and F = SY. When the
X,;’s are independent (5, S)-valued random variables with X; ~ p;, the measure P arises from the sequence

of product measures P, = p11 X -+ X .

We assume in what follows that we are working in (S, SN, P) and X;, X», ... are given by
Xi ((wl,wg, )) = Wj.

Recall that Kolmogorov’s 0 — 1 law showed that if X7, Xo, ... are independent, then the tail field
T=N,_,0(Xn, Xnt1,...) is trivial in the sense that every A € T has P(A) € {0,1}.

Our first main result is another 0 — 1 law. We begin with some terminology.

Definition. A finite permutation is a bijection 7 : N — N such that [{m : 7(m) # m}| < occ.

If 7 is a finite permutation and w € SV, then we define 7w by (7w); = Wr(i)-

Definition. A € SV is permutable if 77'A = {w : mw € A} is equal to A for any finite permutation 7.

In other words, for every n € N and every 7 € S,,, we have

(Xl, vy Xy Xt 1, ) €EA—= (Xﬂ.(l), ...,Xﬂ.(n),Xn_i_l, ) € A.

Proposition 16.1. The collection of permutable events is a o-algebra. It is called the exchangeable o-algebra
and is denoted E.

Taking S =R, S,, = Z?Zl X, some examples of permutable events are F = {S,, € B,, i.0.} and
F = {limsup,,_,, f—: > 1} for any sequence of Borel sets {B,,},- ; and real numbers {c, }72;.

Also, every event in the tail o-algebra is also in the exchangeable o-algebra.

We observe that, in general, E, F' ¢ T, though F' is in the tail field if we assume that ¢, — cc.

Similarly, {lim,_, Sy, exists}, {limsup,,_,. S, = oo} € T while, in general, {limsup,, ,. S, >0} € E\T.
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The proof of the Hewitt-Savage 0 — 1 law will make use of the following result.

Lemma 16.1. For any I € SV, there is a sequence of events Iy, I, ... such that I, € o(Xy,...,X,) and
P(I,AI) — 0 where AAB = (A\ B)U(B\ A).

Proof. o(X1,...,X,,) is precisely the sub-c-algebra of SV consisting of the cylinders {w : (w1, ...,w,) € B} as
B ranges over 8". Accordingly, P = |J;—, 0(X1, ..., X,,) is a 7-system which generates SN. The claim follows
from Theorem 2.2 upon noting that £ = {J € SV : there exist I,, € o(Xy, ..., X,,) with P(I,AJ) — 0} is a
A-system containing P. O

Theorem 16.1 (Hewitt-Savage). If X1, Xa,... are i.i.d. and A € &, then P(A) € {0,1}.

Proof. As with Kolmogorov’s 0 — 1 law, we will show that A is independent of itself.
We begin by taking a sequence of events A,, € o(X7, ..., X;,) such that P(A,AA) — 0, which is justified by
Lemma 16.1.

Jt+n, Jj=n
Now let 7w be the finite permutation 7(j) =< j—n, n<j<2n .

7 j>2n

In words, 7 transposes j and n+ j for j =1,...,n.
Because the coordinates are iid., P (77! (A,AA)) = P(A,AA), so, setting A, = 7' A, and noting that
A € & implies 771 A = A, we see that

P(A,AA) = P (r7 1 (A,0A)) = P ((n'A,) A (1 A)) = P(A AA).
Thus, since
AB(Ay N AL) = (A\ A) U (A\ AL) U [(Ay N A4) \ A] C (Au5A) U (4, A4),
we have
P(AA(A,NA))) < P(A,AA)+ P(A AA) = 2P(A,AA) — 0,
hence P(A, N A]) — P(A).
As A, and A/, are independent by construction and P(A,), P(Al,) — P(A), we conclude that

P(A)? = lim P(A,)P(A]) = lim P(A,NA,) = P(A). O
n— oo n—0o0

Because T C &, Hewitt-Savage supersedes Kolmogorov in the case of i.i.d. random variables. However, the
latter only requires independence, so it can be used in situations where the former cannot. Also, note that
in the examples preceding Theorem 16.1, the sequences F,, = {S, € B,} and F,, = {f—: > 1} are each
dependent, so the Borel-Cantelli lemmas do not imply that F or F is trivial.
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A nice application of Theorem 16.1 is

Theorem 16.2. For a random walk on R, there are only four possibilities, one of which has probability one:

(1) S, =0 for alln
(2) S — 00
(3) S, - —o0
(4) —oo =liminf,,_, S, < limsup,, ., Sp, = 0
Proof.
Theorem 16.1 implies that limsup,, ,., S is a constant ¢ € [—o00, 00]. Let S/, = S,41 — X1.

Since S], =4 Sy, we must have that ¢ = ¢ — X;. If ¢ € (—00,0), then it must be the case that X; = 0, so
the first case occurs. Conversely, if X; is not identically zero, then ¢ = +co.

Of course, the exact same argument applies to the lim inf, so either 1 holds or
liminf, o Sy, limsup,,_, ., Sy € {£oo}.

As limsup,,_, o, Sn > liminf,,_,~ Sy, this implies that we are in one of cases 2, 3, or 4. (]
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17. StopPING TIMES

Given a sequence of random variables X, Xo, ... on a probability space (92, F, P), consider the sub-c-algebras
Fn=0(X1,...,Xn), n > 1. If we think of Xy, Xo,... as observations taken at times 1,2,..., then F,, can be

interpreted as the information available at time n.

Note that F; C Fp C --- C F. Such an increasing sequence of sub-o-algebras is known as a filtration, and
the space (Q, F,{F,.}, P) is called a filtered probability space.

(For the time being, we will assume that the filtration is indexed by N, but one can consider more general
index sets such as [0, 00) as well.)

If X1, Xo, ... satisfies X,, € F, for all n, we say that the sequence {X,} is adapted to the filtration {F,}.
{o(X1,..., X,,)} is the smallest filtration with respect to which {X,} is adapted.

Definition. Given a filtered probability space (Q, F, {F,}nen, P), a random variable N : Q@ — NU {oo} is
said to be a stopping time if {N =n} € F, for all n € N.

The following proposition gives an equivalent definition of stopping times. When working with more general

index sets than N, this is the appropriate definition.

Proposition 17.1. A random variable N : Q@ — N U {oco} on a filtered probability space (U, F,{Fn},P) is
a stopping time if and only if {N <n} € F, for alln € N.

Proof. Let n € N be given. If N is a stopping time, then for each m < n, {N = m} € F,, C F,, so
{N<n}=Ul_{N=m} e F,.

Conversely, if {N <m} € F,, for all m, then {N <n -1} € F,,_1 C F,, so
{N=n}={N<n}\{N<n—-1} € F,. O

To motivate the definition, suppose that X7, X, ... represent one’s winnings in successive games of roulette.
Let N be a rule for when to stop gambling (in the sense that one quits playing after N games).

The requirement that {N = n} € F,, means that the decision to stop playing after n games can only depend
on the outcomes of the first n games.

For example, the random variable N = 6 corresponds to the rule that one will play exactly six games,

regardless of the outcomes.
The random variable N = inf{n : Y " | X; < —10} corresponds to quitting once one’s losses exceed $10.

The random variable N = inf{n : /" | X; > > X, for all m € N}, corresponding to quitting once one
has attained the maximum amount they ever will, is not a stopping time since it depends on the future as

well as the past and present.
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The second rule is a canonical example of stopping times. It is the hitting time of (—oo, —10).

In general, the random variable N = inf{n : S,, € A} is a stopping time known as the hitting time of A.
To verify that N is indeed a stopping time, observe that { N =n} = {S; € A°,...,;S,_, € A, S, € A} € F,,.

Associated with each stopping time N is the stopped o-algebra Fy, which we think of as the information
known at time V.

Formally, Fy = {A € F: AN{N =n} € F, for all n € N}. That is, on {N =n}, A must be measurable
with respect to the information known at time n. It is worth noting that the definition implies {N < n} € Fy

for all n € N, hence N is Fy-measurable.

* Clearly Fy contains the empty set and is closed under countable unions. To see that it’s closed under
complements, write A N{N =n} = (A°U{N #n})N{N =n}=(AN{N = n})C N{N =n}.

Theorem 17.1. Suppose that X1, Xs, ... are i.i.d., F, = 0(X1,...,X,), and N is a stopping time for F,.

Conditional on {N < 0o}, {Xntn}n>1 s independent of Fn and has the same distribution as the original

sequence.

Proof. Let A€ Fn, k€N, By, ..., By € S be given. Let y denote the common distribution of the X;’s.

For any n € N, we have

P(A,N = n,XN+1 € By, "'7XN+k S Bk) = P(A,N = n,Xn+1 € By, -~-;Xn+k S Bk)

k k
= PAN{N =) [[ P(Xass € By) = PAN{N =nh) [ u(B))

j=1
since AN{N =n} € F, and X,41, ..., Xp+ is independent of F,.

Summing over n gives

M8

P(A,N <o00,Xny41 € B1, -, Xnyk € B) = P(A,N =n,Xny41 € Bi, .., XNk € By)

Il
-

oo k k
= 3" P(AN{N =n}) [] u(B,) = PLAN{N < oo}) [] (By),
n=1 j=1 j=1

proving independence, and taking A = Q) shows that

k
P(N < OO7XN+1 € .Bl,...,)(]\7+}C € Bk)
= B)).

j=1

We now introduce the shift function the 6 : Q@ — Q which is defined coordinatewise by (fw),, = wypy1.

That is, applying € results in dropping the first term and shifting all others one place to the left. Higher
order shifts are defined by iterating 6:
' =6 and 0" =0 o6 for n > 1.

Thus 6™ acts on w by dropping the first n terms and shifting the remaining terms n places to the left, so
that (an)z = Wn+ti-
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We extend the shift function to stopping times by setting

oN, — 0"w on {N =n}
A on {N = oo}

where A is an extra point we add to € to make various natural constructions work out nicely.

Example 17.1 (Returns to zero).
Suppose that S = R? and let 7 (w) = inf {n : w; + ...+ w, = 0} where inf ) = co and 7 (A) := co.
Thus 7 gives the first time the random walk visits 0.
Setting 72 (w) = 7 (w) + 7 (07w), we see that on {7 < oo},
7(0"w) =inf{n: (0"w), +...+ (0"w), =0} =inf{n:wrp1 +... + wryn =0},
hence
(W) =7W)+7(0"w) =inf{m >7:w; + ... +wy =0}.

Because of the convention that 7(A) = oo, this is well defined for all w and gives the time of the second visit

to zero.

The same reasoning shows that if we set 79 = 0, then
Tn (W) = The1 (W) + 7 (07 'w)

is well-defined for all n € N and gives the time of the nt" visit to zero.

Of course, this idea is applicable to stopping times in general:

If T is any stopping time, then setting Ty = 0, we can define the iterates of T' by

T, (w) =Tp_1 (w) + T (6™ 'w) for n > 1.

Proposition 17.2. In the above setting, if we assume that P = pux pux---, then P(T, < o0) = P(T < co0)™.

Proof. We argue by induction. The base case is trivial, so let us assume that the statement holds for n — 1.

Applying Theorem 17.1 to T;,—1, we see that { X7, 45} k>1 = {071 Xy} >1 is independent of Fr,_, on
{T,—1 < oo} and has the same distribution as {Xj} r>1.

Consequently, {T 0§71 < oo} is independent of {T,,_; < oo} and has the same probability as {T' < oo},

hence

P(T,, < 00) = P(T,_1 < 00,T 00T"=1 < 00) = P(Tj,_1 < 00)P(T 061 < o0)
= P(T < 00)" 'P(T < 0) = P(T < o0)"

and the result follows. O

Our next result about stopping times is the famous

Theorem 17.2 (Wald’s equation). Let X1, X, ... be i.i.d. with F|X1| < co. If N is a stopping time with
E[N] < o0, then E[Sn] = E[X1]E[N].
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Proof. First suppose that the X;’s are nonnegative. Then

SndP = 1{N =n}S,dP = 1{N =n} X,,dP
Jsmar=3 | |

n=1m=1

i i/lW:n}deP: i/l{NZm}deP

m=1n=m

E[SN]

where interchanging the order of summation is justified by the nonnegativity assumption.

Since {N >m} = {N <m —1}¢ € F,,_; and X,, is independent of F,, 1, we have
o0 o0
E[Sn] =) /1{N2 m} XpmdP =" E[1{N >m} X,
m=1 m=1

S PN Em) BN, = B[]S PN > m) = E[X,] E[N].

m=1

To prove the result for general X;, we run the last argument in reverse to conclude that

0> E|X1|E[N] =) P(N>m)E|Xy|= Z/l{sz}|Xm|dP
m=1 m=1

=y Z/1{N:n}|Xm|dP2Z/l{N:n}|Sn|dP.

m=1n=m

Since the double integrals converge absolutely, we can invoke Fubini to conclude that

E[X)]E[N] =Y P(N >m)E[X,] = i/l{NZm}deP: i i /1{N:n}deP

m=1 m=1n=m
=> /1{N:n}deP=Z/I{N:n}SndP:E[SN]. O
n=1m=1 n=1

One consequence of Wald’s equation is that one can gain no advantage in a fair or unfavorable game by
employing a length-of-play strategy which does not depend on the possibility of infinitely many games,
infinite payoff, or the ability to see the future.

One hears people advocate the policy of playing until they are ahead. Denoting the outcomes of successive
games by X3, X, ..., this stopping rule is given by a = inf{n : X; + ...+ X,, > 0}. If E|X;| < oo and
E[X;] <0, then E[a] < oo would imply 0 < E[S,] = E[a]E[X;] < 0, a contradiction. Thus the expected
waiting time until one shows a profit on a sequence of independent and identical fair or unfavorable bets is

infinite.

Some other amusing consequences involve variations on the following game:
Suppose that you are to roll a die repeatedly until a number of your choice appears. You are then awarded
an amount of money equal to the sum of your rolls. Wald’s equation shows that any number you choose will

result in the same expected winnings.

Indeed the outcomes of each roll, Xy, Xo, ..., are i.i.d. uniform over {1,2,...,6}. The waiting time, N;, until
any number ¢ € {1,...,6} appears is geometric with success probability %. Thus your expected winnings are
E[Sn,] = E[N;]E[X;] = 6 - 132436 — 2] regardless of the number you choose. There is no advantage in
choosing six over one, say, in terms of expected winnings. (Of course there is an advantage in terms of things

like maximizing your minimum potential winnings.)
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We now consider an application of Wald’s equation to the analysis of simple random walk.

Example 17.2 (Simple Random Walk). Let X;, X5, ... be i.i.d. with P(X; =1) = P(X; = —1) = L. Let
a < 0 < b be integers and set N = inf{n : S, ¢ (a,b)}, the first time the walk exits (a,b).

We first note that for any = € (a,b), P (z + Sy_a & (a,b)) > 27~ since b — a steps in the positive
direction, say, will take us out of (a,b).
Iterating this inequality shows that P (N > n(b—a)) < (1 —2-0=9)" 50 E[N] < cc.

(In fact, the exponential tail decay implies that N has moments of all orders.)

Applying Wald’s equation shows that bP(Sy = b) + aP(Sy = a) = E[Sn] = E[N]E[X1] = 0.
Since P(Sy =a) =1— P(Sy =), we have (b — a)P(Sy = b) = —a, hence
—a b
b—a’ Py =a) = b—a’
Writing T, = inf{n : S, = a}, T, = inf{n : S, = b} shows that P(T, < T,) = P(Sy = a) = 32 for all
integers a < 0 < b. Because P(T, < o0) > P(T, < T3) for all b > 0, sending b — oo shows that
P(T, < o00) =1 for all integral a < 0.

P(Sy =b) =

Symmetry implies that P(T, < oo) =1 for all integral b > 0, and since the walk must pass through 0 to get

from 1 to —1 or vice versa, we see that P(Ty < co) = 1 as well.

However, Wald’s equation shows that the expected time to visit any nonzero integer is infinite:
If E[T;] < oo for x € Z \ {0}, we would have x = E[St,| = E[T]E[X1] = 0.

By conditioning on the first step, we see that the expected time for the walk to return to 0 is
E))=E[f1+T.1)+31(1+T)] = cc.

To recap, simple random walk will visit any given integer in finite time with full probability, but the

expected time to do so is infinite!

We can compute the variance of random sums whose index of summation is a stopping time using

Theorem 17.3 (Wald’s second equation). Let X1, Xa, ... be i.i.d. with E[X1] =0 and E[X?}] = 02 < c0.
If T is a stopping time with E[T] < oo, then E[S2] = o?EI[T).

Proof. We first note that for all n € N,

TAn 2 TA(n—1)
Sz, = (ZX) =| Y Xi+X,1{T=>n}
1=1

i=1
= ’12"/\(n71) + (2X,52_1 + X2) 1{T > n}.
Since {T'>n} ={T <n— 1}C € Fn—1 and X, is independent of F,_1, taking expectations yields
E [$3] = B [Sr(uon)| + 2B (X E[S2,1{T 2 n}] + E[X2] E[L{T 2 n}]

- F [s%A(n_l)] +02P(T > n).
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By assumption, all expectations exist and are finite, so induction on n gives

n

E [Stp,] = 0> P(T > k).
k=1

Now E[T] = ZP(T > k)= le ZP(T > k), so, since Stan, — St pointwise, if we can show that
k=1 k=1
Stan is Cauchy in L?, then it will follow that E [S7] = li_>m E [Sn,] = 0°E[T).

To this end, observe that for any n > m

TAn 2 n 00
E | (Stan — STAm)2i| =F ( Z Xk> = o2 Z P(T > k) <o? Z P(T > k)

k=m+1 k=m+1 k=m+1

where the second equality follows from the exact same argument as above.

Since this goes to 0 as m — 00, Sy is indeed Cauchy in L? and the proof is complete. O

A consequence of Wald’s second equation is

Theorem 17.4. Let X1, Xo, ... be i.i.d. with E[X;] =0, E[X?] =1, and set T, = inf {n > 1:|S,| > c\/n}.
Then E[T,] is finite if and only if ¢ < 1.

Proof. If E[T,] < oo, then Wald’s second equation implies E[T.] = E[T.]E[X}] = E[S7 ].
However, E[S},] > E {(c\/Tc)ﬂ = ¢?E|[T,] by construction, so when ¢ > 1, the assumption that E[T.] < oo
leads to the contradiction E[T,] = E[S7.] > E[T,].
Thus it remains only to show that E[T.] < co when ¢ € [0,1).
To this end, we let 7,, = T An and note that S2 | < ¢*(7,—1) < ¢*7,,, s0 Theorem 17.3 and Cauchy-Schwarz
give

Elr,) =E[S2]1=F[S2 | +2S, 1X,, +X? ]

Tn

< E[r,] + 2¢y/E[r,E[X2 | + E[X2 ].
To complete the proof, we show

Lemma 17.1. If X1, Xo, ... are i.i.d. with E[X?] < co and T is a stopping time with E[T] = oo, then

E[X?
lim [ T/\’I’L]

=0.
n—oo E[T A n]

It will then follow that if E[T.] = oo for ¢ € [0,1), then for any € € (0, (1 — ¢)?), there is an N € N so that
E[X2 ] < eE[r,] whenever n > N, giving the contradiction

E[rn] < PE[r,] 4 2¢y/ E[r,]E[X2 ] + E[X2 ] < (¢® + 2¢\/e + €) E[r,] = (¢ + V2)*E[r,] < E[r].
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To prove Lemma 17.1, we observe that
E[X%An] = E[XTQ“/WNX%/\W, S € (T A n)] + ZE[X%/VNX%/\W, > Ej7T An = J]
j=1
<eE[T An]+ Y E[X:TAn=jX? > ejl.

Jj=1

Now, since E[ij;X]2 >¢ej] = 0 as j — oo (by the DCT), we can choose N large enough that

ZE[XJZ;X; > ¢j] < ne whenever n > N.
j=1

Then for all n > N, we have

n N n
S EX}ETAn=5,X}>¢ej]l =Y E[X)TAn=jX;>ejl+ > E[X}3TAn=jX?>ejl
j=1 j=1 j=N+1

n

<NE[XP+ Y E[X}ETAn=jX}>ej)

J=N+1
To bound the latter sum, we compute
n n
Yo EXLETAn=jX]>el< Y EXLTAn>j X > el
J=N+1 J=N+1

= Y E[XU{T An>j}1{X] >ej}]
j=N+1

= Y P(TAn>j)E[X}X] > ¢f]
j=N+1

= > Y P(TAn=kE[X};X] > ¢j]
J=N-+1k=j

[e%) k
Z ZP(T An=Fk)E [X}X? > ej]
k=N+1j=1

IN

> P(T An=k)ke <E[T An].
k=N+1

IN

It follows that n > N implies
E[Xir) S eE[T An]+ Y E[X5T An=j X7 > ej]

Jj=1

<cE[T An]+ NEX{]+ Y  E[X;iTAn=jX;] > ej
j=N+1

< eE[T An]+ NE[X}] + eE[T An] = 2¢E[T An] + NE[X])].

E[X?
Since E[T An| — E[T] = oo (by the MCT), we see that lim sup E[Tiw

n—oo E[T A1

€ > 0 is arbitrary. 0

< 2¢ and the lemma follows because
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18. RECURRENCE

In this section, we will consider some questions regarding the recurrence behavior of random walk in R,
Throughout, we will take (S, S) to be R? with the Borel o-algebra, we will denote the position of the random
walk at time n by S, = X1 +...+ X, with X3, X5, ... i.i.d., and we will work with the norm ||z| = uax, | ;).

Definition. = € R? is called a recurrent value for the random walk S, if for every ¢ > 0,
P (||Sn, — z|| < € i.0.) = 1. We denote the set of recurrent values by V.

Note that the Hewitt-Savage 0 — 1 law implies that if P(||S,, — z|| < € i.0.) is less than one, then it is zero.

Definition. = € R? is called a possible value for S,, if for every € > 0, there is an n € N with
P (||Sn, — z|| <€) > 0. The set of possible values is denoted U.

Clearly the set of recurrent values is contained in the set of possible values. In fact, we have

Theorem 18.1. The set V is either () or a closed subgroup of R%. In the latter case, V =U.

Proof. Suppose that V # ). If z € V| then there is an & > 0 such that P(||S, — z| < € i.0.) = 0, and thus
B.(z) ={w € R : ||w — z|| < e} € VY. It follows that V¢ is open, so V is closed.

The rest of the theorem will follow upon showing

(*) HzcldandyeV, theny —z € V.

This is because V C U, so for any v,w € V taking x = y = v shows that 0 € V; taking z = v, y = 0 shows
that —v € V; and taking x = —w, y = v shows that v +w € V. It follows that V < R,

Also, for any u € U, taking x = u, y = 0 shows that —u € V. As V is a subgroup, this implies that u € V,
and thus & C V. Consequently, U = V.

To prove (x), we note that if y — x ¢ V), then there exist £ > 0, m € N such that

P (||Sn, — (y — x)|| > 2¢ for all n > m) > 0.

Also, since x € U, there is some k € N with
P(||Sg —z| <e)>0.

Now for any n > m + k, S,, — Sk = Xg41 + ... + X, has the same distribution as S,,_, and is independent
of Sk.

It follows that {||S, — Sk — (y — x)|| > 2¢ for all n > m + k} and {||S; — z|| < €} are independent and each
have positive probability.
Because [|Sk(w) —z| < e and 2¢ < ||S,(w) — Sk(w) — (y —2)|| = [|Sn(w) —y|| + ||Sn(w) — z| implies
[I1Sn(w) — y|| > &, we conclude that
P(||Sy — y|| > ¢ for all n > m + k)
>P(|Sn—Sk—(x—vy)|| >2eforalln>m+k)P(||S — x| <e)>0.
But this contradicts y € V, so we must have y —x € V. |
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When V = 0, the random walk is called transient, otherwise it is called recurrent.

It follows from Theorem 18.1 that a random walk is recurrent if and only if 0 is a recurrent value.

By definition, a sufficient condition for this to be the case is P(S,, = 01i.0.) = 1.

(That is, if 0 is point recurrent, then it is neighborhood recurrent. The distinction arises when the range of

the X;’s is dense, but the two are equivalent for simple random walk.)

By Proposition 17.2, if we set 79 = 0 and let 7, = inf{m > 7,,_1 : S;, = 0} be the nth time the walk visits

0, then P(7, < 00) = P(11 < 00)™. From this observation, we arrive at

Theorem 18.2. For any random walk, the following are equivalent:
(1) P(mp1 <o0)=1
(2) P(S,=014.0.)=1
(3) oney P(Sn =0) =00

Proof.

If P(ry < 00) =1, then P(7, < 00) = 1" =1 for all n, hence P(S,, =01i.0.) = 1.

The contrapositive of the first Borel-Cantelli lemma shows that P(S,, = 0 i.0.) = 1 implies

Yoo P(S,=0)=00

Finally, the number of visits to zero can be expressedas V =3~ 1{S, =0}andasV =3~ 1 {7, < co}.
Thus if P(1; < c0) < 1, then

i P(S, = i P(1, < )
n=1

n=1

f: P < ooyt = LM<
oyt ! 1-— P(T1 < OO) '
It follows that > ° | P(S, = 0) = co implies P(1; < o0) = 1. O

Analogous to the one-dimensional case, we say that S,, = X + ... + X,, defines a simple random walk on R?
(equivalently, Z9) if X, Xo, ... are i.i.d. with
P(X; =¢j) = P(X; = —¢j) = o5

for each of the d standard basis vectors e;.

We will show that simple random walk is recurrent in dimensions d = 1,2 and transient otherwise.

Essentially, this is because P(S, = 0) ~ Cdn_%, which is summable for d > 3 but not for d =1, 2.
The argument is combinatorial and relies on

Proposition 18.1 (Stirling’s formula).

in the sense that their ratio approaches 1 as n — oo.
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Theorem 18.3. Simple random walk is recurrent in dimensions one and two.

Proof. When d =1, P(S2,-1 =0) =0 and

1

P(S2n = 0) = 33, (2”) 1 (2n)!

n) " 22 (nl)2

for all n € N.

Since Y oo, \/% diverges, it follows from the limit comparison test that

i P(S, = 0) = ip(sgn = 0) = o,

so P(S, =01i.0.) =1 and thus S, is recurrent.

Similarly, when d = 2, P(S2,_1 =0) =0 and

n

1 m 1 (2n)!
P(Sy, =0) = 42n ZO (m m nm,nm) - 42n Z:Om!m!(nfm)!(n*m)!

m=

(S0 @ E 00

m=0

since we have seen that 53 (*") ~ —=.
* The identity

(00 )

follows by noting that the number of ways to choose a committee of size n from a population of size 2n
containing n men and n women is the sum over m = 0, 1, ..., n of the number of such committees consisting

of m men and n — m women.

Arguing as in the d = 1 case shows that S, is recurrent. O

In contrast to the d = 1,2 cases, we have

Theorem 18.4. Simple random walk is transient in three or more dimensions.

Proof. When d = 3,

2
2n)! 2n n!
P(Syn =0)=6"" ) SN OIS > 37— .
(n Inoln l)2 n ni!ng!ng!
ni,ne,n3>0: 1482083 ni,ne,ng>0:
ni+nz+nz=n ni+nz+nz=n
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Now 37— > () for each choice of ny, ns, ns, n, and the multinomial theorem gives

n1!n2!n3!
. ’I’Ll!’ng!’n3! o \N1,Nn2,n3 3 3 3 3 3 3 ’
ni,n2,n32>0: ni,n2,n32>0:
ni+nat+nzg=n ni+nat+nzg=n
SO
n! 2 n! n!
E 37— | < max 37— g 37—
nllng!ng! 0<n;<na<ngz: Tll!ng!ng! nllnglng!
ni,n2,n3>0: ni+nas+nz=n ny,nz,nz>0:
ni+nst+nz=n ni+nz+nz=n
_g-n n!

max Era——
0<n;<n2<ns: n1!n2!n3!
ni+nz+nz=n

The latter quantity is maximized when nq!ns!ng! is minimized. This happens when nq,no, ng are as close as

possible: If n; < n; — 1 for i < j, then n;ln;! > 2itlpIn = (n; +1)!(n; — 1)L

g

It follows that

o3

n 3\ n
o O R 1
n n

max ~ ~ =
Osm<masne milnalng!  ([2]1)° (2 %)5)3 2mn ()"

n! n! \/%(
2 (

2%,” (2:”) ~ \/% shows that

Con (21 _n nl ? _3
rs-2n(M) S (e o)

ni,ne,n3>0:
ni+nz+nzy=n

Putting all this together and recalling that

hence > 7 | P(S, = 0) < co and we conclude that SRW is transient in 3 dimensions.

152.53) be the projection onto the first three
coordinates and letting N (n) = inf{m > N(n — 1) : T, # Tn(n—1)} to be the n'® time that the random
walker moves in any of the first three coordinates (with the convention that N(0) = 0). Then T, is a

Transience in higher dimensions follows by letting T}, = (S}

simple random walk in three dimensions and the probability that T (,) = 0 infinitely often is 0. Since the
first three coordinates of S,, are constant between N(n) and N(n+ 1) and N(n+1) — N(n) is almost surely
finite, this implies that S, is transient. |

In the case of more general random walks on R, the Chung-Fuchs theorem says that
. . .o Sn
e S, is recurrent in d = 1 if — —, 0.
n

S
o is recurrent in d = 2 if —= = N(0,X).
e S, is transient in d > 3 if it is “truly (at least) three dimensional” (meaning that it does not live an

a plane through the origin).

More generally, one can show that a necessary and sufficient condition for recurrence is

1
Re| ——— | dy =
/(—5,5)d (1—80(21)) Y

for 6 > 0 where ¢(t) = E [¢""*1] is the ch.f. of one step in the walk.
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We will content ourselves with proofs of the d = 1,2 results. The proof for d > 3 can be found in Durrett.

We begin with some lemmas which are valid in any dimension. The first is analogous to Theorem 18.2.

Lemma 18.1. Let X, Xo,... be i.i.d. and take S, = in' Then S, is recurrent if and only if

i=1
o)

Z (II1Snl] < €) = oo for every € > 0.

Proof.

If S, is recurrent, then P(]|S,| < €i.0.) =1 for all € > 0, so the contrapositive of the first Borel-Cantelli
(o)

lemma implies that Z P(||Sp|| < €) = oo for all &€ > 0.
n=1

For the converse, fix k > 1 and define Z, = > ;2 1{||S;|| < &, [|Si+;|| > ¢ for all j > k}.

Then Zy < k by construction, so

k> E[Z) =) P(Si <& |Siy;l| > € for all j > k)
i=1

> > P(|Sill <& Siss — Sill > 2¢ for all j > k)

r

N
Il
-

P(ISi]l < &) P (ISis; — Sill > 2¢ for all j > )

o

s
Il
-

= P (||S;]| > 2¢ forall j > k)Y P(||Sil| <¢).

i=1
Thus if Y., P (||S;|| < €) = oo, then it must be the case that P (||S;|| > 2¢ for all j > k) = 0.
As this is true for all £ € N, we see that P (||S;|| < 2¢ i.0.) = 1, so, since this holds for all ¢ > 0, S, is

recurrent. 0

Note that one could equivalently take the lower index of summation to be 0 in the preceding theorem since
adding or subtracting 1 does not change whether or not the sum diverges to infinity.

Everything that we have done thus far is true for any norm. Our reason for working with the supremum
norm is the following result. As all norms on R? are equivalent, this choice entails no loss of generality - the

definition of neighborhood recurrence is topological.

Lemma 18.2. For anym € N, € > 0,

ZP ISl < me) < (2m) ZP I1Sn]l <€) .

n=0

Proof. The left hand side gives the expected number of visits to the open cube (—me, me)?. This can be
obtained by summing the number of visits to each of the (2m)¢ subcubes of side length £ obtained by dividing
each side of the cube into 2m equal segments. Thus it suffices to show that the expected number of visits to

any of these subcubes is at most Y -~ P (]|S,| < €).
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To this end, let C' be any such side length ¢ cube in R? and let T = inf{n : S,, € C'} be the hitting time for
C. If T = oo then the walk never visits C, while if T' = m, then on every subsequent visit to C' the walk is

within € of S,,, so

Y PSneC) =) ZP(Sn €eC,T=m)=> Y P(S,€CT=m)
n=0 n=0m=0 m=0n=m

oo o0

< Z ZP(”Sn*SmH <5,T:m)

=> P(|Sn — Sl < &) P(T =m)

=Y PT=m)Y (IS <)
m=0 k=0
<> PUSl<e). -

The preceding lemma shows that establishing convergence/divergence of Y " | P (||S,| <€) for a single

value of € > 0 is sufficient for determining transience/recurrence of S,,. In particular, we have

Corollary 18.1. S, is recurrent if and only if Z P(||Sn] < 1) = o0.

n=1

Proof. Lemma 18.1 shows that if S,, is recurrent, then > 2 | P(||S,|| < 1) = oo.

On the other hand, suppose that Y~ | P(||S,| < 1) = co and let € > 0 be given.
Applying Lemma 18.2 with m > ¢~! yields

00 =Y P(|Sull <1) < @m)* Y P ([Sull <m™') < 2m)* Y P (ISl <e),
n=1 n=0 n=0
S0, since ¢ was arbitrary, it follows from Lemma 18.1 that .S,, is recurrent. O

With the previous results at our disposal, we are able to show

1
Theorem 18.5. If X, Xs, ... are i.i.d. R-valued random variables and —S,, —, 0, then S,, is recurrent.
n

Proof. By Corollary 18.1, it suffices to prove that > | P(|S,| < 1) = .

Lemma 18.2 shows that for any m € N,

Km

1 1
E P > — E P m) > — E P m
(|Sn| < ]-) = om o] (|STL| < ) = om o (‘Sn| < )

n=0
Km Km
1 n K 1 n
>—§:P<S 7):7-—§ P(S —)
= 2m 2~ Sl < %) = 3 Km 2~ 9l < 7

for any K € N. By hypothesis, P (|Sn| < %) — 1 as n — o0, so, sending m to co shows that
Yoo P(|Sh] <1) > %, and the proof is complete since K was arbitrary. O
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It is worth remarking that if the X;’s have a well-defined expectation E[X;] = p # 0, then the strong law
implies 57" — p a.s. In this case, we must have |S,| — oo, so the walk is transient. If E[X;] = 0, then the
weak law implies 2= —, 0. Thus if the increments have an expectation y = E[X;] € [~00,00], then the walk

is recurrent if and only if p = 0.

We now show that, in dimension 2, a random walk is recurrent if a mean 0 central limit theorem holds.

In the case where the limit distribution A/ (0, ) is degenerate - that is, the covariance matrix ¥ has rank(X) <
2 - the random walk is either always at 0 or is essentially one-dimensional, in which case recurrence follows
from Theorem 18.5. Thus we will assume in what follows that A/(0,%) is nondegenerate and thus has a

density with respect to Lebesgue measure on R2.

Theorem 18.6. If S, is a random walk in R? and n*%Sn converges weakly to a nondegenerate normal

distribution, then S,, is recurrent.

Proof. As before, we need to show that Y02, P(||S,]| < 1) = oo.
By Lemma 18.2,

oo 1 oo
ST PUS <) 2 1g S PUSH <m).
n=0 n=0

and we can write

R *
3PS <m) = [ P(|Simoey| <m) ao
n=0

since |m?0| = n on the segment 2 < 6 < 2 of length 5.

Also, letting n(y) denote the limiting normal density, we have

(H [m?=6] H m) ( mvo Vo lyll<o—% n(y)dy

as m — oo, so Fatou’s lemma shows that
o0 1 o0
> T
4 EﬁQP(HS”” <1)> l;rlglgof — EﬁQP(HSHH <m)

= lim inf P(HSLngJH <m) do
0

m—r o0

-/ h ( /| o n(y)dy) .

Since n is positive and continuous at 0, letting |-| denote Lebesgue measure, we have

/|y|<a% nly)dy ~ Hllyll < 97%}‘ n(0) = 4n0(0)

as 0 — oo.

It follows that the integral with respect to 6 (and thus the sum of interest) diverges, and we conclude that

S,, is recurrent. O
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19. PATH PROPERTIES

We conclude our investigation of random walk with a look at the trajectories of simple random walk on Z.

Here we think of a random walk 57, Ss, ... as being represented by the polygonal curve in R? having vertices

(1, 51),(2,852), ... where successive vertices (n,S,) and (n + 1,.5,4+1) are connected by a line segment.

We will call any polygonal curve which is a possible realization of simple random walk a path.

Now any path from (0,0) to (n,x) consists of a steps in the positive direction and b steps in the negative

direction where a and b satisfy

to andb:n;x

(Note that if (n,z) is a vertex on a possible trajectory of SRW, then n € Ny and « € Z must have the same

n
hence a =

parity and satisfy |z| < n.)

As each such path is uniquely determined by the locations of the positive steps, the total number is

()= ()

Our first result is an enumeration of the paths beginning and ending above the x-axis which hit 0 at some

point.

Lemma 19.1 (Reflection principle). For any g,t,n € N, the number of paths from (0, q) to (n,t) that are 0

at some point is equal to the number of paths from (0,—q) to (n,t).

Proof. (Draw picture)

Suppose that (0,79), (1,71), ..., (n,7,) is a path from (0, ¢q) to (n,t) which is 0 at some point.

Let K = min{k : r, = 0} be the first time the path touches the xz-axis. Then, setting r;, = —r; for 0 <i < K
and r} = r; for K <14 <n, we see that (0,r(),(1,7}), ..., (n,r],) is a path from (0, —q) to (n,t).

Conversely, if (0, s¢), (1, $1), ..., (1, s,) is a path from (0, —¢) to (n,t), then it must cross the z-axis at some
point. Let L = min{l : s; = 0} be the first time this happens. Then (0, s(), (1,5}), ..., (n, s),) defined by
s = —s;jfor 0 <j <L and s} =s; for L <j <nisa path from (0,q) to (n,t) which is 0 at time L.

Thus the set of paths from (0, ¢) to (n,t) which are 0 at some point is in 1 — 1 correspondence with the set

of paths from (0, —q) to (n,t), and the theorem is proved. O
A consequence of this simple observation is

Theorem 19.1 (The Ballot Theorem). Suppose that in an election candidate A gets « votes and candidate
B gets 3 votes where o > [3. The probability that candidate A is always in the lead when the votes are

+ 3

Proof. Let x = a—f and n = a+ . The number of favorable outcomes is equal to the number of paths from

L«
counted one by one is
o

(1,1) to (n,x) which are never 0. (Think of a vote for A as a positive step and a vote for B as a negative
step, keeping in mind that the first vote counted must be for A.)

Shifting by one time step shows that this is equal to the number of paths from (0, 1) to (n — 1, z) which are

never zero.
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The number of paths from (0,1) to (n — 1,z) that hit 0 is equal to the number of paths from (0,—1) to

(n — 1, z), so subtracting this from the total number of paths gives the number of favorable outcomes.

Shifting in the vertical direction to get paths starting at zero shows that the number in question is

n—1 n—1 n—1 n—1
Nn*l,I*l - N’ﬂ*l,erl = ( n—1)+(zx—1 ) - ( n—1)+(z+1 ) = ( ) - ( )
(D11 (CREIEESER o1 N

(n— 1)! (n— 1)! _(n—l)!(a—(n—a))_?a—n(n)l

[0}

- (a—Dln—a) an—a-1)! al(n — a)! n
Since the total number of sequences of @ A’s and 8 B’s is (Z), the probability that A always leads is

n(™) 2a-n 2a—(a+B) a-—p 0
™ n  a+fB a4 p

o

This kind of reasoning involved in the preceding arguments is useful in computing the distribution of the

hitting time of {0} for simple random walk.

Lemma 19.2. For simple random walk on 7,

P(Sl 7é Oa "'aSZn 7£ O) - P(SQTL = 0)

Proof.
If Sy #0,..., S, # 0, then either Sy, ..., 52, > 0 or Si,...,S2, < 0 (since simple random walk cannot skip

over integers) and the two events are equally likely by symmetry.
As such, it suffices to show that

1
P(Sl > 0, ...,Sgn > 0) = §P(Sgn = 0)

Breaking up the event {51, ..., S, > 0} according to the value of Ss,, (which is necessarily an even number

less than or equal to 2n) gives
P(S1>0,...,52, >0) =Y P(S1 >0,...; Son_1 > 0, Sz, = 2r)
r=1

Now each path of length 2n has probability 272" of being realized, and the number of paths from (0,0) to
(2n,2r) which are never zero at positive times is Noy_1 2,1 — Nap—1,2,+1 by the argument in the proof of
the Ballot theorem.

Accordingly,

n

P(Sl > 0, ...,Sgn > 0) = ZP(Sl > 0, ...,Sanl > O,Sgn = 27”)

r=1
1 n
= 92n Z (Nan—1,20—1 — Non—1,2r41)
r=1
1
~ 9 [(N2n—1,1 = Nan—1,3) + (N2n-13 = Nan—15) + .. + (N2n-1,2n-1 — Non—1,2n+1)]

Non—11— Nop—12n41 _ Nop—11
22n - 22n

where the final equality is because you can’t get to 2n + 1 in 2n — 1 steps of size 1.
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To complete the proof, we observe that
P (S, =0) =P (S2, =0,82,-1=1)+ P (S2, =0,82,-1 =—1)
=2P (S9, =0,59,-1 =1)
=2P(Sop-1 =1, X9, = —1)
=2P(Xo, = —1)P(San_1 =1)

Nop_11
= P(Sap-1=1)= 92n=1
hence N )
P(S >O,...,Sgn>O)Z%Z§P(Sgn=0). O

Lemma 19.2 and our previous computations for simple random walk show that the distribution function of
a =inf{n € N: S, = 0} is given by
1 /2n ™ — 1
Pla<2n)=1-P ooy Sop =1—-P(S2,=0)=1— — R
(@S 20) = 1= PIS) 0,820 2 0) = 1= P2y = 0) = 1= g () = YT
Pla<2n+1)=Pla<2n)

forn=1,2...

Our final set of results concern the so-called arcsine laws, which show that certain suitably normalized

random walk statistics have limiting distributions that can be described using the arcsine function.

These theorems are typically stated in terms of Brownian motion, which arises as a scaling limit of random
walk.

We first consider the arcsine law associated with
Lo, =max{0 <m < 2n:8S,, =0},

the last visit to zero in time 2n.

We begin with the following simple lemma.
Lemma 19.3. Let ugy, = P(S2m, = 0). Then P(Lay, = 2k) = ugpuan—ak for k=10,1,...,n.

Proof. Using Lemma 19.2, we compute
P (Ly, =2k) = P(S2 =0, S2k41 #0,..., 52, #0)
=P (Sop =0, Xog11 #0, ..., Xogp1 + ... + Xopn #0)
= P(Sgk = O) P(X2k+1 7é 0, ...,X2k+1 + o+ Xop, 7£ O)
= P(Sar = 0)P(S1 #0, ..., Son—2r # 0) = UsgUon—2k. O

From here, it is a small step to deduce the limit law.
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Theorem 19.2. For0<a<b<1,

Proof. We first note that

P(L21'L = Qk) = NU2EU2(n—k)

1
\/ ky/m n— s /nkn—2k2 _7T %( _E)7
so if % — x, then
nP(Ly, = Qk) 1
x /ﬁ%l_ﬁ) 1—7 1_"’3>

Now define a,, and b,, so that 2na,, is the smallest even integer greater than or equal to 2na and 2nb,, is the

nP(Layy, = 2k) =

largest even integer less than or equal to 2nb.

Setting f,(x) = nP(Ls, = 2k) for % <z< @, we see that

nby, b+t
L2n 1 min
P (a < o < b) = P (2na, < Lo, < 2nb,) = k_g nP(La, = 2k) - = /an fn(x)dz.
Moreover, our work above shows that f,,(z) — f(z) = ﬁl(o’l)(x) uniformly on compact sets, so

sup fa(z) = sup f(z) < oo
an<e<bp+ 4 asz<b

for any 0 < a < b < 1, thus we can apply the bounded convergence theorem to conclude

LQ b-,ﬁ%% b
P <a < 2—” < b) / frn(x)dz — / f(z)dx. O
n an a

To see the reason for the name, observe that the substitution y = v/z yields

Vb
[ () a8

b
| s

Note that P (

s < %) 2 sin™? (i) = % (This symmetry is also apparent in the mass function derived
in Lemma 19.3.)

2

An amusing consequence is that if two people were to bet $1 on a coin flip every day of the year, then with
probability approximately %, one player would remain consistently ahead from July 1st onwards. In other
words, if you were to play this game against me, then the probability that you would be in the lead for the
first two days is about the same as the probability that you would be in the lead for the entire second half
of the year!

Finally, note that the proof of Theorem 19.2 shows that any statistic 73, satisfying

P(Ty, = 2k) = ugguan—ak for k =0,1,...,n obeys the asymptotic arcsine law

Ton,
P<a<2<b dz, 0<a<b<]l.

) /a m/xl—x
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Theorem 19.3. Let ma, be the number of line segments (k — 1,Sx_1) to (k,Sk) that lie above the x-axis
and let Uy, = P(Sp, =0). Then
P(moy, = 2k) = uopUon—2k-

Proof. Write Bag 2n = P(m2, = 2k). We will proceed by (strong) induction.
When n = 1, it is clear that
Bo2 = P22 = % = UpUz2.
(After two steps, the walk has either been always nonpositive or nonnegative, each being equally likely, and

of the four equiprobable two-step paths, half end up at 0.)

For a general n, the proof of Lemma 19.2 shows that

1 1
§U2nuo = §U2n = P(Sl >0,..., 5, > O)
= P(S1=1,5— 5, >0,..., 5, — 51 > 0)
1
= §P(Sl 2 Oa "';Sanl Z 0)

1 1
= §P(S1 >0,...,5;,>0)= 55271,271

where the penultimate equality is due to the fact that Ss,_1 > 0 implies Sy, 1 > 1.

This proves the result for k& = n, and since Sy 2, = fan,2n (replacing S, with —S, shows that always

nonnegative is as likely as always nonpositive), we see that the result also holds for k& = 0.
Suppose now that 1 < k < n—1. Let R be the time of the first return to 0 (so that R = 2m with 0 < m < n)
and write fa,, = P(R = 2m). Breaking things up according to whether the first excursion was on the

positive or negative side gives
n—k

k
1 1
Batan = 5 > fomPok—am,an—2m + 3 >~ fomBok.2n—2m
m=1 m=1
1 k 1 n—=k
=5 JamU2k—2mUon—2k + 5 Z JamU2ku2n—2m—2k
m=1 m=1
1 k 1 n—k
= 5 Uan—2k Z famUzk—2m + 5 U2k Z famUon—2m—2k
m=1 m=1
where the second equality used the inductive hypothesis.
Since
k n—~k
Ugk = D fomUsk—2m,  Uzn-2k = P fomUzn—2k-2m
m=1 m=1
(by considering the time of the first return to 0), we have
Bok,2n = §U2n—2ku2k + §U2ku2n—2k = U2k U2n—2k
and the result follows from the principle of induction. O
Since f(z) = ———— has a minimum at = J and goes to co as x — 0,1, Theorem 19.3 shows that an

v/ x(l—x) 2

equal division of steps above and below the axis is least likely, and completely one-sided divisions have the

greatest probability.
118



20. Law OF THE ITERATED LOGARITHM

We conclude our investigation of simple random walk in one dimension with a result concerning the magnitude

of its fluctuations. Specifically, we will prove

Theorem 20.1 (The Law of the Iterated Logarithm for Simple Random Walk).
If Xy, Xo, ... are i.i.d. with P(X; =1)=P(X; =-1) = % and S, = X1 + ... + X,,, then

P limsupA =1]=1
n—oo +/2nlog (log(n))

Though we will content ourselves with the above version, the statement holds more generally for X7, Xo, ...
iid. with F[X;] =0, Var(X;) = 1.

In this setting, we can think of the law of the iterated logarithm as treating an intermediate position between
the laws of large numbers and the central limit theorem:
The former tell us that %” — 0 in probability and a.s., respectively, and the latter shows that S—\/% does not

converge in either sense.

(Since P (lim SUD,, o 2 > M) € {0,1} by either of our 0 — 1 laws, and the CLT shows that

n

S Shn 1 g2
P(limsup—=>M | >limsupP | —=>M| = — e z2dx >0
( n~>oop n - > o n—)oop <\/ﬁ o > V2T /]\/[

for all M > 0, we see that limsup,, . % = 00 a.s. This in turn implies that liminf,, % = —00 a.s. by

symmetry considerations, and the implication follows.)

S’!‘L
2n log(log(n))
factor for which the almost sure limit and the limit in probability differ.

Since a CLT argument also shows that —p 0, the LIL can be interpreted as giving the scaling

In order to prove Theorem 20.1, we first establish several lemmas which are of interest in their own right.

Our first is perhaps the easiest example of a concentration inequality, which enables one to obtain exponential
rather than polynomial decay of certain tail probabilities by augmenting the Chebychev approach with a
consideration of moment generating functions. We will only prove the result for the case of SRW, but the

basic technique generalizes.

Lemma 20.1 (Bernstein). Let X1, X,... be ii.d. with P(X; = 1) = P(X; = —1) = %, and set S, =
Soi Xi. Then for any x> 0,
172
P(|S,| > z) <2 2m.
Proof. By symmetry,
P(|Sp| =) =P(S, > x)+ P(S, < —x) =2P(S, > ).
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Thus for any t > 0,
P(|S,| > z)=2P(S, > x)=2P (ets” > e'")

H etXi‘| — 2€7t$E [etXl]"
i=1

< 27 1TR [ets"] =2

by Chebychev and the fact that the X;’s are i.i.d.

Now the moment generating function for X; satisfies

2° T3
k k
s () ()
=2 G T e S m e
k=0 k=0 2k k=0

so we have

Taking ¢ =  yields
O

Our next lemma concerns the distribution of the maximum absolute values of sums of i.i.d. random variables:

Lemma 20.2 (Lévy). Let &1, ..&, be ii.d., and set S, = & + ..6n, M, = maxi<p<y |Sk|. If there exist
o>0,6¢€(0,1) such that P (|Sk\ > %) < forallk=1,..,n, then

)
Proof. Let 7 = inf{k € N : |S;| > o} be the hitting time of R\ (—o,0). Then

NE

P(My 0,18 <) =Y P(r=hlsu <)

>
Il
—

<

M=

P (7= k|8 = Skl > Z)

b
Il
_

I
NE

p(T:k)p(\sﬁsM > %)

x>
3l
—

P(r=k)P (\sn_k| > g)

>
Il
—

P(r=k)0=0P (M, >o0).

M=

x>
Il
N

It follows that
g
P(M,>0)=P (Mn > 0, |, < 5) 4P (Mn > 0, |5, >
< 6P (M, > a)+P(\S,L| > %) < 6P (M, > o)+,
and thus (1 — ) P(M, >0) <4 O
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Our final ingredient is a lower bound on the upper tail probability for S,,. First we record

Lemma 20.3. There is a C > 0 such that for every k = k(n) with k < n3 and n+k even,

2

n.,

[MES

[
Bl
®

Proof. We first show that P(S,, = k) = 2 -k

(n+k) (%) /rn—k) (%)
_ 2n "
m(n2 — k2) (n+k) (n—k)Tk
2 1

ﬂn(l—ﬁ—z)-(l_kg)"%k(l_ﬁ)%k
S A SR
ﬂ-n( n2) n 2 n

Using the Taylor bound log(l—i-x):x—%z—i—o(x?’) for |z| < 1, we have
n+k1 1+E +n—k’1 1_@ _n+k E_ﬁ+ K

8 n 2 %8 n) 2 n on? " O\ 3
+n—k kK N k3

2 n onz " O\

hence

R AN B
= 7rn( kz)exp o 0 2 =~ 7Tne .

n2

The result follows since the asymptotic shows that P(S, = k) > 7 5 for n sufficiently large, and there

are only finitely many other values of (n,k(n)) to consider. O

Corollary 20.1. For any fized 0 < ¢ < 2, there is a C' > 0 such that

P (Sn > +/cnlog (log(n))) > Tog(n)’

Proof. Taking k to be the ceiling of \/m and noting that P(S, = j) = 0if n+j is odd, it follows
from Lemma 20.3 that
o e
P (sn > \/enlog (log(n))) —P(S,>k) > —— Z e~

%

> Conp |5 (ki) | = Coxp [~ (VeTogTogt +1)]
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Since 4/clog (log(n)) + 1 < y/2log (log(n)) for large n, we have

P (S, = +/enlog (log(n))) = Cexp H (V/elog (log(n)) + 1)1

> ' exp [—;( 210g(1og(n)))1 ¢

~ log(n)’

Proof of Theorem 20.1. Denote ¢(n) = /2nlog (log(n)).
We will first show that P(S,, > ¢(n)(1+¢) i.0.) = 0 for all £ > 0 so that limsup,,_, ., ‘?:L) <1 as.

* Throughout the proof, we will consider the values of S;, and ¢(n) along subsequences of the form ny = [ak]

for some a > 1. For the sake of simplicity, we will just treat a* as if it were always an integer and note that

all of the arguments remain valid when we round to the nearest integer.

Let € > 0 be given. For every a > 1, Lemma 20.1 implies

P(Su=0(a") (1+ g)) < exp [—2; (1+ %)2 (24" log (log (ak)))]

- [— (1+5) 10w (10g (ak))] = (klog(a))"(+5),
hence

kip (S 20 (") (1+3)) < o<,

so the first Borel-Cantelli lemma gives

P (S 2 ¢ (a") (1+5) i) =0.

If we take a =1+ %, then another application of Lemma 20.1 yields

€
6k T ak-ﬁ-lngl?é(ak-%—l P (|SZ B Sak| Z Z(b (ak)>
< max  2exp —#i (2ak log (log (ak)))
T ak41<i<ahtl 2(i—a*) 16

2
= 2exp [_Wl—ak)iﬁ (ak log (klog (a)))}

2
= 2exp [ g 5 o (k1o a)|
~ 2exp -2 (105 (K108 ()] = 772

It follows from Lemma 20.2 with o} = 5¢ (ak) that

P 2 o
~1-0, k2log(a)2 —2 ~ k2log(a)?

P ( max  |S; — S| > ggb (ak)>

ak4+1<i<akt1

for & > %.
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- 4 .
Since Flogla)? 18 summable, we have

P ( max  |S; — S| > gd) (a¥) i.o.) =0.

ak+1<i<ak+1
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As we have already established that P (Sak > (ak) (1 + %) i.o.) = 0 and ¢ is an increasing function, we
conclude that
P(S,, > ¢(n)(1 +¢) i.0.) = 0.

For the other direction, we observe that for any b > 1, a direct computation gives

G
#5% 5 OFT)

Thus given £ > 0, we can take b large enough that

_ A U B
=vb i o =T

€ k_ k-1 € k
(1=3) o =¥ = (1-3)0 ().
€ _ €
(+ o0 <5009
for all large k.
We now observe that the random variables Ry = Syx — Syr—1, k € N, are independent with Rx =4 Spr_pr—1.

Applying Corollary 20.1 with the above choice of b gives,

P (= (1-5)00) = (s> (1 5)009)

> >
~ log (bk — bk=1) = klog (b)’

so P (Rk > (1 — %) 10) (ak) i.o.) =1 by the second Borel-Cantelli lemma.
We have already shown that for all n > 0, a > 1

P (Sak, > ¢ (a¥) (1 n g) i.o.) —0,

so the symmetry of the increments yields

P (Sbk_l < (1 n Z) 6 (b+1) i.o.) —p (—Sbk_l > (1 v Z) 6 (b+1) i.o.)

=P (Syr = (1+7) 0 (0F7) io) =0.
It follows that

_ _ € kY € k—1
S = B+ Sper = (1= 5) 0 (07) = (14 2) 0 (°7)
€ €
> (1-2) 0 (0" =50 (0) = (1 -6 (+")
for infinitely many & with full probability, and the proof is complete. O
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HOMEWORK 1

(1) Prove that there are no countably infinite o-algebras.
(Hint: Argue by contradiction and consider the partition of the ambient space X induced by the

function f : X — S defined by f(z) = ] A.)

A€S:
z€A

(2) Recall that a A-system is a collection of subsets which contains the whole set and is closed under

subset differences and countable increasing unions.

(a) Show that a A-system may be equivalently defined as a nonempty collection of subsets which is

closed under complements and countable disjoint unions.

(b) Give an example of a A-system that is not a o-algebra.

(3) The limit superior of a sequence of events F1, Es, ... is defined as

limsup F,, := ﬁ [j E,,.

n— 00
n=1m=n

Observe that w € limsup,,_, ., E, if and only if w belongs to infinitely many of the E/ s. For this
reason, we often write limsup,,_, . En, = {E, i.0.} where “1.0.” stands for infinitely often.

(a) Justify the nomenclature by showing that limsup,, . 15, = Limsup, ,._ E,-
1, weAd
0, we¢ A
the limsup on the right is the set theoretic one defined above.)

(Recall that 14(w) = . The limsup on the left is the usual one from analysis and

(b) Using the fact that F,, = |J,._,, Ey, defines a countable decreasing sequence, prove the first

Borel-Cantelli Lemma:

(oo}
> P(E,) < oo implies P(E, i.0.) = 0.
n=1

(4) Suppose that F' is the distribution function of a random variable X. Show that
D = {z € R: F is discontinuous at x}

is countable (and thus has Lebesgue measure zero).

(5) Show that if F(z) = P(X < z) is continuous, then ¥ = F(X) has a uniform distribution on [0, 1] -
that is, P(Y <y) =y for y € [0,1].
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HOMEWORK 2

(1) Suppose that X has continuous density fx, P(a < X <b) = 1, and g is a strictly monotone function
which is differentiable on (a,b). Prove that Y = g(X) has density fy(y) = fx(97'(y)) ‘d%g*l(y)‘
for y between g(a) and g(b) and fy (y) = 0 otherwise.

(2) Suppose that X, Y, and Z are random variables with X =; Y. Can we conclude that XZ =; Y27

Prove or give a counterexample.

(3) Suppose that X is a map from (2, F) to (S,G). Show that if A generates G, then
X7HA) = {{X € A} : A € A} generates o(X).

(4) Recall that a function ¢ : 2 — R is said to be simple if

n

p@) =Y exla, )

k=1

for some n € N, ¢y, ...,¢, € R, and Ay, ..., A, € F.

(a) Show that the class of F-measurable functions is the smallest class containing the simple func-

tions and closed under pointwise limits.

(b) Use part (a) to conclude that Y is measurable with respect to o(X) if and only if Y = f(X)
for some measurable f: R — R.

(This result is known as the Doob-Dynkin lemma.)

(5) Suppose that f: R — R is convex.

(a) Show that
) = f@)  fe) = J@) _ J(z) = f()

Yy— Z—x Z—y

for every = < y < z.

(b) Use part (a) to deduce that for any ¢ € R, there exist one-sided derivatives f/(c) < f/(c) defined
by
fle) = fle=h)
h

flet+h) = f()

N N fr(e) as b\ 0.

/ fi(e),

(c) Use part (b) to show that for any ¢ € R, there is a linear function /(x) which satisfies I(c) = f(c)
and l(z) < f(z) for all z € R.
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HOMEWORK 3

(1) Given a probability space (2, F, P) and some p € [1,00), we define LP = LP(Q, F, P) to be the set
of all random variables X : Q@ — R with E [|X|"] < oo, where we consider two random variables to

define the same element of L? if they are equal almost surely.

1
We will show that for p > 1, L? is a normed vector space over R with norm || X||, = E[|X|"]".

(This is also true when p = 1 or p = oo, but these cases are routine to verify.)

(a) Establish the pointwise inequality | X + Y|" <27 (| X|* + |Y|").
(If this was too easy, try arguing that in fact we have | X + Y|P < 2P=1 (| X[’ + |Y|").)

(b) Use the result in (a) to show that LP is a vector space over R.

(¢) Apply Holder’s inequality to |X||X +Y|?" and |[Y||X +Y|"" to establish Minkowski’s in-
equality, | X + Y|, < [|X][, +[Y]|,, and conclude that (L», ||||p) is a normed vector space.

(2) Apply Jensen’s inequality with ¢(z) = e® and P (X = log(ym)) = p(m) to conclude that if
S _ip(m) =1 and p(m), ym > 0, then

> ymp(m) = [ voi™.
m=1 m=1

When p(m) = %, this says that the arithmetic mean exceeds the geometric mean.

(3) Let X > 0 but do not assume that E [+] < co. Show that

. 1 ) 1
lim yE [X,X>y} =0 and ?}%yE {X,X>y] =0.

Y—00

Here we are using the notation E[Y;A] = E[Y14] = [, YdP.

(4) We say that a random variable X has the gamma distribution with shape o > 0 and scale 8 > 0
(and write X ~ I'(«, 8)) if X is absolutely continuous with density

fx(x) = F(al)ﬂa 2 le s 1(0,00) (%)

where the gamma function I' is defined for > 0 by

F(z):/ t*~te~tdt.
0

(a) Show that the gamma function satisfies I'(z + 1) = 2I'(z) for z > 0 and conclude that I'(n) =
(n—1)! for n € N.

b) Show that if X ~ I'(a, 3), then E [X*] = L@tk gk for 411 £ € N.
I(a)
(¢) X ~T (1, )\*1), then we say that X is exponential with rate A. If X ~ T’ (%, 2), we say that

X is chi-squared with v degrees of freedom. Compute the mean and variance of X in each case.
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HOMEWORK 4
(1) Consider the definitions of independence for events, random variables, and o-algebras given in section
2.1 of Durrett.

(a) Show that if events A and B are independent, then so are A® and B, A and B¢, A® and BC.

(b) Conclude that A and B are independent if and only if the indicator random variables 14 and

15 are independent.

(c) Show that if the random variables X and Y are independent, then so are the o-algebras o(X)
and o(Y).

(d) Conversely, show that if the o-algebras F and G are independent, X € F, and Y € G, then X
and Y are independent.
(Recall that X € F means that X is (F, B)-measurable.)

(2) Give an example of four random variables taking values in {—1, 1} such that any three are indepen-

dent but all four are not.

(3) Let Q= (0,1), F = Borel sets, P = Lebesgue measure. Show that X, X, ... given by
X (w) = sin (2rnw) are uncorrelated but not independent.

(4) Suppose that X is a random variable with distribution p and f,g € L?(u) are monotone functions.
Show that

E[f(X)g(X)] > BE[f(X)]E[g(X)]
if f and g are both nondecreasing or both nonincreasing, and

E[f(X)g(X)] < E[f(X)]E[g(X)]

if one is nonincreasing and the other is nondecreasing.
(Hint: Let Y be an independent copy of X and consider (f(X) — f(Y)) (¢9(X) — g(Y)).)

(5) Let X1, Xs,... be a sequence of i.i.d. random variables such that X; > 0 a.s., p = E[X;] < o0, and
E [1/X1] < 00. Set S, = Z?:l X;.

Show that E[S,,/S,] = 2 if m <n and E[S,,/Sy] =14+ p(m —n)E[1/S,] if m > n.
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HOMEWORK 5

(1) Suppose that X,, =, X and Y;, =, Y. Prove that X,, +Y,, =, X +Y and X,,Y,, —, XY

(2) Given a probability space (2, F, P), define a metric on the space L°($, F, P) of real-valued random
variables (modulo a.s. equivalence) by d(X,Y) = E [min{l, | X —Y|}]. Show that X,, —, X if and
only if d(X,,X) — 0.

(3) Let X1, X, ... be uncorrelated with W —0asn —oo. Let S, =YY" X; and v,, = LE[S,].
Show that %Sn — v, — 0in L? and in probability.

(4) Let f be a measurable function on [0,1] with fol |f(z)|dx < oo and define I = f01 f(z)dzx. Let
U1, Us, ... be iid. uniform on [0,1], and let [, = > | f(U;).

(a) Show that I,, —, I.

(b) Suppose that fol f(x)%dx < oo. Use Chebychev to estimate P( |, —I| > an_%).

(5) Let X1, Xs,... beii.d. with variance 0? < co. Define X,, = L 3"  X;and §2 = 13"  (X; — Yn)z.

Show that E [S2] = o2 for all n and 52 —, o2

(6) Show that if X is Np-valued, then E[X] = 3" -, P(X >n). Find a similar expression for £ (X?].
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HOMEWORK 6

(1) Prove the following limit theorems:
(a) (Upgraded Fatou) Suppose that X,, > 0 and X,, —, X. Show that liminf,, E[X,] > E[X].

(b) (Upgraded DCT) Suppose that X,, —, X and there exists some Y with E[Y] < oo and | X,,| <Y
a.s. for all n. Show that F [X,] — E[X].

(2) Let o> 0 and let X5, Xy, ... be i.i.d. with distribution function F'(z) =1 —27%, = > 1.

(a) Find 0 < 8 < oo and a nondecreasing sequence of constants {c,}>2; such that

log(X,,
lim sup M

n—o0 CTL

= 3.

(b) Repeat part (a) with M,, = max {X;, ..., X,,} in place of X,,.

(3) Suppose that X;, Xs, ... are independent with P(X,, =1) =1— P(X,, =0) = p,.
(a) Find and prove necessary and sufficient conditions in terms of {p,}72; for X,, —, 0.

(b) Find and prove necessary and sufficient conditions for X,, — 0 a.s.

(4) Suppose that {A4,}32, is a sequence of events with P(A,) — 0 and > o | P (AY N Ap41) < 0.
(a) Show that P(A, i.0.) =0.

(b) Give an example of a sequence {A,}52 ; for which the above result applies, but the first Borel-

Cantelli lemma does not.

(5) Prove that for any ¢ > p > 0,

0 0

lim
al + .+ ah qg+1

n—oo
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HOMEWORK 7

(1) Suppose X1, Xo, ... are independent and set S, = >_7_; Xk.

(a) Prove Ottaviani’s inequality: For any ¢ > 0,

i =51 <t) < .
P <1r<nkaé<n |Sk| > 2t> 1I_<nj1£nP(|S" Sil <t) < P(|Sn] > 1)

(Hint: A = {maxy<p<n [Sk| > 2t} = | |_; Ax with Ay = {|Sk| > 2¢,]5;] < 2t for j < k}.)
(b) Using the notation S, ,, = S, — Sy, argue that for any m < n, ¢ > 0,

P ( max | S k] > 25) min P (]S, <e) < P(|Smnl >¢).
m<k m<j<n :

(c) Use the preceding to show that if X, Xo, ... are independent and S,, = X; + ... + X, converges

in probability, then S,, converges a.s.

(2) Show that if {c; ., }nen, jen satisfies Jim Jax lcjnl =0, Jim Zc] n =\, and supz lejn] < oo,

n— 00

then lim H (1+4+c¢jn)=

(3) Let X;, Xo,... be i.i.d. with distribution function F' and let M,, = max X;.

Prove the following limit laws for M,:

(a) If F(z) =1— 2% for > 1 where « > 0, then for all y > 0,

—a

P (n‘éMn < y) — e Y

(b) If F(z)=1-— \x|ﬂ for —1 <z <0 where 5 > 0, then for all y <0,

P (n%Mn < y) — e v,

(c) If F(x) =1—e~* for > 0, then for all y € R,

e Y

P (M, —log(n) <y) — e~
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HOMEWORK 8

(1)
a) Show that X, —, X implies X,, = X.
P

(b) Show that if X,, = c for some constant ¢, then X,, —, c.

(c) Give an example where X,, = X but X,, », X.

(2) Prove Slutsky’s Theorem:
If X, = X and Y,, = ¢ where c is a constant, then X,, +Y,, = X + c and X,,Y,, = cX.

(3) Let g > 0 be continuous. Show that X,, = X, implies lirginfE[g(Xn)} > Elg(Xo0)]-

(4)
(a) Establish the bound

T .
/ sm(t)dt_z §T+1
, ¢ 2| = 12

for all T > 0.

(Hint: Use Fubini’s theorem to evaluate the integral of e~ "? sin(u) over the region

Rr = {(u,v) : 0 <u < T,0 < v} in two different ways, and make use of the fact that 1 +v? > 1
for all v € R.)

-1, 6<0
T _: )
ot
onclude that for every 0 € R, lim s t = wsgn(0) where sgn(0) = 0, =0 .
b) Conclude that f QRTI' ()d 0) wh 0 0
-0 J_1
1, 6>0

(5) Let o(t) = [e"“du(x) where p is a probability measure on (R, B). Imitate the proof of Theorem
3.3.4 in Durrett to show that for any a € R,
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HOMEWORK 9

(1) Show that if F[|X|"] < oo, then the characteristic function ¢ of X has a continuous derivative of

order n given by

o™ () = / (iz)"e* du(z).

(2) Suppose that X is absolutely continuous with density f(x) = ml {]z| > 4} for an appropriate

normalizing constant c.
(a) Show that E|X| = oo.

(b) Show that X has characteristic function ¢ satisfying ¢’(0) = 0.
(Hint: Express 1 — o(t) as an integral over |z| > 4 and use the change of variables y = tx to
1—p(t)

prove that —%= — 0 as t — 0. The inequality |1 — cos(y)| < y* may be useful.)

(3) Let Xy, Xs,... beii.d. and let S, = X1 + ... + X,,. Assume that ﬁSn has a distributional limit as
n — oo. Prove that E[X?] < oo.

(Sketch: Assume E[X?2] = co. Let X/, X%, ... be an independent copy of the original sequence. Set
Y,=X,— X, U; =Y;1{|Y;| < A}, V; = Y;1{]Y;| > A}, and argue that

n

P(inzm/ﬁ) zp(ZUizKﬁ,iViM)

=1
P (Z U; > K\/ﬁ> >
=1

for any K > 0 provided that A and n are sufficiently large.)

>

N =
o] =

4) Let X1, Xo,... be i.i.d. with E[X;] =0 and E[X?] = ¢2 € (0,00). Show that
7

n
DY N(0,1).

Vi X7
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Let X1, X, ... be independent random variables such that X,, is uniformly distributed on [—n,n],
and set S, = X1 + ... + X,,. Show that there is an « > 0 such that n=*S,, converges weakly to a
normal random variable V ~ N (p,0?) as n — oo. Identify a, i, and o2.

Let X1, Xo, ... be a sequence of independent random variables with E[X;] = p; and Var(X;) = o2

Let S, = Y7, Xi, s, = Var(S,)?. Show that if
i —(2+9) RN ES o
nlgréo s ZIE {|XZ 1 0

for some & > 0, then
Sn — E[Sy]

= Z ~ N(0,1).
Sn

Suppose that {a,}>2; and {b,}52, are sequences of real numbers with a,, — oo and b, — b as

n — oo, and let X7, Xo, ... be a sequence of random variables with a,(X,, — b,) = X.

Show that if g : R — R has at continuous derivative at b, then

an (9(Xn) — g(bn)) = ¢'(0)X.
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HOMEWORK 10

(1) Given a probability space (€2, F, P) and events A, B € F with P(B) > 0, we define the conditional

P(ANB
probability of A given B by P(A|B) = w

(a) If T ~ Exp(\), then it is immediate that for every s,t > 0
(%) PT>t+s|T>t)=P(T>s).

Show that if T is a random variable with P(T > 0) = 1 such that () holds for all s,¢ > 0, then
T ~ Exp(A) for some A > 0.

(b) Show that geometric distributions are the only laws on Ny with this ‘memorylessness property.’

(2) Let N have a Poisson distribution with mean A and let X1, X, ... be an i.i.d. sequence, independent of
N, with P(X; = j) = p; where py, p1, ..., p, are positive and sum to 1. Let N; = [{m < N : X,,, = j}|.
Show that Ny, Nq, ..., Nj are independent and N; ~ Poisson(Ap;).

(3) For A > 0, define the operator A by

(Af)(E) = Af(k +1) = kf(k).

Show that a random variable W taking values in Ny satisfies E[(Af)(W)] = 0 for all bounded
functions f if and only if W ~ Poisson ().

(4) Let A C Ny and let Py denote probability with respect to the Poisson distribution with mean .
Show that the unique solution of
Af(k+1) = kf(k) =1{k € A} —=Pr(A), [f(0)=0
is given by
fA(k) = )\_ke)‘(k - 1)! [P,\(A N Uk) — ’P)\(A)'P)\(Uk)]
where Uy, = {0,1, ...,k — 1}, U(0) = 0.
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HOMEWORK 11

(1) Let Xy, Xs,... € R be i.i.d. random variables.
(a) Show that if X is nondegenerate and symmetric about 0, then

n n
—oo = liminf X; < limsu X; = oo.
n—oo Zl ! n%mpzl !
1= 1=

(b) Show that the conclusion in part (a) also holds under the assumption that E[X;] = 0 and
E[X?] € (0,00)

(2) Suppose that S and T are stopping times with respect to some filtration {F,,}22 ;.

(a) Show that SV T and S AT are stopping times.

(Since T' = n is a stopping time, this shows that SV n and S A n are stopping times for any n.)

(b) Is S+ T a stopping time? If S < T, is T — S a stopping time?

(3) Suppose that M and N are stopping times with M < N.

(a) Show that Fps C Fy.

Mw), weA | . .
N 1s a stopping time.

b) Show that if A € Fjy, then L(w) =
(b) Show that i M, then L(w) { W), we AC

(4) Let X;, Xs, ... be independent and let N be an N-valued random variable with finite mean which is
independent of the X/s.

(a) If the X/s have the same finite expectation, then

E ZN:XZ- = E[N]E[X].

(b) If, in addition, the X/s have common finite variance and N has a finite second moment, then

N
Var (Z Xi> = E[N]Var(X1) + E[X1]*Var(N).
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(5) Let X;, Xs,... be i.i.d. uniform on (0,1), let S, = X1 +...+ X, and let T = inf{n: S, > 1}.
Show that P(T > n) = 2 and conclude that E[T] = e and E[S7] = £.

(6) Let o = inf{n : S, > 0} and 8 = inf{n : S,, < 0}. Show that the four combinations of P(a < c0) < 1

or =1 and P(8 < o0) < 1 or =1 correspond to the four cases in Durrett, Theorem 4.1.2.

(7) Let Xy, Xo,... be L.i.d. with P(X; =1) =p > % and P(X; =-1)=1—p, let « =inf{n: S, > 0},
and let § =inf{n: S, <O0}.

(a) Use Exercise 6 to conclude that P(a < co) =1 and P(8 < o0) < 1.
(b) Show that if Y = inf S,,, then P(Y < —k) = P(B < o0)F.

(c) Apply Wald’s equation to a A n and let n — oo to get Ela] = Tl—l'
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