SINC-TYPE FUNCTIONS ON A CLASS OF NILPOTENT LIE
GROUPS

VIGNON OUSSA

ABSTRACT. Let N be a simply connected, connected nilpotent Lie group with the
following assumptions. Its Lie algebra n is an n-dimensional vector space over the
reals. Moreover, n =3 @ b @ a, 3 is the center of n, 3 =RZ,, 24 B RZ,,_24- 1D --- P
RZ1,6 =RY;8RY;_ 18- -dRY1,a =RX;B8RX;_1&---BRX;. Next, assume 360 is
a maximal commutative ideal of n, [a, b] C 3, and det ([X;, Y]]), ., ;< is @ non-trivial
homogeneous polynomial defined over the ideal [n,n] C 3. We do not assume that
[a,a] is generally trivial. We obtain some precise description of band-limited spaces
which are sampling subspaces of L?(N) with respect to some discrete set I'. The set
I" is explicitly constructed by fixing a strong Malcev basis for n. We provide sufficient
conditions for which a function f is determined from its sampled values on (f (7)) er-
We also provide an explicit formula for the corresponding sinc-type functions. Several
examples are also computed in the paper.

1. INTRODUCTION

Let Q be a positive number. A function f in L? (R) is called Q-band-limited if its
Fourier transform: Ff ()) is equal to zero for almost every A outside of the interval
[—,Q]. According to the well-known Shannon-Whittaker-Kotel’nikov theorem,
f is determined by its sampled values ( f (%”))n 7 - In fact, for any function in the
Hilbert space

Hq = {f € L*(R) : support (Ff)C [-Q,Q]}

we have the following reconstruction formula

mn\ sin (7 (x — k
(1) f(z) :sz(ﬁ> w

and we say that Hg is a sampling subspace of L? (R) with respect to the lattice ZZ.
A relatively novel problem in abstract harmonic analysis has been to find analogues of
(1) for other locally compact groups [6, 4, 14, 15, 12, 13]. Any attempt to generalize
the given formula above leads to several obstructions.

(1) Let us recall that a unitary representation 7 of a locally compact group G is a
factor representation if the center of the commutant algebra of 7 is trivial, in
the sense that it consists of scalar multiples of the identity operator. Moreover,
G is said to be a type I group if every factor representation of the group is a
direct sum of copies of some irreducible representation. In general, harmonic
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analysis on non-type I groups is not well understood (see [3]). For example the
classification (in a reasonable sense) of the unitary dual of a non-type I group
is a hopeless quest. Thus, for non-type I groups, it is not clear how to define a
natural notion of band-limitation.

(2) For type I groups, there exist a group Fourier transform, a Plancherel theory,
and a natural notion of band-limitation. In general, the Plancherel transform
intertwines the left regular representation of the group with a direct integral
of unitary irreducible representations occurring with some multiplicities. Al-
though there is a nice notion of band-limitation available, the fact that we have
to deal with multiplicities (unlike the abelian case) is a serious obstruction that
needs to be addressed.

(3) Even if we manage to deal with the issues related to the presence of multiplic-
ity functions of the irreducible representations occurring in the decomposition
of the left regular representation of the group, the irreducible representations
which are occurring are not just characters like in the abelian case. We often
have to deal with some Hilbert Schimdt operators whose actions are usually
not well understood.

(4) Tt is not clear what the sampling sets should be in general. Actually, in many
examples it turns out that requiring the sampling sets to be groups or lattices
1s too restrictive.

Let G be a locally compact group, and let I'" be a discrete subset of GG. Let H be a
left-invariant closed subspace of L? (G) consisting of continuous functions. According
to Definition 2.51, [4], a Hilbert space H is a sampling space with respect to I" if the
following properties hold. First, the mapping

Rr:H—— (), Brf=(f(v))

yel’

is an isometry (or a scalar multiple of an isometry). In other words, for all f € H,
dver If (M = If]l3; - Secondly, there exists a vector s € H such that for any vector
f € H, we have the following expansion f (z) = Y . f (7) s (v~ 'x) with convergence
in the L2-norm of H. The function s is called a sinc-type function. We remark that
there are several versions of definitions of sampling spaces. The definition which is
usually encountered in the literature only requires the restriction map Rr to be a
bounded map with a bounded inverse.

Let (7, H,) denote a strongly continuous unitary representation of a locally compact
group G. We say that the representation (7, H,) is admissible if and only if the map

Vo : He ——L*(G), Vb (z) = (¥, 7 (z) 9)

defines an isometry of H, into L? (G), and we say that ¢ is an admissible vector or
a continuous wavelet. It is known that if 7 is the left regular representation of G,
and if GG is connected and type I, then 7 is admissible if and only if G is nonunimodular
(See [4] Theorem 4.23). The following fact is proved in Proposition 2.54 in [4]. Let ¢ be
an admissible vector for (7, H,) such that 7 (") ¢ is a Parseval frame. Then the Hilbert
space V,, (H;) is a sampling space, and Vj (¢) is the associated sinc-type function for
V¢ (Hﬂ) :
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Since non-commutative nilpotent Lie groups are very close to commutative Lie
groups in their group structures, then it seems reasonable to conjecture that (1) ex-
tends to a large class of simply connected, connected non-commutative nilpotent Lie
groups, and that this class of groups admits sampling susbpaces which resemble Hg,.
Presently, we do not have a complete characterization of this class of nilpotent Lie
groups. However, we have some partial answers which allow us say that this class of
nilpotent Lie groups is larger than the class considered in [12] and [13]. The main
purpose of this paper is to present the proof of this new result.

We remark that reconstruction theorems for the Heisenberg group (the simplest
example of a connected, simply connected non-commutative nilpotent Lie group) were
obtained by Fiihr [4], and Currey and Mayeli in [2]. Other relevant sources are [11,
5, 15]. In his work, Fiihr developed a natural concept of band-limitation on the space
of square-integrable functions over the Heisenberg group. Using the fact that the
Plancherel measure of the Heisenberg group is supported on R*, he defined a band-
limited Hilbert space over the Heisenberg group to be a space of square-integrable
functions whose Plancherel transforms are supported on a fixed bounded subset of R*.
He was then able to provide characteristics of sampling spaces with respect to some
integer lattices of the Heisenberg group. Furthermore, he provides an explicit Sinc type
function in Theorem 6.18 [4]. For a larger class of step-two nilpotent Lie groups of the
type R"~? x RY which is properly contained in the class of groups considered in this
paper, we also obtained some sampling theorems in [12] and [13]. Since we are dealing
with some non-commutative groups, it is worth noticing the following. First, unlike the
commutative case, the corresponding Fourier transforms of the groups are operator-
valued transforms. Secondly, the left regular representations of the groups decompose
into direct integrals of infinite dimensional irreducible representations, each occurring
with infinite multiplicities. We will only be concerned with the multiplicity-free case
in this paper.

1.1. Overview of the Paper. Let N be a simply connected, connected nilpotent Lie
group. Let n be its Lie algebra satisfying the following.

Condition 1.

1: n=3® b a, 3 is the center of n,

3=RZ, 20 ®RZ, 241D - ORZy,
b=RY; ®RY; 1 & - ©RY,
a=RX;ORXy 1@ ---®ORX;

2: 3 @ b is a maximal commutative ideal of n

3: [a,b] C 3

4: Given the square matrix of order d

[Xla}/l] [Xd7}/1]

(2) §= S

[(Xa, V1] -+ [X4, Y
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the homogeneous polynomial det (S) is a non-trivial polynomial defined over
the ideal [n,n] C 3.

Define the discrete set
(3) TD'=exp(ZZ,—24q)---exp(ZZy)exp (ZYy)---exp (ZY1)exp (ZXy) - - exp (ZX)
which is a subset of N and define a matrix-valued function on 3* as follows
)\[Xh}/l] )\[Xla}/d]
SA) = : :
MNXoYi] - A[Xg Vil
In order to have a reconstruction formula, we will need a very specific definition of band-

limitation. Indeed, we prove that there exists a fundamental domain K for Z"~2¢ N 3*
such that I = F N K is a set of positive measure in 3* and
<1}
oo

Let {uy : A € I} be a measurable field of unit vectors in L*(R?). Let Hyu1 be a left-
invariant subspace of L? (N) such that

Ho« o feL*(N): ]?()\) = v) ® u, is a rank-one operator
! in L?(R?) ® L?(R?) and support of f C I '

F— {A €3 1 [det S(N)] < 1,det S (\) #0, and HS(A)TT

We have two main results. If 1,4 stands for the identity matrix of order d, and 044 is
the zero matrix of order d, then

Theorem 2. The unitary dual of N is up to a null set exhausted by the set of irreducible
representations {my : X € 3* and det S(\) # 0} where, for f € L* (R?), my (I'y) f is a
Gabor system of the type G (f, B (\)Z*) = {**) f (x —n): (n,k) € B()\)Z*},
where

I'y = exp (ZYy) - -exp (ZY1) exp (ZX4) - - - exp (ZX3) ,

(4) B(A) = _;g’zl)\) _gfl’(d)\> ;S =(A [Xi’Yi])lgi,jgd’

and X () is a strictly upper triangular matriz with entries in the dual of the vector
space [a,a] , with X (A),; ; = AN [X;, Xj] fori < j.

Theorem 3. There exists a function f € Hyr such that the Hilbert subspace Vi(Hy1)
of L*(N) is a sampling space with sinc-type function Vi(f).

The paper is organized around our two main results. Theorem 2 is proved in the
second section and Theorem 3 is proved in the last section of the paper. Also, several
interesting examples are given throughout the paper, to help the reader follow the
stream of ideas presented.
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2. THE UNITARY DUAL OF N AND THE PROOF OF THEOREM 2

Let us start by setting up some notation. In this paper, all representations are
strongly continuous and unitary. All sets are measurable. The characteristic function
of a set F is written as yg, and L stands for the left regular representation of a given
locally compact group. If a,b are vector subspaces of some Lie algebra g, we denote
by [a, b] the set of linear combinations of the form [X,Y] where X € a and Y € b.
The linear dual of a finite-dimensional vector space V is denoted by V* and given
two equivalent representations m; and 7y, we write m; = my. Given a matrix M, the
transpose of M is written as MT".

2.1. The Unitary Dual of N. Let n be a nilpotent Lie algebra of dimension n over
R with corresponding Lie group N = expn. We assume that N is simply connected
and connected. Let s be a subset in n and let A be a linear functional in n*. We define
the corresponding sets s* and s ()\) such that

s*={Zecn:\[Z,X]=0 for every X € 5}

and s (\) = s* Ns. The ideal 3 denotes the center of the Lie algebra of n and the
coadjoint action on the dual of n is simply the dual of the adjoint action of N on
n. Given X € n, A € n*, the coadjoint action is defined multiplicatively as follows:
exp X - A(Y) = A(Adexp—xY'). The following discussion describes some stratification
procedure of the dual of the Lie algebra n which will be used to develop a precise
Plancherel theory for N. This theory is also well exposed in [1]. Let B = {Xy, -+, X,,}
be a basis for n. Let
nCnpC---Cmn 3 S

be a sequence of subalgebras of n. We recall that B is called a strong Malcev basis
through ny,ng, -+ ;n,_1,n if and only if the following holds.

(1) The real span of {Xj,---, Xx} is equal to ny.

(2) Each ny is an ideal of n.

We start by fixing a strong Malcev basis {Z;};_, for n and we define an increasing

sequence of ideals: n; = R-span {Zi}le. Given any linear functional A € n* we
construct the following skew-symmetric matrix:
(5) M (X) = [X[Z;, Zj]]lgi,j,n'

It is easy to see that n (A) = nullspace (M (X)) . It is also well-known that all coadjoint
orbits have a natural symplectic smooth structure, and therefore are even-dimensional
manifolds. Also, for each A € n* there is a corresponding set e (\) C {1,2,--- ,n} of
jump indices defined by

e()\) = {1 <7< n:n g nk_1+n()\)}.
Naively speaking, the set e () collects all basis elements
{By1, -+, Boa}y C{Z1, 22, , Zn-1, Zn}

in the Lie algebra n such that exp (RBj)---exp (RBy;) - A = G - \. For each subset
e C {1,2,--- ,n}, the set Qe = {A€n*:e(\) =e} is algebraic and N-invariant.
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Moreover, letting £ = {e C {1,2,--- ,n} : Q¢ # 0} then

n' = UQe.

eet

The union of all non-empty layers defines a ‘stratification” of n*. It is known that
there is a total ordering < on the stratification for which the minimal element is Zariski
open and consists of orbits of maximal dimension. Let e be a subset of {1,2,--- n}
and define M (A) = [A[Z;, Zj]]; jc, - The set Q¢ is also given as follows:

(6) Qe ={Nen*:det Mo (\) =0 for all € < e and det M (\) #0 }.

Let us now fix an open and dense layer €2 = €2, C n*. The following is standard. We
define a polarization subalgebra associated with the linear functional A by p(\). p(A) is
a maximal subalgebra subordinated to A such that A ([p(\), p(N)]) = 0 and x(exp X) =
e?™MX) defines a character on exp(p(A)). It is well-known that dim (n(\)) = n — 2d
and dim (n/p(\)) = d.

According to the orbit method [1], all irreducible representations of N are parametrized
by the a set of coadjoint orbits. In order to describe the unitary dual of N and its
Plancherel measure, we need to construct a smooth cross-section > which is homeo-
morphic to /N. Using standard techniques described in [1], we obtain

Y={AeQ:A(Z;)=0forallkce}.

Defining for each linear functional A in the generic layer, a character of exp (p(\)) such
that xy (exp X) = 2™X) | we realize almost all unitary irreducible representations of

N by induction as follows.

= Indgy ) ()

and my acts in the Hilbert completion of the space

FiN——=C: f(zy) =xxa(y)" f(x) fory € expp(N),
(7) H)\ = { and f N ’f (x)’Q dT < oo }

exp(p(N))

endowed with the following inner product:

= 1o Tl
PPV
In fact, there is an obvious identification between the completion of Hy and the Hilbert
space L2 (%) . We will come back to this later.
We will now focus on the class of nilpotent Lie groups that we are concerned with in
this paper.

Example 4. Let N be a nilpotent Lie group with Lie algebra spanned by Z1, Zs, Y1, Yo, X1, Xo
such that

(X1, Xo] = 21, [ Xy, 1] = 2,

(X0, Ys] = 71, [X1, Yo = 2

(X2, V1] = Zs.
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Then det (S) = Z% — Z2 and it is clear that N belongs to the class of groups considered
here.

Example 5. Let N be a nilpotent Lie group with Lie algebra spanned by the vectors
{Z?)a ZZa Zla Y-?)u }/27 Y17 X37 XQ; Xl}

and the following non-trivial Lie brackets

(X1, Xo] = 71, [ X4, X3] = ZQ,[XQ,Xg] Z3

(X, Y] =2, [X0,Ys] = Zy — Z3, [ X1, Y3| = Z1 + Z
(X0, Y1] = Z5,[ X0, Y] = Z1 — 25, [ Xy, Y3| = Zy — Z3
(X3, 1] = Z3, [ X3, Y] = Zl + 2y, [X3,Y3] = Z3.

Then a does not commute, 3 @ b is a mazimal commutative ideal of n, [a,b] C 3,

4y Ly— 2y Zy+ Zy
S=|Zy Z1—2Zy Zy—Zs
Ay 1+ Zy Zs

and
det (S) = Z7Zs + 2173 + Zy + Z3 73 — ZaZis + Z35 # 0.

Let us define
Bl = Zn72d> B2 = Zn72d71 e )anQd = Zh an2d+1 = }/;la

Bnsqro =Yg 1 ,By_a=Y1, Bp_gt1 = X4, By_gi2 = Xgq-1, -+, and B, = X;.
Lemma 6. Let A € 3*. If det (S) is a non-vanishing polynomial then n(\) = 3 for a.e.
A€ 3"

Proof. First, let
)\[Xh}/l] )\[Xh}/d]
S\ = : :
AXa, V1] e A [Xg, Y]

We recall the definition of S from (2). Clearly for a.e. A € 3*, S and S (\) have the
same rank, which is equal to d on a dense open subset of the linear dual of the central
ideal of the Lie algebra. In fact, we call d the generic rank of the matrix S(\). Also,
we recall that n (\) is the null-space of M (\) which is defined in (5) as follows

On—2dmn—2d On—244 On—2d.d
M O‘) = [/\ [Bi7 Bj]]lgi,jgn - Odn—2d Od,q S’ ()‘> 3
Odgn—2a —S"(A) R(N)

0p,4 stands for the p x ¢ zero matrix,
A[}/CbXd] )\D/d)XI]
§'(A) = : : ,
A[}/laXd] )\[}/17X1]
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and

AMXg, Xa] o0 N[ X, Xy
R()\) = : :
AXy, Xa] 0 A XY, X

Since the first n — 2d columns of the matrix M (\) are zero vectors, and since the
remaining 2d columns are linearly independent then the nullspace of M () is equal to
the center of the algebra n which is a vector space spanned by n — 2d vectors. U

Fix e={n—2d+1,n—2d+2,--- ,n}. It is not too hard to see that the corre-
sponding layer Q = Qo = {A € n* : det (S (\)) # 0} is a Zariski open and dense set in
n*. Next, the manifold

(8) S={\eQ:Abda) =0}

gives us an almost complete parametrization of the unitary dual of N since it is a
cross-section for the coadjoint orbits in the layer €2. Moreover, we observe that X is
homeomorphic with a Zariski open subset of 3*. In order to obtain a realization of the
irreducible representation corresponding to each linear functional in ¥, we will need to
construct a corresponding polarization subalgebra [1].

The following lemma is in fact the first step toward a precise computation of the
unitary dual of N. Put p =3&b.

Lemma 7. For every A € X, a corresponding polarization subalgebra is given by the
ideal p

Proof. Since p is a commutative algebra then clearly A [p, p] = {0} . In order to prove the
lemma, it suffices to show that p is a maximal algebra such that A [p,p] = {0}. Let us
suppose by contradiction that it is not. There exists a non-zero vector A € a such that
pCpdRAand [p®RA p ®RA] is a zero vector space. However, [p & RA p & RA| =
(b ®RA,b & RA| ={0}. So there exists an element of a which commutes with all the
vectors Yy, 1 < k < d. This contradicts the fourth assumption in Condition 1. U

We recall the definition of the discrete set I' given in (3) and we define the discrete
set
['N =expZYy---expZYiexpZXy---expZXi C N.
We observe that I'; is not a group but is naturally identified with the set Z?9.
Next, since N is a non-commutative group, the following remark is in order. Let A
be a set, and Sym (A) be the group of permutation maps of A.

Remark 8. Let 0 € Sym ({1,--- ,d}) be a permutation map. Since a is not commu-
tative, it 1s clear that in general

U £ exp (ZZy—s4) - - - exp (LZ1) exp (ZYy) - - - exp (ZY1) exp (ZX p(a)) - - - exp (ZX (1))

However, for arbitrary permutation maps oy, 09 such that oy € Sym ({1,--- ,n — 2d})
and o9 € Sym ({1,--- ,d}), the following holds true:

I' =exp (ZZUl(n,M)) - exp (ZZU;[(I)) exp (ZYOQ(d)) - exp (ZY@(I)) exp (ZXy) - - -exp (ZX) .

Now, let & = (2,29, ,24) € RY,
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Proposition 9. The unitary dual of N is given by
{71—)\ = IndN (30b) (X)\) tA= <)\17 )\27 U 7)\n72d7 07 e 70> ) and det (S (/\)) # 0}

exp
which we realize as acting in L? (Rd) as follows.

7 (exp (2n—2dZn—24) - - - exp (21271) exp (1gYa) - - - exp (11 Y1) exp (mqaXy) - - - exp (m1 X4)) ¢ (2)

- d - d d : d j—1
— 627”2]':1 sj)\Zje—27rz D1 k=1 xkle[Xk,Yj]Q*Qﬂ’M(Zj:Q ST mjazr[Xr,Xj])f (xl — My, T — md) )

Proof. We recall that 7, acts in the Hilbert completion of

(9) H, — f: N —— C such that f (zy) = xa ()" f (z) for y € exp (3 ® b)
A= and z € N/exp (3@ b) and fN/eXp(é@b)|f(x)|2df<oo

as follows

7 (exp W) & (H exp (a:ka)> = ¢ <exp (=) Hexp (kak)) :

k=1 k=1
Next, we observe that the map 8: R? x exp (3 & b) — N
((x1, @9, -+ ,xq) ,exp X) — exp (v1X7) exp (22X3) - - - exp (14 Xy) exp X

is a diffeomorphism. Based on the properties of the Hilbert space (9), for X € 3@ b,
and ¢ € H,, if

n = exp (r1X1) exp (22X3) - - - exp (x4 Xy4) exp X
then ¢ (n) = ¢ (exp (21X1) exp (22X3) - - - exp (24Xq)) e 2" X) Thus, we may naturally
identify the Hilbert completion of Hy with

L? (H exp (RX,Q) >~ [2(RY).

k=1

Now, we will compute the action of 7). Letting Y; € b, then

7 (exp (1;Y;)) ¢ (H exp (ZL’ka)> =¢ (exp (=1;Y;) Hexp ($ka>> :

k=1 k=1
d
Next, let x = H exp (rpXx) -
k=1

exp (—1;Y;) x = x (x "exp (—1;Y;) x)

d
= X exp (—lej + Zxklj [Xk, Y])

k=1

xexp (—1;Y;) exp <Z Tkl [Xk,Y-]> :

k=1
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Thus, 7y (expl;Y;) ¢ (v) = e_%i(zz:lx’“lf’\[xk’yj]>¢(3:) and

7 (exp (—m1 X4)) ¢ ((exp (x1X4) Hexp (OCka)) =¢ (exp ((x1 —mq) Xy) Hexp (kak)> .

k=2 k=2
Also, for j > 1, since
exp (—z,X;) exp (—m; X;) exp (2, X,) = exp (—m; X; + z,m; [ X,, Xj])
then exp (—m;X;)exp (z,X,) = exp (2, X,) exp (—m; X; + z,m; [X,, X|]) and
exp (—m;X;) x = exp (71.X1) exp (22 X5) - - -
exp ((z; —my) X;) - - - exp (zaXa)

j—1
X exp (Z m;T, [X,,,Xj]> .

r=1
Thus,
7 (exp (—m; X)) ¢ (x) = o~ 212y myae (X0 X)) o
¢(exp (21.X1) exp (22X3) - - - exp ((x; — my) X;)
"'eXp(di%)»

Finally, 7y (exps;Z;) ¢ (v) = e*™=PsiZg (x). In conclusion, identifying R? with
N/exp (3 &b),
T (exp;Y;) ¢ () = e~ Eikm s X))

For j =1, my (exp (m1X1)) ¢ (¥) = ¢ (x1 — my, 22, -+ , 3, - xq) . For j > 1, we obtain
T (exp (m; X)) & () = e 2N mimm XX g (), oy =y g)

and finally, 7y (exps;Z;) ¢ (v) = e* %) (). Thus, the proposition is proved by
putting the elements exp m; Xy in the appropriate order. 0

Example 10. Let N be a nilpotent Lie group with Lie algebra spanned by Z,Ys, Y1, Xo, X
with non-trivial Lie brackets X1, Xo] = [X1, Y1] = [Xo, Ya] = Z. The unitary dual of N
18 parametrized by

L={Aen":A(2) #£0,A(Y2) = A(V1) = A(Xz) = A(Xy) = 0}
With some straightforward computations, we obtain that
Ta(22Z2)mA(21 Z1) T (L2Y2) o (Y1) Ta (B2 Xo ) o (B X v (1, 22)
15 equal to
2magid 2maid g —2rizalo o= 2mim A g—2mizi ey

e

where v € L*(R?).

x1 — k1,29 — kQ)
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2.2. Proof of Theorem 2. Let A be a full rank lattice in R?? and v € L? (Rd). We
recall that the family of functions in L? (R?): G (v,A) = {e*™® %y (z —n) : (n,k) € A}
is called a Gabor system. We are now ready to prove Theorem 2. We will show that
if \ € %, and v € L? (R?), then 7, (T')) v = G (v, B ()\) Z*!) where B (\) is a square
matrix of order 2d described as follows.

X, Y] A X, Y
10) B =| iad  Yaa gy S .
(O TV AR N TV I
)\ [Xdu Yl] e )\ [Xdu Yd]
and X () is a matrix with entries in the dual of the vector space [a, a] given by
[0 MN[X1, Xo] MNX, X5 oo A X, X4
' 0 AXo, X3l - A [ X, X
X\ = ' :
: 0 A [Xd—th]
0 e . 0 |

Proof of Theorem 2. Regarding B (\) as a linear operator acting on R?? which we iden-
tify with
R_Span {Xla X2 e Xd7}/17 }/27 U 7Yd} )

we obtain

- - [ maq i

my
: my
mq d d
B (/\) I = - Zk:l lkA [Xla Yk] - Zk:Z myA [Xh Xk]

I = Y A [X a1, Vil = i A (X, X

) i L Zz:l lk)\ [Xd7 Yk] ]

Appealing to Proposition 9, we compute
7 (exp (1qYa) - - -exp (11Y1) exp (mgXy) - - - exp (m1 X7)) v ()
(i S AR S S 5) s (0 e g — ).

Factoring all the terms multiplying xy, x5, -- , and x4 in

d j—1

d
ZZxkl A [ Xk, Y] szﬂ’”

d
7j=1 k=1 j=2 r=1
we obtain that 7, (I'1) v = G (v, B (\) Z**) and
det B(A) = —det S (A)det (154) —det X (A) x det (0g4) = —det S (N) .
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Example 11. Let N be a simply connected, connected nilpotent Lie group with Lie
algebra spanned by the ordered basis {Zs, Za, Z1,Ys, Y1, Xo, X1} with the following non-
trivial Lie brackets

[XlaXQ] = ZS7 [Xla}/l] = Zla [X17YV2] = ZZa [X27}/1} = Z27 [XQa}/Q] = Zl-

Given v € L* (R?), we have 7y (T'1) v = G (v, B(\) Z*) and
1 0 0 0
0 1 0 0

B=10 az) a@) -A2)

0 0  =X(Z) —X(Z4)

2.3. Plancherel Theory. Now, we recall well-known facts about the Plancherel the-
ory for the class of groups considered in this paper. Assume that N is endowed
with its canonical Haar measure which is the Lebesgue measure in our situation. For

A= (A, , A24,0,--+,0) € 3, (see (8))
(11) dp (N) = |det B (\)]d\ = |det S (\)| dA

is the Plancherel measure (see chapter 4 in [1]), and the matrix B ()) is defined in (10).
We have

F:L*(N)— / e (RY) ® L* (RY) du (N)

where the Fourier transform is defined on L?*(N) N L'(N) by

/f 7 (

and the Plancherel transform P is the extension of the Fourier transform to L*(N)
inducing the equality

1100 = 1P () O)s i ().

In fact, || - |[ns denotes the Hilbert-Schmidt norm on L? (R?) ® L? (R?). We recall
that the inner product of two rank-one operators in L? (Rd) ® L? (Rd) is given by

(U@ v, W Y)ys = (u, w>L2(Rd) (v, y>L2(Rd> We also have that L = PLP~! fz &
1 L2(Rd)dﬂ (A),and 1,, (Ra) is the identity operator on L? (Rd) . Finally, for A € X, it is
well-known that

(12) P(L(z)9)(A) = ma(z) o (Po) (N).
3. RECONSTRUCTION OF BAND-LIMITED VECTORS AND PROOF OF THEOREM 3

3.1. Properties of Band-limited Hilbert Subspaces. We will start this section
by introducing a natural concept of band-limitation on the class of groups considered
in this paper. The following set will be of special interest, and we will be mainly
interested in multiplicity-free subspaces. Let

E={\eX:|detS(\)] <1}
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and let m be the Lebesgue measure on 3*. We remark that depending on the structure
constants of the Lie algebra, the set E is either bounded or unbounded. Furthermore,
we need the following lemma to hold.

Lemma 12. E s a set of positive Lebesque measure

Proof. Since det S ()) is a homogeneous polynomial, there exists a > 0 such that
{AN€ 3" | | <aand |det S (N)| #0} C E.
It is easy to see that
{deg || <aand [det S(N)| # 0} ={Ae€3" | ] <a}—{Ae€j" :detS(\) =0}.
However {\ € 3* : det S (A) = 0} is a set of m-measure zero. As a result,
m({A€s" | M| <aand |det S(N)|#0}) =m({Ae€j: || <al).
Thus, m ({\ € 3* : [\¢] < a and |det S ()| # 0}) > 0 and it follows that E is a set of

positive Lebesgue measure. 0]

Definition 13. Let A C ¥ be a measurable bounded set. We say a function f € L*(N)
is A-band-limited if its Plancherel transform is supported on A. Fizu = {uy : A € ¥}
a measurable field of unit vectors in L? (Rd) which is parametrized by . The Hilbert
space

H, =P (/j L? (RY) @ uy dp (A))

is a multiplicity-free subspace of L? (N). For any measurable subset of A of 3, we
define the Hilbert space

®
(13) Hya =P (/ L* (RY) @ uy dp ()\)) .
A
Clearly H, 4 is a Hilbert subspace of L*(N) which contains vectors whose Fourier
transforms are rank-one operators and are supported on the set A. Next, we recall
the following standard facts in frame theory. A sequence {f, : n € Z} of elements in a
Hilbert space H is called a frame [8, 7, 10, 9] if there are constant A, B > 0 such that

AHfH2 < Z‘(fafn)ﬁ < BHfH2 for all f € H.

The numbers A, B in the definition of a frame are called lower and upper bounds
respectively. A frame is a tight frame if A = B and a normalized tight frame or
Parseval frame if A= B =1.

Definition 14. A set in a Hilbert space H 1is total if the closure of its linear span is
equal to H.

We will need the following theorem known as the Density Theorem for Lattices
([10] Theorem 10).

Theorem 15. (Density Theorem ) Let v € L* (RY) and let A = AZ** where A is
an invertible matrixz of order 2d. Then the following holds
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(1) If |det (A)| > 1 then G (v, A) is not total in L* (RY).
(2) If G (v, A) is a frame for L? (R?) then 0 < |det (4)] < 1.
In light of the theorem above, we have the following.
Proposition 16. Let J be a measurable subset of X. If J —E is a set of positive

measure then it is not possible to find a function g € Hyy such that L (') g is total in
H, . In other words, the representation (L, H, y) is not cyclic.

Proof. To prove Part 1, if J — E is a non-null set, by the Density Theorem for lattices
(see 15) my (T)oPg (A) = mx (I') uy®u, cannot be total in L? (RY)@u, forall A\ € J — E
since m (I') ux = G (ux, B (X) Z**) cannot be total in L? (R?) for any A € J — E. Thus
P (span (L (T') g)) is contained but not equal to [;” L? (R?) @ updu (M) O

Let K be a measurable fundamental domain for Z"2? N 3* such that m (KN E)

is positive. Clearly such set always exists. In fact, we define K to be the unit cube
around the zero linear functional in 3* as follows:

11
PutI=ENK.
Definition 17. We say a set T is a tiling set for a lattice L if and only
1) (J(T+) =R? ace.
leL
(2) (T+) N (T+') has Lebesque measure zero for any | # 1" in L.

Definition 18. We say that T is a packing set for a lattice L if and only if (T+1)N
(T+!") has Lebesque measure zero for any l # 1" in L.

Let M be a matrix of order d. We define the norm of M as follows.
M|, =sup{Mz:z€R |z, =1} where |z|

<1}.

Lemma 19. For any \ € Q, then [—3, %}d is a packing set for S (\) """ Z% and a tiling
set for 7.

Proof. Clearly [—%, %)d is a tiling set for Z?. To show that the lemma holds, it suffices
to show that [—3, A
ki, ke € S(N) T Z4 and 04,09 € -1, %}d, 01 # 0y such that oy + k; = 03 + k3. Then
there exist jo, j1 € Z% such that oy —oy = (S ()\)TT> o (j2—71)-S0 S ()\)TT (0 —09) =

max = 102X |7k

Now, put
Q- {)\ ey Hs N

It is clear that Q is a set of positive measure.

)d is a packing set for S (\) . Let us suppose that there exist

jo = jrand SOV (01 = 02)|| = 1llja = jillyax - Since j2 = j1 # 0 then

HS(A)T’“ (o1 —a)|| >1

max
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and HS N (o — 03) < 1. Thus

o0

< [ls

max

> 1.

max

1> HS 0'1—0'2)

That would be a contradiction. U
From now on, we will assume that I is replaced with Q N 1.
Example 20. Let N be a nilpotent Lie group with Lie algebra n spanned by
{22, 21,Y2, Y1, Xo, Xo }
with the following non-trivial Lie brackets.
(X1, Xo] = Zo, [ X0, V1] = Z1, [Xo, V1] = 25, [ X3, V3] = =21, [X1, Ya] = Z5,[Xe, Vo] = =2,
(X5, Yo| = 20, [ X0, V3] = =21, [ Xy, V3] = Z1, [ X3, V3] = 2.
Let A € n*, we write X\ = (A1, A2, Az, -+ , \) where Ay = A (Zy). Then

I— (/\1,/\2,0,"' ,0)65*2—3)\2/\2 /\37&0 |3/\2)\2+)\3’<1 2|/\1|+|)\2|<1
= C1/2 <A he < 1/2

Next, we define the unitary operator U : L* (R?) —— L? (R?) such that
Z/{f ( ) 72m(t X(/\)t>f (t)

Lemma 21. For every linear functional A € 1,
G (1det S ("2 Ux(_y 0 BV ZH)
is a Parseval frame in L? (RY) .

Proof. Given v € L* (R?), we write My (t) = e*™®y () and Tiv (t) = v(t —k).
Thus,
G (v,B(\)Z°") = {M_sp\y—xogTiv : (k1) € 2%} .
Next, we will see that UM _g lTkuflv (t) = M_syi—xoeTkv (t) . Indeed,
UM_soyTid o (t) = e 2T XN g T o (t)

— ¢ 2mX 0 =2mi(SNL 1 (4 _ )

— ¢ 2TUEX ) (=27 SNLY 27t XN ER) (o)
— ¢ 2RLX O ,=2Ti(S AL (2RilLX (N0 =27 (LXK, (4 )
— 2RO o= 2miEX R (1 )
= M_soyi—-xoyrTrv (1) .

Put w = U~ v. Then UM g Tid v = UM g0, Tiw. Now, let w = |det S (A" x g
-1

such that F (\) is a tiling set for Z? and a packing set for (S ()\)TT> Z%. Then

G (w,Z* x S (X\)Z%) is a Parseval frame in L? (R?) (see Proposition 3.1 [16]) and
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g <]detS M Ux gy, B(V) Z2d> is a Parseval frame in L? (R?). The proof of the
lemma is completed by replacing E (A) with [-1/2,1/2]¢. O

Proposition 22. Let Hy1 be a Hilbert space consisting of 1-band-limited functions.
There exists a function f in Hyy such that L (') f is a Parseval frame in Hyr and

1R, = (D).
Proof. Define f € H, 1 such that Pf (\) = |det B (A2 6 (A) ® uy such that
$(A) = |det S (\)|"? UX (172,172
We recall that P (L (7) f)(A) = m(7) o PL(A) = |[det B(N)|"*7mr (7) ¢ (A) @ u,.
Let g be any function in Hyp such that Pg(\) = u) ® u,. Next, we write v € T’

such that v = kn, where k is in the center of the Lie group N and n is in I'y =
expZYy---expZYiexpZXy---expZX;.

Z‘(g,L

yerl’ vyerl

2

—Z/I uy @ uy, |det B (\)| mx () (|detB()\)\_1/2¢()\)>®uA> d\

HS

2

ux @y, 1 (7) (]det B2 ¢ (A)) ® uA>HS X

2

2

un, ™y () [det BONY26(0)) | (1, ) ey dA

w2 ()

<
<
X | [ e wm o) (e B o) S, o
<
<

s, [det BOV[V2 1y (1) 6 (A)>L2(Rd) dA

2

(14) =y >

nel'r kezn—2d

/ e (uy [det BO) 2 ma ()6 (V) d
I

12(R?)
Since {e 2™ y1 (X) : k € Z} is a Parseval frame in L* (I), letting

) = (o et B m o)

Equation (14) becomes

Z Z /ka)\)

nel'y kezn—2d

=3 Y B RPE=Y el

nel'y kezn—24d nel
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Next,
S lio L) | = X [ (et B o),
:/IZ (ux, |det B ()% my (")¢(A)>L2(Rd) dA
= [ 3 [t ()6 )| et B

17

Using the fact that G (¢ (X), B (X) Z*?) is a Parseval frame for almost every A € I (see

Lemma 21), we obtain

Z )<w,m (n)<b(>\))L2(Rd) :

nely

2
||UA||L2(R<1)

2 2
= lluallzz (gay a2 (ga)
= ||u>\ ®U)\||§_[S

and

> ‘<g7 L) u,,

yerl’

"= 1P s et B ()14 = .-
Now, to make sure that f € Hy 1, we will show that its norm is finite. Clearly,
1, = [ IPF s et B ()]
~ [flact B o) @ ) tder Byl
= [ 1600 @ il et BO) e B ()]
= [lo) @ wlsax
= [16 ey

Since I is bounded then || f||f;.  is clearly finite. In fact [|¢ (N[> = |det S (N)]

[det B (V)| and || fl,, = 1 (D).

3.2. Proof of Theorem 3. Finally, we are able to offer a proof of Theorem 3.

Proof of Theorem 5. Let f be a function in Hyy such that Pf(A) = Ux|_, ;99
u,. We recall the coefficient function V; : Hyy —— L? (N) such that Vih(z)

®

(h, L (z) f) = h* f* where * is the convolution operation and f*(x) = f(x~!). We will
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first show that V} is an isometry. In other words, f is an admissible vector.
ViHIE = [IPEO) o P () Wl ()
= [IPR) 0P (£) Nl d )
= [IPh s 1P () s di ()

= [ PRI )
— P

The third equality above is justified because, the operators involved are rank-one oper-
ators. Since f is an admissible vector for the representation (L, H, 1) and since L (T') f
is a Parseval frame then according to Proposition 2.54. [4], V¢(Hyy) is a sampling
space with respect to I' with sinc function V(f). O

Example 23. Let N a be Lie group with Lie algebra n spanned by
{Z3, Za, Z1, Y2, Y1, Xa, X1 }
with the following non-trivial Lie brackets.
(X1, Y] = 21, [X0, Ya] = 2o, [Xo, V1] = 25, [ X, Vo] = Z3, [ X0, Xo] = 21 — Zs.
Define a bounded subset I of 3* given by

NEF T NZ)A(Zs) = M Z2)? #0,[MZ1) N (Zs) — AN(Z2)?] < 1
I= max {|A (Z1) + A (Z2)], |A (Z2) + A (Z5)]} <1
()‘ (Zl) ) A (ZZ) ) A (Z3)) € [_1/27 1/2]3

Put f € Hyx such that Fon) = 6*2’”'(’\(Z1)t1t2*)‘(Z3)t1t2)x[_1/271/2]2 (t1,t2) ® uy where
{uy: X €I} is a family of unit vectors in L* (R?). Then V; (Hyx) is a sampling space
with respect to the discrete set
I = exp (2.2s) exp (Z.2y) exp (Z2,) exp (ZY2)
exp (ZY1) exp (ZX3) exp (ZX1)

with sinc function s = Vif. Thus given any h € Vi (Hyux), h is determined by its
sampled values (h (7)),ep and h(x) =37 h(y)s(y'2).
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