COMPACTLY SUPPORTED BOUNDED FRAMES ON LIE GROUPS

VIGNON OUSSA

ABSTRACT. Let G = NH be a Lie group where N, H are closed connected subgroups of G,
and N is an exponential solvable Lie group which is normal in G. Suppose furthermore that
N admits a unitary character x corresponding to a linear functional X of its Lie algebra. We
assume that the map h — Ad (h_l)* A defines an immersion at the identity of H. Fixing a
Haar measure on H, we consider the unitary representation 7 of G obtained by inducing x .
This representation which is realized as acting in L? (H, dug) is generally not irreducible,
and we do not assume that it satisfies any integrability condition. One of our main results
establishes the existence of a countable set I' C G' and a function f € L? (H,dug) which is
compactly supported and bounded such that {m (y)f : v € '} is a frame. Additionally, we
prove that f can be constructed to be continuous. In fact, f can be taken to be as smooth
as desired. Our findings extend the work started in [28] to the more general case where
H is any connected Lie group. We also solve a problem left open in [28]. Precisely, we
prove that in the case where H is an exponential solvable group, there exist a continuous
(or smooth) function f and a countable set I" such that {m (v)f : v € T'} is a Parseval frame.
Since the concept of well-localized frames is central to time-frequency analysis, wavelet,
shearlet and generalized shearlet theories, our results are relevant to these topics and our
approach leads to new constructions which bear potential for applications. Moreover, our
work sets itself apart from other discretization schemes in many ways. (1) We give an explicit
construction of Hilbert frames and Parseval frames generated by bounded and compactly
supported windows. (2) We provide a systematic method that can be exploited to compute
frame bounds for our constructions. (3) We make no assumption on the irreducibility or
integrability of the representations of interest.
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1. INTRODUCTION AND OVERVIEW OF THE WORK

Let H be a Lie group endowed with a fixed left Haar measure duy. A frame [3] for the
Hilbert space $§ = L% (H,duy) is a collection of vectors {fy, : k € I'} such that there exist

positive constants A < B where

2
(1.1) Allglly <> ety < Bllgl;

kel

for all g € $. Note that the inequality (1.1) is a relaxation of the Parseval formula known for
orthonormal bases. The constants A, B are called the frame bounds. The largest possible
lower frame bound is called the optimal lower bound and the smallest possible upper-bound
is the optimal upper frame bound. In the case where A = B = 1, we say that {f; : k € I}
is a Parseval frame. Every frame {f; : k € I} for a Hilbert space $) gives rise to a basis-
like expansion of the type g =), ., ax (g) fi, for every vector g in $). Moreover, the linear
functionals a; can be selected to be bounded on ). Consequently, for every g in §), there
exist vectors {hy, : k € I} in $ such that

g = Z (g, hy) .
kel

There is indeed a canonical choice for the system {hy : k € I} for which the expansion above

is unconditional. Precisely, for a frame {fj : k € I}, the associated frame operator

(1.2) SigS(g) =) (g f),f

kel
is bounded, self-adjoint, positive and invertible on $) and every vector g admits an expan-
sion of the form g =", _; (g, S™'fi) ¢ fi. The frame operator and its inverse are topological
isomorphisms of §) and the series Y, ., (g, S~ 'fi) 5 fi, converges unconditionally in the norm
of $ for each g in $. In fact, the sequence {S kel } is called the canonical dual frame
of {f, : k € I}. Moreover, each sequence ((g, Silfk%ﬁ)kel

coefficients appearing in the expansion ), ; (g, 5’*1fk>55 f; need not be unique. In the case

is square-summable. However, the

where {fj : k € I} is a Parseval frame, we have a much simpler reconstruction procedure.
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The frame operator coincides with the identity map and as a result,
g=> (gfi),fiforalges.
kel
It is well-known that the Schrodinger representations of the 3-dimensional Heisenberg Lie
group provide the group-theoretic foundation for time-frequency analysis [19, 4, 21]. The

3-dimensional Heisenberg group is often realized as a semi-direct product R? x R equipped

w,t—l—s).

Three elementary classes of operators occur in the Schrodinger representations: scalar mul-

with the following non-commutative operation

(v,t) (w,s) = (v + )

tiplications, modulation operators (phase translations) and translations. Although the role
played by the operators acting by scalar multiplication is negligible, the combined actions
of modulations and translations can be discretized to construct frames and orthonormal
bases for L?(R). Gabor analysis offers a rigorous study of the various ways by which one
can select a window function and a countable subset of the Heisenberg group to construct
frames. Similarly, the ax+b group plays a significant role in classical wavelet analysis. Like
the Heisenberg group, the ax+b group is also a solvable Lie group. However, unlike the
Heisenberg group, it is not a nilpotent group. Very often, this affine group is realized as a

semi-direct product R x R endowed with the multiplication
(z,a) (y,0) = (z + e"y,a +b).

Up to unitary equivalence, the ax+b group has two infinite-dimensional irreducible repre-

sentations. These representations may be realized as acting in L*(R) as follows
Ty (z,a)f(t) = ™27 F (t —a).

Wavelet analysis provides means by which we can discretize the representations w4 (or their
direct sum) to construct nice frames (we will say more about this later.) A common feature
of the examples of the Heisenberg group and the ax+b group worth noting is the following:
the irreducible representations giving rise to wavelets and Gabor frames are all monomial
(induced by characters.) Precisely, they are obtained by inducing a unitary character of a
normal closed subgroup. It turns out that for a surprisingly large class of solvable Lie groups,

similar constructions are possible [28, 20]. One may then ask the following: to which extent
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can we generalize the results in [28, 20] in a unified manner? The main purpose of this work
is to address this question.

Let H be a connected Lie group endowed with a fixed left Haar measure dugy. Let us
suppose that 7 is a strongly continuous unitary representation of a Lie group G acting in the
Hilbert space $ = L* (H,dug) . We investigate conditions under which, it is possible to find
a discrete subset I' of G and a function f such that the following holds. f is bounded and
compactly supported on H and the system {m (v)f :~y € I'} is either a frame or a Parseval
frame or an orthonormal basis. We are especially interested in finding conditions under which
the window function f is either continuous or smooth. In a nutshell, we seek to construct
‘nice’ frames, and when such a frame exists, we shall call it an H-localized w-frame. A
practical motivation for the interest in the so called nice frames can be described as follows.
In situations where the generator of {7 (y)f : v € T'} is a smooth and compactly supported
function, the Gramian of the corresponding system can be shown to have fast off-diagonal
decay !. This property can be quite useful in computing the inverse of the frame operator
as well as the dual frames corresponding to the system {m (y)f:~y €'} (see for instance
Proposition 20.)

Suppose L is the left regular representation of H acting in $), and H is not discrete. If f
is compactly supported and bounded then for any countable set I' C H, it is known that the
system {7 (7)f:~y € I'} can never be a frame for §) [15]. This observation excludes the left
regular representation as a viable choice for the construction of nice frames on H.

In the situation where 7 is an irreducible representation which is also integrable, the coorbit
theory [10, 17, 13] developed by Feichtinger and Gréchenig has proved to be a powerful
discretization scheme for the construction of Hilbert space frames and atoms for other Banach
spaces satisfying certain regular conditions.

Olafsson and Christensen recently introduced a generalization of coorbit theory in which,
the integrability and irreducibility conditions of coorbit theory were removed [1, 2]. Their
theory hinges on the existence of a cyclic vector satisfying a reproducing formula equation
together with other technical assumptions. Other generalizations of coorbit theory can be
found in [6, 12, 30].

Our work sets itself apart from other discretization schemes in several ways.

e We make no assumption on the irreducibility or integrability of the representations

of interest.

IWe thank the referee for pointing this fact to us
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e We are mainly interested in the explicit construction of Hilbert space frames, Parse-
val frames and orthonormal bases generated by bounded and compactly supported
windows.

e We are also interested in providing a systematic method that can be exploited to

compute (optimal) frame bounds for our constructions.

Let G be a Lie group such that G = NH, H, N are connected closed subgroups, and N is
simply connected and normal in G. Assume furthermore that 7 is a unitary representation of
G [11] obtained by inducing a unitary character of N and is realized as acting in the Hilbert
space L? (H,dug) . As a starting point, we consider a unitary character y of N associated to
a linear functional \ of the Lie algebra of N. The conjugation action of H on N gives rise to
a smooth action x of H on the linear functionals of the Lie algebra of N . This action plays
a decisive role in our work. We prove that if the map h — hx A defines an immersion at the
identity of the group H (see Theorem 1) then H-localized w-frames can be constructed quite
explicitly. These types of frames naturally arise in the context of shearlet, time-frequency
analyses, and wavelet theory [23, 24, 25, 18, 14, 13, 16] where frames generated by functions
satisfying certain regular conditions (such as fast decay and various degrees of smoothness)
are often sought after. Therefore, the present project, which was initiated in [28] provides
a unified discretization scheme relevant to these topics. Furthermore, our main results (see
Theorem 1, Theorem 2 and Theorem 3) extend the work of [28] to a significantly broader
class of representations (see Proposition 26 for an example). While the central results of [28]
only focus on cases where the conormal subgroup H of GG is completely solvable, we allow H

to be any connected Lie group here (see for example, Proposition 26.)

1.1. Assumptions. Before we present our main results, let us first formally introduce some
assumptions. Let H be a connected Lie group with Lie algebra h. Let us also assume that
there exists a Lie algebra g = n & b such that n is an exponential solvable ideal of g satisfying
dim (n) =n > dim (h) = r. Put

n:ZRXk, ) :ZRAk and N = exp (n).

k=1 k=1
Furthermore, we assume that N and H are closed subgroups of G. Note that by assumption,
the exponential map defines a global diffeomorphism between n and N. As such, N is a

simply connected normal (exponential) solvable subgroup of G.
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Let .
Aen =) RX;
k=1
be a linear functional of n where { X7, X5, -, X} is a basis for the dual vector space n*

satisfying <X X k> =0, for 1 <7,k <n. We also assume that the derived ideal
[n,n] = R-span {[X,Y]: X,Y € n}

is contained in the kernel of A\. Consequently, the linear functional A determines a unitary

character of the normal subgroup of N defined by

Y (exp X) _ e2m‘(>\,X>

for exp (X) € N. Next, we consider the induced representation
(1.3) m = indy" (x»)

realized as acting on the Hilbert space $) = L? (H,dug) as follows. Given s € G, we define

1

the endomorphism Ad (s) as the differential of the smooth map y + sys™' at the neutral

element of GG. Next, for f € $, x € N, and z € H, we have
(1.4) [ (2)] £ (h) = > (A4 Mos@) £ () and [ (2)] £ (h) = £ (=~ 'h).

The reader who is interested in learning about the fundamental principles of induced repre-
sentations is invited to peruse Chapter 6 in the textbook of Folland [11].

On one hand, we remark that given x € N, the operator 7 (x) acts in a way which
resembles a modulation action. We call the action induced by such an operator a generalized
modulation action. On the other hand, the operators 7 (z) (where z € H) act on $) by
left translations and the combined action of the normal and conormal parts of the group
gives an action resembling that of time-frequency translations [3]. Perhaps, it is also worth
highlighting that all irreducible representations of groups connected to Gabor theory, wavelet
and shearlet analyses naturally arise in this fashion (see [28, Section 1.4]).

We refer the reader who might be intrigued by the size of the class of groups and rep-
resentations satisfying the properties described above to Proposition 26. It is proved in
Proposition 26 that for any given connected matrix group H, there exists a matrix group

(G = NH and a unitary representation 7 satisfying all conditions listed above.
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1.2. Main theorems. The main results of our investigation are summarized in the following
theorems.

Theorem 1. Let N, H and 7 be as described in (1.4). Assume that the map h — Ad(h=1)*\
1s an immersion at the identity of H. Then there exists a relatively compact neighborhood O
of the identity in H such that if £ is a continuous function supported on O, then there ezists a
countable set T' C G such that {m (y)f : v € T'} is a frame for L* (H,dug) . Moreover, £ can

be chosen to be in C* (H) for arbitrary natural number k (and even infinitely differentiable. )

Theorem 2. Let N, H and 7 be as described in (1.4). Assume that the map h — Ad(h™1)*\
1s an immersion at the identity of H. If there exists a function defined on a relatively compact
neighborhood of the identity in H with support satisfying some additional technical conditions

2 then it is possible to discretize T to construct Parseval frames and/or orthonormal bases
for the Hilbert space L? (H, djuy) -

We remark that in Theorem 1, the set I' depends on a choice of f and O. Additionally, the
following establishes the existence of a Parseval frame generated by a continuous and com-
pactly supported function when H is exponential and solvable. This does close a significant

gap in our previous work [28].

Theorem 3. Let N, H and m be as described in (1.4). If the map h — Ad(h=Y)*X is an
immersion at the identity of H and iof H is an exponential solvable Lie group then there exist
a relatively compact neighborhood O of the identity in H, a continuous function £ supported
on O and a countable subset T' of G such that {m (y)f : vy € '} is a Parseval frame.

Note that in situations where there exists a unit vector satisfying the conditions described
in Theorem 3, {m () f : v € '} is an orthonormal basis for L? (H, dju) .

A few additional observations are in order.

Remark 4.
(1) In a systematic fashion, every frame {m () f : v € T'} for the Hilbert space L* (H, djizr)

gives rise to new frames generated by a unitary representation of G as follows. Let
a be a Lie group automorphism of G. According to [5, Lemma 2.1.3], there ezists a

unitary map
(1.5) Q: L*(H,dug) — L* (NH/a™" (N), diunmja-1(v))

2See Proposition 21
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such that

Q [Indx™ (x») (e (2))] £ = [Ind3™0 ) (xa 0 @) ()] QF

for all x € G and for all £ € L?>(H,duy). An explicit construction of a unitary
map Q intertwining the representations above is described in the proof of [5, Lemma
2.1.8]. In fact, if © is an irreducible representation of G, according to Schur’s lemma,
the unitary operator described in the proof of [5, Lemma 2.1.3] is unique up to mul-
tiplication by a constant. In the definition of Q, (see (1.5)) the measure djin/o-1(n)
is a quast G-invariant measure on a cross-section for NH/a~' (N) [11, Section 6.1].
Letting

Ta(@) = Indgg(m (xroa) and Ty = IndV? (xx 0 @),
the following is immediate. (a) {m (7v)f:~v €'} is a frame if and only if

{mw () Qf vy ea™ ()}

is a frame for L* (NH/a™ (N),dunm/a—1(v)) - (b) If o is an automorphism of G
fizing the normal subgroup N then {m ()£ : v € '} is a frame for L* (H,dug) if and
only if the collection

(e (1) QF 7 €0t (1)}

is a frame for L* (H,dpu) .

(2) Suppose that {m (y)f:~v €T} is a frame for the Hilbert space L* (H,dug). If Q
18 a bounded and invertible linear operator commuting with all operators in the set
{m (v) : v € T} then clearly, {m () Qf : v € L'} is also a frame for L* (H,dug) .

(3) The mapping h — Ad (h™1)" is a linear representation of H acting on the dual of the
Lie algebra of N. Moreover, the stabilizer subgroup

Hy={he H:Ad(h")" A=A}

is a closed subgroup of H and h — Ad(h™1)*X is an immersion at the identity of H
if and only if Hy is discrete (see Proposition 8.)

Intuitively, our strategy in proving our main results is two-fold. First, we look for a set
M inside N containing a discrete set I'y such that the corresponding operators applied to a

suitable function supported on a neighborhood of the identity in H generate what we shall
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call a ‘local frame’. The construction of local frames follows from the fact that H is locally
Euclidean and that under suitable change of variables, the action of N gives rise to some
local Fourier series. It is important to note that M is generally a proper sub-manifold of V.
In fact, the discretization of M for the construction of a local frame is not apparent and does
require careful work. Secondly, via w, H acts on itself by left translations. For a suitable
countable subset I'y C H, the operators m(7),y € I'y give a covering of H allowing us to
construct nice frames for L?(H) from our so-called local frames.

In Section 2, we shall present a number of intermediate facts leading to the proof of our
main results (Theorem 1 and Theorem 3). The third section of the work contains explicit
examples showing how our scheme can be exploited for the construction of frames, Parseval
frames and orthonormal bases.

2. INTERMEDIATE RESULTS AND PROOFS OF THEOREM 1 AND THEOREM 3

2.1. Preliminaries. Let us start by fixing our notation.

e Let T be a linear operator acting on a vector. T™ stands for the adjoint of the linear
operator T and the transpose of a matrix A is denoted A”.

e Given a vector space V, the max-norm of an arbitrary vector v € V' is ||v| .. =
maxy |vg| .

e Given a Lebesgue measurable subset E of R? |E| stands for the Lebesgue measure
of E and the indicator function of a set A is denoted 1 4.

e Given a finite set J, the number of elements in J is denoted f(.J).

e The trace of a matrix M is denoted Tr (M) .

e The zero square matrix of order m is often denoted 0,,.

e The identity endomorphism acting on a vector space V' is often denoted id.

Define

(21) BA:H%ﬁA(H)Qn*
such that
(2.2) B (h) = Ad (h™')" .

We make the following additional assumption: The smooth function h +— Ad (h™1)" X is
an immersion at the identity of H. This implies that n = dim N > r = dim H. We make

no assumption on the irreducibility of 7, nor shall we assume that 7 is integrable or even
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square-integrable (see Example 28). In fact, as soon as the structure constants of the Lie
algebra g are determined, the immersion condition imposed on the function h +— Ad (h=1)" X
is easily verified (see Proposition 5.) To this end, it suffices to show that the differential of
the map h — Ad (h™')" X has a trivial null-space at the identity of H. Letting r = dim (H),

there is a smooth chart

(2.3) (0, 9)

such that O C H is an open set around the identity of H, and
0:0—=p(0)Ch

is a diffeomorphism taking the identity in H to the zero element in its Lie algebra such
that 8y o ¢~! has a constant rank equal to 7. Since the exponential map defines a local
diffeomorphism between an open set containing the zero vector in h and a suitable open set
around the neutral element in H, for a sufficiently small neighborhood of the identity, the

function ¢ can be taken to be the log function. Moving forward, the Jacobian of
h Ad (K1) A

in local coordinates takes the form

d(Bxro ()0_1>j (A4)
0A;

(0)

(2.4) D = Jacg, 0,1 (0) = [

=>J sl >

and the following is immediate.

Proposition 5. h + Ad(h™")" X\ is an immersion at the identity of H if and only if
det (DTD) 1S nonzero.

Proof. By definition, h + Ad (h™')" X is an immersion at the identity of H if and only if the
matrix D has trivial kernel. Next, the observation that D has trivial kernel if and only if its

gramian matrix DT D is invertible gives the desired result. U

Proposition 6. Let w € n*. Fizing { X1, Xs, -, X,,} as a basis forn, and {A, As,--- | A}
as a basis for b, then

(w, [ X1, Ay - (w0, [X, A4
<CU, [Xn7 A1]> e <w7 [Xn; AT])
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is a matriz representation of Jacg, o,-1 (0) with respect to the fized bases.

Proof. Given t € R, A € h and X € n, we have
<lim [Ad (exp (—tA))]" w — w’X>

t—0 t

~ lim ([Ad (exp (—tA))]" w — w, X>'
t—0 t

Next, since
(w, Ad (exp (—tA)) X)) = <w, Zad(—tA)kX>

the following holds true

<lim [Ad (exp (—tA))]" w — w’X>  lim (w,Ad (exp (—tA)) X) lim (w, X)
t—0 t t—0 t t—0 t
<w, S0 ad (—tA)” X>
= lim
t—0 t
= ()
Observing that
Y ad(—tA) X =ad (—tA) X + > ad(—tA)" X,
k=1 k=2
we obtain
. (w,ad (—tA) X) _ <w, >ors, (=) ad (A) X>
(x) = ( lim + | lim
t—0 t t—0 t
~- .
== <O}, [AvXD = <wa [X7 A])
and this gives the desired result. ([l

Proposition 7. The set of linear functionals w for which B,, is a local immersion at the

identity in H is a Zariski open subset of n*.

Proof. Let Q = {w € n*: [, is an immersion at the identity in H}. To prove the stated re-

sult, it suffices to establish that Q is the complement of a zero set of a polynomial defined
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. [X A) - (w1, A)
D(w) = : : and p (w) = D (w) D (w)" .
(W, [ Xn, A1]) -+ (w, [Xn, Ar])
Clearly p is a polynomial defined on n*. Appealing to Proposition 5 and Proposition 6,

(2.5) Q= {w €n”:det (D (w)D (w)T> # 0} :
U

Since n is greater than or equal to » and D has an invertible submatrix of order r then
there is at least a subset J of {1,2,--- ,n} such that § (J) = r = dim H and the submatrix
of D obtained by retaining all rows of D corresponding to the elements of J is an invertible
square matrix of order r. By the Inverse Function Theorem (see Theorem 5.11, [26]), there

is a linear projection
(2.6) P=P;:n—n
of rank r (depending on the set J) given by

2.7) P(X’“):{ Oifk ¢ J

such that
On=0\=P B : p(0) = 0, (p(0))
is a local analytic diffeomorphism at the zero element in b.

From here on, we fix a set J as described above. Generally, the set O needs not be
relatively compact. However, it is always possible to select a sufficiently small connected
open and relatively compact subset O, C O around the identity in H such that

(a) The restriction

@A|@(oo) 10 (0s) = Ox (¢ (0,))
of ©, to ¢ (0O,) is a diffeomorphism.
(b) ©x (¢ (O,)) is relatively compact in P* (n*).
To avoid cluster of notation, for the remainder of this work, we simply replace O, with

O. The following diagram summarizes the connection between the maps 35, P*, ¢ and 0,],

defined above
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Ba
o = Bao)

. PB
@ . P*
9,0 :
‘W
Y '
@(0) o, > P (B:(9)

(2.8)

A diagram summarizing the connection between the maps 8y, P*, ¢ and O, .

Proposition 8. The smooth function h — Ad (h™')" X is an immersion at the identity of H
if and only if Hy = {h €H:Ad(h™H)" \= /\} is a discrete subgroup of H.

Proof. The isotropy group H, is a closed subgroup of H and the map F': H/H) — () (H)
defined by F' (hH)) = Ad (h™1)" ) is an equivariant diffeomorphism (Theorem 7.19, [26].) As
such, dim (H/H,) = dim 3y (H) . Let us suppose that h +— Ad (h~!)" ) is an immersion at the
identity of H with rank r. Then r = dim (H/H,) = dim ) (H) = dim H. This implies that
H, is a discrete subgroup of H. Suppose on the other hand that H, is a discrete subgroup
of H. Then there exists an open set O, around the identity of H such that HyNO, is trivial.
Restricting h +— Ad (h™)" X to such an open set, it is then clear that h +— Ad (h~)" X\ must

be an immersion at the identity of H. U

The purpose of the results presented below is to set the stage for the proofs of our main
theorems. Our primary objective is to prove that given a continuous function f supported
on O, it is possible to find a countable set I' C G such that {m (7)f:~ € I'} is a frame for
L? (H,dug) . To this end, we will need to show that there exist positive constants A, B such
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that
Al <Y gm () < Blgl’

vyer
for all g €L? (H,dug) . We will be mainly interested in countable sets of the type I' = Ty Ty
where 'y and 'y are some discrete subsets of H and exp (Pn) C N respectively. Since we
are committed to providing a unified discretization scheme for the class of representations

described above, the following observation is in order.

Remark 9. Generally, it is important to choose our sampling set to be of the form I'yl'y
as opposed to T Ty (which may at first appear to be a more natural ordering). To see this,

let us consider the case of the ax+b Lie group which we realize as follows. Let

t
G:NH:{le ”7] :t,xeR}
0 1

be the ax+b group with Lie algebra g spanned by

1
P 0 A= 1 0 .
00 00
The only non-trivial Lie bracket of g is given by [A, X] = X. Neat, let A = X;. We consider

the induced representation my = ind%H (xx) which we realize as acting in the Hilbert space
L*(R) = L*(H) as follows

T (expaX) £ (1) = 2™ % . £(t) and 7y (expad)f(t) =f(t —a).

For some fized positive real number €, let I = (—¢,€) be an interval in R. It is shown in [28]
that there exist a positive and a continuous function £ € L*(R) supported on I and some

positive real numbers o, d such that

{7\ (expkA) 7y (expjX)f:j € aZ,k € OZ}
is a frame for L* (R). Next, we consider the following system

{m) (expjX) my\ (exprA)f:j € aZ,k € 6L}

obtained by changing the order of the original sampling set. For h €L? (R), we have

SN s (exp i X) my (exprA) P = 3>

JEQLKESL JEQLKESL

2

/ h () =27 F (T = m)dt
k+1
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The change of variable £ = e gives

Z Z [(h, 7y (exp jX) 7y (exp A) £)|?

JEQLKESL
2
(1 -f(l -1 — o
_ Z Z /’H_I Og 5 )) é.( 0g (5 ) Ii) e—27rz§]d§
jEQZREST |V €

Moreover, suppose that h is a nonzero function which is compactly supported and additionally

satisfies the following conditions: (1)

Z Z /ENH (log (£~ )) f(log (1) — “)G—ngjdf

2

JEQLKESL f
L[ st T ), e |
jeaZ o+t 5

for some fived element ko € 0Z. (2) The Lebesque measure of the set e is strictly larger
than o~. Note that the second condition is due to the expansive property of the exponential
function x +— e* on the positive real line. Consequently, the collection of trigonometric
exponentials {e=*™%1 : j € aZ} cannot be total in L? (e, d€). It is then possible to choose
a nonzero function h € L* (R) such that

/ h (log (¢71)) - f (log (§1) — o) 6*2”i£jd£ -0
ro+1 £

for every integer j. Fizing such a function h, we obtain

S5 hm (exp iX) ma (exp sA) ) = 0.

JEZ KEZL

Since h is not the zero function, we conclude that {my (exp j X)) (expcA)f : j € aZ, k € 07}
is not a frame for L* (R).

Given g and f in L? (H,dug) , we formally define
2
(2.9) sCu.Trvgf) =3 3 ‘<g,7T (¢71) 7 (exp (PX)) f>ﬁ‘ .
Lely exp PXel'y

At this point, it is not clear for which quadruple (T'y, Ty, g, f) should the series defined by
s(I'y, N, g, ) be convergent (or divergent). Suppose that f is continuous and supported on

O and for the time being, we shall overlook all convergence issues related to the definition
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of s(I'y, 'y, g, f). Since
[ (exp (X)) £ (h) = 2744 ) A8 (1) and [r (0)] £ (h) = £ (¢7'h)

it is clear that in a formal sense, we have

Iypex = (g7 () 7 (exp (PX))F), = /Og (¢ R &2 Ad™ ) AP E (R dpg ()

Recall that 8y : H — By (H) C n* is defined as follows: Sy (h) = Ad (h~1)" . Next, for each
h € O, there exists a unique element A in ¢ (O) (which is a subset of the Lie algebra of H)
such that h = ¢! (A) and

Larx = [ (g (097 () 2 E O PIFLTCD)) dus (67 (4)
©(0)

Since P is a linear projection, we obtain

(Br (7' (A),PX) = (P By (¢ " (A), PX);

and consequently,
feras = [ (£l ) TG ) 00 00 gy (5 ().
¢
In local coordinates, the action of P*[3) is given by the diffeomorphism
Or= Py 1 9 (0) = 01 (p(0))

and for every A € ¢ (O), there exists a unique element £ in O, (O) C p* such that, given
A=06;"(¢), and

Fee(§) =g (Tl (651 (9)) f (¢t (857 (9)))
we have
Trox = / oy For O Ny (71 (0 (0).

Note that duy (¢ (65" (€))) is a measure on O, (¢ (0)). In fact, O, (¢ (0)) is merely the
pushforward of the Haar measure on H under the map ©, o ¢.

Let d¢ be the Lebesgue measure on P* (n*). To simplify the integral I ¢ x, we will need
to compute the Radon-Nikodym derivative

dpm (971 (051(9))
de !
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denoted by W, : ©, (¢ (0)) — (0, 00) where

_dpa (97 (057 (9))
de '

In light of the discussion above, the following is immediate.

(2.10) Wi (§)

Lemma 10. Given discrete sets Uy C H, Ty C exp (Pn), g and f in L? (H, duy) such that

f is a continuous function compactly supported in O,

S(FH7FN7g7f)

=2 2

Lel g exp(PX)ely

2

/e ((0)) [g (e (051(9)) £ (7 (051 (€)) W (5)] ¢~2miEPX) g

Lemma 11. W, is a strictly positive function defined on O, (¢ (O)). More precisely,
a0 (9],

Wi (§) = 0—&]]
1<j,k<n

Hvk (£)| - |det
k=1

where for k € {1,2,--- r},
ewk(f)_l )
o0 (€) = T@@f?ﬂk(f)#o
Lif wy (§) =0

and (wy (€)))_, is a sequence of eigenvalues for the endomorphism —ady (05" (€)) .

Proof. Referring back to the diagram given in Figure 2.8, we proceed as follows. First, let f

be a positive function compactly supported on O. Given h € O, since there exists a unique

A€ p(0) C bhsuch that h = ¢! (A), we have

Lt dnn )= [ (e () dun (27 (1)

©(0)
Next,

/O £ () dpr (h) = / £ (o7 (05(9)) dun (¢7' (051 () -

Ox(¢(0))
Taking ¢ to be the logarithmic map (we assume here that O is sufficiently small), we obtain

[t = [t (exn (657 ) dun ex0 (657 ).

Ox(¥(0))
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Chain Rule together with [9, Proposition 5.5.6] gives the following. Defining
= exp (—ady (03" (€)))

A6 =

ady (63" (€)) 7
up to multiplication by a positive constant, we have
olet ()],
(2.11) W, (€) = |det (A (€)) - det %] .
3 1<j,k<n

Note that the function & — det A (€) is nonzero on O, (¢ (0)) since each linear operator

= (—ady (05" ()
2.12 A =
(2.12) ©=2 T
is invertible [8, Page 25]. Precisely, there is an ordering (vy (§), - - , v, (€)) for the eigenvalues
of the linear operator ldexPCE(a@dhg%) ©)) as well as an ordering (w; (§),--- ,w, (§)) for the
ady ()
eigenvalues of —adj, (03" (£)) such that
(2.13) det (A (&) = [ e (5)‘
k=1
and for each index k,
Y e £ 0
— ifw
w(@=9 w© .
As a result,
r 965 (9],
(2.14) W, (€) = [T (g)’ - |det 3 : J
k=1 K 1<j,k<n

and for £ € ©, (¢ (0)),

Lemma 12. For any continuous function s compactly supported on O, the function

h— s (h) /Wy (05 (¢ (h)))

1s also continuous and compactly supported on Q.
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Proof. According to Lemma 11, W is a strictly positive function defined on ©, (¢ (0)).
Thus, the function i — /W, (0, (¢ (h))) is a positive continuous function on O. Further-

more, for any continuous function s supported on O, it is clear that

hs(h) - /Wi (0, (¢ (h))

is also continuous and supported on O. 0

Remark 13. Although Lemma 11 is useful for the proofs of the main results, it is not
practical for specific examples (see the examples given in Section 3.2). To compute Wy it is
clearly important to have at our disposal, an explicit formula for the Haar measure of H. In
many cases, this can be achieved inductively as follows. Suppose that H = ST where S, T
are closed subgroups, S NT is compact and S x T > (s,t) — st € H is a homeomorphism.

Then
) det (Adr (1)
100 = [ [ o) S e () s (9

and dugs (s) dur (t) are left Haar measure for S and T respectively [22, Proposition 5.20].

In our quest to describe quadruples (I'y, 'y, g, f) for which the series s (I'y, 'y, g, f) is
convergent, we will need to also address the following question: Let f be a nonzero positive
function which is compactly supported on H. Can we find a discrete set A C H such that
for all x € H, there exist positive real numbers A < B not depending on x such that
AL ZveA f (vx) < B? A positive answer to this question is given by Lemma 14; and its

proof ? requires the following concepts.

e A discrete set I' C H is U-separated if YU N~'U is empty for v # ' in T
e A discrete set I' C H is called V-dense if H =T'V.

Lemma 14. Let f be a nonzero positive function which is compactly supported on H. Then

there exists a discrete set I'y C H such that the compound inequalities

A< Zf(yx)SB

Y€l'm

hold for all x € H with 0 < A < B < oo independent of x.

3Many thanks go to H. Fiihr for sharing with us a complete proof of Lemma 14.
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Proof. Fixing a set I' C H which is U-separated, for some open set U around the neutral
element of H, we select an open symmetric set V such that V2 C U. Next, let

k
supp (f) = Uin where x; € T'.
i=1
Then each set x;V contains no more than one element from I'. Suppose otherwise. Then
given k,7 € I' in z;V one has that k™ 'y € V2 C U and this contradicts the fact that T is
U-separated. Thus,

Zf(’ya:) <k-(sup{f(z):x€ H}) < 0.

~yeT

Next, let W be an open set contained in H such that f () > € for all x € W and for some
positive real number € > 0. Without loss of generality, we may assume that W is an open set
around the neutral element in H. Let us select a symmetric open set V' around the identity
in H such that V? C W. Next, observe that every V-dense subset I' must intersect W. To
see this, let y € V and « € I such that y € V. Then clearly v € yV ™' Cc V2 C W and

Z f(yx) >e>0.

~yeT
To complete the proof, it is enough to select a V-dense, U-separated set with sufficiently
small V. To this end, pick Z contained in V such that Z is symmetric, Z2 is contained in V
and pick a Z-separated subset which is maximal with respect to inclusion. Then such a set

is V-dense and Z-separated. 0]

Remark 15. In the case where H is completely solvable, an explicit construction of the set
Iy in Lemma 14 can be found in [28, Lemma 29).

Let

(2.15) w (h) = Wi (Ox (¢ (h))).

Remark 16. Given a continuous (or a smooth) function £ which is supported inside O,
since the product £1/w is continuous and supported inside O, according to Lemma 14, there
exists a discrete subset 'y of H such that given

(2.16)

mp s = essinfpepy (Z ’f (¢h) - \/Wr) and My ¢ = essSuppc g (Z ‘f (¢h) - /W (éh)"Q) |

Lel g tely
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we have
0< mpgs < MH’f < Q.

We recall that by assumption ©, (¢ (O)) is relatively compact in P* (n*) and ©, (¢ (O))

has positive Lebesgue measure in

(2.17) p* =P (n")~R".
Given C C p*, and I'y contained in exp(p), we define
Q2milY)
(2.18) E(C,Ty) = {W:Yelog(f‘]v)}.
Put
(2.19) p=P;(n)=P(n).

Lemma 17. There ezists a set C which is a compact subset of p* such that O, (¢ (0)) C C
and T'x is a discrete subset of exp (p) such that the trigonometric system & (C,T'y) is an
orthonormal basis for L* (C, d€).

Proof. Define a positive real number ¢ such that

¢ = esssupper {[|Ox (9 (7))l oy : o € OF -

Next, let
J:{jl <. <j7“}:{1727"' 7n}'
Put C' =37 [=¢,¢) Xj C p* and define

1
I'y = exp (Z ZZXjk> C N.
k=1

Then
{C+k k€ Zzgzx;k}
k=1
tiles p*. Moreover, the Lebesgue measure of C' is equal (2¢)" and the system & (C,T'y) is an
orthonormal basis for L? (C,d¢) . O

To simplify our presentation, we list below some important conditions which we shall refer

to by their corresponding numbers throughout this work.
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A collection of technical conditions
(C1) I'y is a discrete subset of H such that

0 < mpgs = essinfrepy <Z ’f(éh) \/W‘2>

el y

< Mpg = esssuppcpy (Z ‘f(éh) \/W)Z) < 00

Lely

as defined in (2.16).
(C2) C is a compact subset of p* such that
O\(p(0)) CcC

and 'y is a discrete subset of exp (p) such that the trigonometric system
eQWi(E,Y)

is an orthonormal basis for L? (C, d€) as defined (2.18).

(C3) mus = Mpy (see (2.16))

(C4) mpyg = Myg = |C|™" (see (2.16) and (2.18))

(C5) [, £ dpra () = 1

(C6) There is a discrete subset I'gy of H such that {¢~'O: ¢ € Ty} is a tiling of H.
(C7) f is a vector in L? (O, dpy) such that

£ (o7 (651(9)) = Wa () 1,00y ()

and

Wit B 165°©)

(C8) f is a vector in L? (O, duy) such that
115

VICT
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For I' C G, we define
(2.20) SEDN) ={r(x)f:z€T}.

Lemma 18. Let f be a continuous (or a smooth) function which is compactly supported on
O. Next, let 'y and I'y be discrete sets satisfying the conditions described in (C1), and
(C2). Then S (f,F;IlFN) is a frame for $ with frame bounds

0< mgyg - |C| < MH’f . ‘C’ < Q.
Additionally, the following holds true.

(1) If (C8) holds then S (£ T'7'T'y) is a tight frame for $.
(2) If (C4) and (C5) hold then S (f,F;fFN) is an orthonormal basis for $).

Proof. Let g be a continuous function which is compactly supported in H. Put

s(Ty,T'n, g, f) Z Z ‘<g,7r(f‘l)ﬂ(exp(PX))f%’Q.

Lely exp(PX)el'y

According to Lemma 10,

S(FH7FN7gaf)

=2 2

Lel g exp(PX)el'y

2

/G) (p(0)) [g (57190*1 (@;1 (5))) f (gp—l (@;1 (5)))W/\ (5)] e—2m‘<&px>d£

To simplify notation, we let

Then

S(FHarNagaf) = Z

el y exp(PX)GFN

2

[ e @) FR@IWa (¢ 2o
O (¢(0))
Letting ¢ be the Fourier series defined on L*(C), it is clear that
[ e @) FRE@IWa (¢ e 2o
Ox(¢(0))
= e (67 & (1w (©) FE@IW (€) Toywon ()) (PX).
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Appealing to Plancherel’s theorem,

s Tug =101 [ Ja (@) F@IWa (7] Wa(©dc.

lely
Setting
h=ule) = ¢ (65 (6)).
we obtain
s Ty g, _ 2 W 1/22 I
(221) T Tvgd)= 30 |t ey @) (1)
(2.22) =3 [ gt ) (@) ds ().
tery 7 H

Using Tonelli’s Theorem to interchange the sum and integral in (2.22) yields
2
s T ) =101 [ Jg (0 Y Je(ehyw (eh)!”] ds ().
H teTy

In summary,

s (T, T g, £) < |C] - Mg / g ()2 dyusr (h) = |C| M ||gl
H

and
(U, Do £) 21O mize [ g (0" s () = |C e .
H
Since the set of all continuous and compactly supported functions is dense in $), it follows
that the collection
{7T (fﬁlli) f:(,k)ely x FN}

is a frame for the Hilbert space $) with frame bounds |C|- mpgs < |C|- Mpg. This proves
the first part of the result.

For Part (1), assuming additionally that mpy¢ = Mpy¢, the lower and upper frame bound

coincide and consequently, S (f ,FI_{lF N) is a tight frame for $).
Regarding Part (2), under the assumption that

‘C’ cMypfs = |C’ 'MHyf =1

and

/H £ (1) duss (h) = 1,
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we obtain S (f I,T N) is a unit norm Parseval frame and therefore, it must be necessarily
be an orthonormal basis. U

Proposition 19. Let f be a continuous (or a smooth) function which is compactly supported
on O. Neat, let I'y be a discrete set defined as described in (C2). Given a discrete set A of
H, if the system S (f,A™'Ty) is a frame for $ with frame bounds A, B then for almost every

h € H, we have
2
Aler™ < S |e ) w )| < Blel!
e
In particular, £ must be bounded.

Proof. The proof goes as follows. Put
2
s Twgt) = Y [er (@) rlePx)6), [
LeA exp(PX)ely
By assumption, given g € §,

S(A,Fw,g,f)z/ g (h) (lC!Z‘f (¢h) w (¢h)'/?
H

leA

> dpsr (h)

> [ Alg (0l du ().

Consequently,

/ng( (|C|Z’f (eh)w () 2]

LeA

A) dpg (h) > 0.

Suppose that
'y )f (¢h) w (£h) 1/2) <A

el y
on some subset £ C H of positive and finite Haar measure. Letting g be the indicator

function of the set F,

ST 0) = [ 1012 () w ()" (1)

LeN

<A'/EdMH(h>

= Allgll”.
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Thus, A ||g||2 > s (A, T'y,g,f). This contradicts our assumption. Similarly, suppose that

Z‘f (Ch) w (£h) 1/2‘ ~ B
leN

on some subset F' of positive and finite Haar measure. Letting g be the indicator function
of the set F,

> Y ) e @x)n,[ > Bl

LeN exp(PX)el'y
and this contradicts that S (f,A™'T'y) is a frame for § with upper frame bound B. 0

Proposition 20. * Let f be a continuous (or a smooth) function which is compactly supported
on O. Next, let 'y and I'y be the discrete sets as described in (C1), and (C2). Put

Z ‘f (lx)w (lx) 1/2|*

Then the frame operator S corresponding to S (f,F;l,lFN) and its inverse are given by Sh =
(IC]-F)h and S~'h = (|C| - F)~" h respectively for all h € $.

Proof. Let us assume that
S (f,FI_{lI’N) = {7r (6_1/{) f:(l,r)ely x FN}
is a frame for $) with frame operator S : § — $ given by

(2.23) Sh= > (hx(C'R)f) 7 (k) f
(E,H)EFH XFN
for h € . Assuming that h has compact support, the inner product of Sh with h is

(shhjy= 3 |t ()|

(e,N)EFH xI'n

:|C|./Hyh (Z)f (0x) w (z))? )dug(m’).

4We thank the reviewer for making suggestions that lead us to the statement and proof of Proposition 20
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Since the set of all continuous functions which are compactly supported is dense in $), and

since S is continuous, it follows that for all h € §, we have
(Shb)y = (€] [ B P (&) dus ()
H

_/H(|C|h(a:)F(x)) (x)dpr ()
= (IC] - Fh, h)

Thus, the action of the operator S on a vector h in the Hilbert space § is given by Sh =
|C| - Fh. Similarly, the inverse of S also acts by multiplication by ﬁ as follows S~th =

1
Wh' OJ

The following theorem offers concrete conditions for the existence of Parseval frames and
orthonormal bases of the type

S(s-14T5'Ty)

for some measurable function s defined on O and a dug-measurable subset A of O.

Proposition 21.

(1) Let £ be a vector in L? (O, dug) satisfying (C7). If additionally (C2) and (C6) hold
then S <|C’|71/2 f,FI_JIFN) is a Parseval frame for $.

(2) Let £ be a vector in L* (O, duy) satisfying (C7) and (C8). If additionally, (C2) and
(C6) hold then S <|C’|7l/2 f,F;III’N> is an orthonormal basis for $.

Proof. First, we observe that if f is a function defined on O such that

£ (™ (03(9) Wa (9" = oo (€).
then f € L? (O, duy) . Indeed,

Lot an = [ (7 ) (7 ()

(o0 (32)) _ / £ (o7t (031 () Wi (€) dg
Ox(¥(0))

and
2

[rmtamm= [ Wit (e @)

=[O (¢ (0))] < oo
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Given X € p, and letting g be a continuous function defined on O, we obtain

I = (g,7 (exp X) £),

- / g (h) AT ANE (R dpugy (h)
O

(r(e7H(A)=Aa(n1)"2) / o° (7 (A)) A (e )X F (G T (A))dpy (07 (A))
Sinee A=A = / g (971 (A)) 2P e X (0T (A))dpuy (97" (A))
»(0)
OAA=F g™ () / oF (97" (A)) T ONDDE (=1 (A))durr (97 (A)) -

Next, the change of variable
§=6x(4) = A=0,"(¢)

yields

I= [ e (g (o (631 ©) (0 (65 @)W () e
Ox(¢(0))
Let C be a compact subset of n* containing ©, (¢ (0)) such that

&N 1o, (o)) (€)
’C|1/2

is a Parseval frame for L? (©) (¢ (0))). Then

L= Y |{gr(expX)f)yl°

exp Xe€l'y

(2.24)

cexp (X) € FN}

2

e2mi{eX) 1/2 1/2
| el (e () O Wa () g
o) |C|

exp Xel'y
Letting
u(@)=¢" (05" (9),

we obtain
2

dg

h=[ et s wae”
Ox(¢(0))

_ / O] [ (u () W () de
O (¢(0))
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— 0| /@ g (W) dass (1)

Assuming the existence of a discrete set I'y C H such that {{~'O : ¢ € Ty} is a tiling of H;

since the operators 7 (6) ¢ € T'y are unitary, it immediately follows that

Z Z ‘<g, 7 (exp X) f>‘ = Z Z 0)g-lp, 1o - W(eXpX)f)]

Lely exp XETl N Lely exp XETl' N

=101 Y In(6) (g~ o)l

ey

—c]- Z/}g 1) P dpag (h

el y

= 3 [ 0 don 1

—|c|- /H & ()2 dusr ()

Therefore {m ((~'k)f : k € T, ¢ € Ty} is a tight frame for L? (H, dug (h)) with frame bound
|C|. As a result,
{r('R)1CI 8k eTy LTy

is a Parseval frame.
If additionally,

(2.25) CI72 - IEl, = 11772 - [0x (p (0))] 2 =1

then

fiere], =
9

Q
AN
S~
=
&
T
=N
=
m
—~
B
N———
=
no



30 VIGNON OUSSA

B EB = o2 s (e (O))* = 1.

Therefore,
{w (1) (\01*1/2 f) Kk ely, (e FH}

is an orthonormal basis for §). OJ

Remark 22. (The construction of orthonormal bases) For the special case where NH is a
nilpotent Lie group, Proposition 21 Part 2 gives sufficient conditions for the existence of or-
thonormal bases generated by a function of the type s-14. K. Grdochenig and D. Rottensteiner
recently [20] proved the following. Let G be a graded Lie group (thus, nilpotent Lie group)
with a one-dimensional center. Next, let m be a square-integrable irreducible representation
of G realized as acting in L? (]Rd) which is square-integrable modulo its center. Then there

exist a set I' C G and a compact set F such that

{|F|71/27T(’}/) lp:ye€ F}

s an orthonormal basis. We would also like to remark that there exist unitary representations
of nilpotent Lie groups which are not square-integrable modulo the center which we can still
discretize to construct orthonormal bases for the corresponding Hilbert space. To see this,
let G be a siz-dimensional simply connected nilpotent Lie group with Lie algebra spanned by

Xo3, X13, X120, X3, Xo, Xy with corresponding dual vector space spanned by the dual basis
X;Sv Xf:s’ XTZ? X:;kv XS? Xik

such that (X}, X;) = 0x;. The non-trivial brackets of the Lie algebra are given by [X;, X;] =
Xij for i < j. Thus, the elements Xa3, X153, X12 span the center of the Lie algebra of G and

G is a step-two free nilpotent Lie group on three generators. Fix a linear functional
A = A3 X553 + A3 XT5 + A2 X7y + A3 X5 4+ X5 + M XT
such that \og is nonzero, and consider a subalgebra n spanned by the vectors
Xoz, X3, X12, A2 X3 — A3 Xo + Aoz X7

Then n is a mazimal algebra of g such that [n,n] is contained in the kernel of the linear

functional X\. w is called a polarizing algebra subordinated to the linear functional X [27].
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Nezxt, we consider the corresponding irreducible representation wy of G realized as acting in

L% (R) as follows

(
fla—1) yr=n
e~ 2midasat f () if X = X3
(2.26) T (exptX) f (z) = omiths miztn,  —2mi L2 A - '
e2mithr p2mizthis o 93 f(x—ﬁ) ZfX:Xl
627Tit)\ijf (l’) ZfX = XZ]

\

Let
u={X€eg:ad(X)" X=0}

be the so-called radical of \. Then t) contains the center 3 (g) of g and since
dim (ty) =4 >3 =dim(3(g)),

according to [5, 4.5.4 Corollary]), my is not square-integrable modulo the center of G. Al-
though, the action given by my (exp X1) is quite complicated, we do not need to take it into
account for the construction of orthonormal bases. To this end, it suffices to select our
discrete set to be

I' = exp (A3 ZX3) exp (ZX>) .
Given k,j € Z and f € L? (R) , we have

malexp (Mg kX3))f () = e 7™M f () ma(exp (jX2))f (2) = f (v — ).

and the collection {my (v) 1jo1) : v € I'} is an orthonormal basis for L* (R). Note that in this
example, Theorem 1 does not even apply since G cannot be written as a semi-direct product
of the type NH for some closed subgroups N, H satisfying our assumptions. We intend to

generalize these constructions in a future investigation.

We are now in position to establish our main results.

2.2. Proof of Theorem 1. Appealing to Lemma 14 and Lemma 17, we see that the suffi-
cient conditions stated of Lemma 18 hold for any function f which is continuous (or smooth)

and supported on O.
2.3. Proof of Theorem 2. Theorem 2 follows from Proposition 21.

2.4. Proof of Theorem 3. We will start this section by reviewing some fundamental con-

cepts of exponential solvable Lie groups [31]. Let h be a real solvable Lie algebra of dimension



32 VIGNON OUSSA
r. We define the derived series of § inductively as follows
D'y = [b,b], D*h = [D*'p,D*'p] .

Here [h, b] is the real span of [ X, Y] for X,Y € h. Moreover, we say that b is solvable if there
exists a natural number m such that dim (D™h) = 0. The smallest such natural number
m is called the length of h. For example, it is not hard to verify that the algebra of upper
triangular matrices is a solvable Lie algebra.

Next, for a Lie algebra b, the descending central series is defined by the sequence

H@ =15, = [h,b],--- 5™ = [H*V ]

and b is called nilpotent if there exists a natural number m such that dim h™ = 0. It is easy
to verify that all nilpotent Lie algebras are solvable. However, the containment of nilpotent
Lie algebras in the set of solvable algebras is strictly proper.

A connected Lie group H is said to be solvable if its Lie algebra is solvable. Keep in mind
that even if H is simply connected and solvable, the exponential map may still fail to be
bijective. For a solvable Lie group H with Lie algebra h, when the corresponding exponential
map is a bijection, we say that such a group is exponential and its Lie algebra is also called
exponential. Such a group is necessarily connected and simply connected as well.

The following lemmas will be instrumental

Lemma 23. [31, Corollary 3.7.5.] Let b be a solvable Lie algebra over the reals. Then we
can find subalgebras b = by, ba, -+, b, = {0} such that (1) Fach b1 C by and bhryq is an
ideal of by and (2) dim (hy/bx41) =1 for ke {1,--- ,r}.

Lemma 24. [31, Theorem 3.18.11] Let H be a simply connected solvable Lie group with
Lie algebra by. Suppose that {Ay,--- , A.} is a basis ® for b satisfying the following property:
b = Zizl RAy is a subalgebra of b and each b is an ideal in br1y. Then the map

(a1, a,) = exp (a1 A1) - - - exp (a, Ar)
s an analytic diffeomorphism of R" onto H.

Moving forward, we will also need the following lemma. Let £ (C,I'y) be as defined in
(2.18).

5The existence of such a basis a direct consequence of Lemma 23
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Lemma 25. Let s be a continuous (or a smooth) function which is supported on O. Suppose
that 'y s a discrete subset of H such that

D sn)F=1
el y

for almost every h € H. Let C' be a compact subset of p* such that ©, (¢ (0)) C C and 'y is
a discrete subset of exp (p) such that the trigonometric system € (C,I'y) is an orthonormal
basis for L* (C,d€). Then the system

{[7‘(‘ (k)] O™ 2sw 2 (0,k) € Ty x FN}
is a Parseval frame generated by the compactly supported and continuous function sw—/? |C’|_1/2 .

Proof. Let us suppose that s is a continuous (or a smooth) function which is compactly
supported on O such that Y7, . [s (¢h)]* =1 for all h € H. Next, let f = sw™/2. Then

Z ’f(/ih)\/w(/ﬁh) = Z = Z s (kh)|> = 1.

wkel'y wkel'y rel'y

)

w (Kkh)

’2

Appealing to Lemma 18 Part (1), the stated result is immediate. 0

Suppose that H is a connected exponential solvable Lie group. We will prove by induction

on the dimension of H that there exists a continuous function s compactly supported in O

such that
> lstn)P =1
Lel y

for every element h in H.

For the base case, let us suppose that the dimension of H is equal to 1. Moreover, let us

suppose that O = (—e~ ! e 1) for some positive real number €. Put

1
s(t) = (1-1j22 * 1m1y2/9)) 2 (et) .
In the above, * stands for the usual convolution product for functions defined on the real
line given by
(F+9) )= [ f@)gly—a)de
R

Since

Z (1[_1/271/2] * 1[_1/271/2]) (t + k)) =1forallte R,
kEZ
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it follows that
1,0\ 2
D lsE+e k) =D (L2 * Loyjzaym) (e + k) = 1
kEZ kEZ
holds for every real number ¢. Note that the smoothness of s can be improved if s is replaced
by a suitable spline-type function of higher order. To this end, let b,, be the function obtained

by convolving the function 1{_y /21 /9] with itself n-many times. Next, let

Then

for every t € R as desired.

Next, let us assume that our result holds true whenever, dim H < r for some natural
number r > 1. Suppose next that dim (H) = r + 1. Since H is an exponential solvable Lie
group, we may write H = H,H. such that H, is normal in A and H. is a 1-parameter
subgroup of H (by appealing to Lemma 23 and Lemma 24) which we shall identify with the
set of real numbers. Without loss of generality, we may assume that O = 0,0, such that
On C H, and O, C H. such that (inductive hypothesis) the following holds true. There

exist I, C H, and I'c C H. and continuous functions (or smooth functions) s, and s, such

that
Z [Sn (gnh/)‘Z =1
£n€l'n

for almost every h' € H, and
D lse (Lh”))* =1
L€l

for almost every h” € H.. Next, we define a continuous function s on H as follows. Given
h € H, since we can uniquely factor A such that h = h,h, with h, € H, and h, € H,, we
define

s (h) = s (hnhe) = sn (hn) - Sc (he)
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for all A in H. Thus, for h € H,
DTN s Unlch)P =D > s (balehnhe)]?.
le€lc €n€ln Le€lc n€ln
Rewriting the identity in H as e = '/, we obtain:
ST N s aleh)P =3 DT s (baloha (610) Be) |
ZCGFC énern £C€FC Z1’161—‘11
Next, appealing to the normality of H,, in H, it is clear that £,l.hy(;! € H,,. Moving forward,
SN s ((tabehnts) (b)) P = 30 Y [sn (babehnts )| - [se (Cche) .
lc€lc €n€ln Le€lc bn€l'n
However, by assumption, for any fixed £, € T, since fchol;' € Hy, it is clearly the case that
7 Isn (alehal") | =
Therefore,

ST [sn (babehnle)[ - Ise (lehe)P = 3 Ise (oo =

ECGFC Znern ZCGFC

DD Istaleh)’ =

ZC GFC gn GFI’)

and we conclude that

for all h in H.

In light of Lemma 25, Theorem 3 is immediate.

3. EXAMPLES AND APPLICATIONS

3.1. A class of matrix groups satisfying the assumptions. Proposition 26 gives us a
procedure for constructing an extensive collection of matrix groups satisfying the conditions
listed in Section 1.1. We thank Gestur Olafsson for showing us the class of linear groups
described in Proposition 26. This class of groups is inspired by some earlier work of J. Wolf

on the representation theory of maximal parabolic subgroups of classical Lie groups [32].

Proposition 26. Let

h 0, Id,
H= heK$ and N = Y lireglnR)
0, Id, 0, Idn
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where K is a closed and connected matriz subgroup of GL (n,R). Put G = NH. Then there
exists a linear functional X\ € n* such that the smooth map h — By (h) = Ad(h™1)" X is an

immersion at the identity of H.

Proof. Let

0, Id,

h— fo On
0, Id,

defines a Lie group isomorphism between K and H and we shall identify K with H via this

G:{[ hoow ]:hEKandeg[(n,R)}.

Clearly, the map

isomorphism. By assumption, the dimension of N must be greater than or equal to that of
H, and the Lie algebra of N takes the form

nz{lgz Oxn] :ng[(n,R)}.

We identify n with its dual such that for A € n* and X € n, the pairing (\, X') is given by
the trace of the matrix AT X. For \ € n*, the map

ﬁAiH%ﬁA(H) Cn*
described in (2.1) is computed as follows. Put
On
Ao = A= e
0, O

where w is a matrix of order n and let h € H. Then

<)\,Ad(h_1)X>:<[8: 52][};; 1?11] [8: 091]>

Suppose next, that w is the identity matrix of order n. Then

0, 0, =t o0, 0, =
Id,, 0, 0, Id, 0, O

. .
-~

AT Ad(h—1)X

(\Ad (R X) = Tr




COMPACTLY SUPPORTED BOUNDED FRAMES ON LIE GROUPS 37
0, Op ™t 0, | | 0p Op
Id, 0, 0, Id, | |Ar?t o0,]’
0, O, 0, =z
=t oo, 0, 0, '

. 0, (b4 N
(Ad (B A, X) = U

0, 0, 0, 0,

Ad (h™Y)" 2 = [ O ()7 ] |

By a slight abuse of notation, we can now say that 8y (h) = (h!)" and clearly, this implies

Since

it follows that

(NAd (R X) =Tr (

Consequently,

and we obtain

that (5, is an immersion at the identity of H. ([l

Remark 27. Note that the proof of Proposition 26 still works if we were to replace A\, € n*

with a linear function A\, such that W' is any other invertible matriz.

3.2. Some explicit formulas for W, and applications. Since W), plays a central role
in this work, we exhibit below some examples in which W is explicitly computed. In some

cases, we also give a construction of frames and orthonormal bases.

Example 28. Let G = R3 x R be a semidirect product equipped with the product

cost —sint 0
(x,t) (y,s) = |+ | sint cost O |y,t+s
0 0 et
Here
N =R?x {0} and H = {0} x R.
The group G = NH s simply connected and solvable but it is not completely solvable. Next,
let X\ € n* such that X = (0,1,0). The corresponding induced representation m is neither

wrreducible nor square-integrable neither. The non irreducibility of © follows from the fact
that the stabilizer subgroup Hy in H is not trivial [11, Chapter 6]. Next,

Ad (h_l)* A = (—sint, cost,0)
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and letting P* : n* — n* such that

P* ()\17)\27>\3) = ()\17070)a

we obtain O, (t) = —sint which is clearly a local diffeomorphism at zero (clearly not a global
diffeomorphism.) Its local inverse is given by ©3" (£) = — arcsin (£). As a result,
1
Wi§) = —

N

Staying away from the singular points of ©y, fir O = (—%, %) . Then ©, defines a diffeomor-

phism between O and its image. Let £ be a continuous function supported on ( R E) such

R
that
2

f(t+7¢
mp s = inf g (t+9 >0
V= \/1—sin(t+f)2

and

f(t+7¢
Mp s = sup E (t+0 < 00
b \veaz \/l—sin(t—i—f)2

for some positive real number . Take for example,

f(t)=1/1—sin(t)’ <1(_%7%) * 1(—§,§)>1/2 (t) and a = 1.

Note also that {% (Y € %Z} is an orthonormal basis for L? (C,d§) where C = sin (—%7 %) =
(—ﬁ ﬁ) Let
2372 )

1
I'=12(0,0,0)(,0,0): 0 € aZ,k € —=Z p C Q.
{0.0.0000) )
By Proposition 18, the system S (f,I') is a frame for L? (R) with frame bounds
0<mpe-V2< Myg- V2 < 0.

Example 29. (The standard two-dimensional shearlet group, [7]) Let G = R* x R? be a

semi-direct product group with multiplication law given by

(v,t) (w,8) = (v+tow,t+s)

et tiet? wq
tow = .
0 e Wo

where
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For a fized linear functional X of R?, let

. 2 w2
T = 1nd§2”]R

(x»)

be a unitary representation of G realized as acting on L? (R?) as follows. For a square-

integrable function £ over R?, the action of 7 is described as follows

27ri<|: Me" ] U1
r(,s)E] (1) =e \LE T (e Ah)

Take \y =1 and Ay = 0, and J to be the set containing 1 and 2. By identifying G with its
Lie algebra, ¢ is just the identity map. Next, let ©y : R? — (0,00) X R such that

V2

>~f(ts) for (v,t) € R? x R?.

O (t1,t2) = (67@7 —6%2151) .

The inverse of Oy is given by @;1 : (0,00) x R — R? such that

o= (£ (1)

& ! ] |

and the Jacobian of ©3" is

—& 0
Since H is commutative and is identified with its Lie algebra,

W (61,62) = |det Jacg 1 (61,6)] = &7

Next, ©, defines a global diffeomorphism between R* and (0, 00) x R. According to Theorem 1

Jac@;1 (&1,&) = [

for any continuous function £ supported on some compact set K C R?, there exists a discrete
set Trcg C G such that {m (v)f : v € Tkr} is a frame for L? (R?,dz).

Example 30. (A case where H is SL (2,R)) Following the construction given in Proposition
20, let

1 0 21 29 acosf ascosf — ésin@ 0 0

G 0 1 z3 x4 asin icosQ—i—assinQ 0 0 ey zifaseR
00 1 0 0 0 10
00 0 1 0 0 0 1
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be a matriz group with Lie algebra g = n+ b such that n is spanned by

0010 00 01 0
0 0 0O 00 0O 0
000O0| lOOOO]|'|DO
0000 0000 0
and b is spanned by the matrices
0 -1 0 0 01 00
1 0 00 00 0O
00 00|’'|l0O0O0TO
0O 0 0 O 00 0O

Let v : SL(2,R) = H — R® such that

acosf ascos@—%sin@
asin 6 L—llcosﬁ—i-assine
0 0
0 0

2

000 0000
010 0001
000/ 'l0O0O0TO
000 0000
1 0 00
0 -1 0 0
"o 0 00
0 0 00
00
00
=(0,a,s).
Lo ( )
0 1

Then ¢ defines a local diffeomorphism at the identity of H and there exists an open set O

around the identity of H such that (O, ¢) is a smooth chart. Next, we fix a linear functional

0 0

>

I
o o o o
o o o -

0
0
0

o O =

To compute Ad (h=')" X, we proceed as follows. Let M (0, a, s) be the inverse transpose of the

following matrix.

cos) —sind 0 0O a O
sinf cosf 0 0 0 1/a
0 0 10 0 0
0 0 0 1 0 0

0 0 1 s 00
0 0 0100
10 0010
01 0001
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With straightforward calculations, we obtain

0 0 alcosf+assind —asinf
Ad ()" A = M (6,a,5) A = 0 0 a'sinf —ascosf acosh

0 0 0 0

0 0 0 0

The map h — Ad (h™1)" X is clearly an immersion at the identity of H. Next, let P* : n* — n*

be a linear projection satisfying

0 0 Zcos+assingd —asind 00 0 —asind
P 0 0 Zsinf—ascos acosf _ 0 0 Zsinf—ascosf acosd

00 0 0 00 0 0

00 0 0 00 0 0

With respect to this projection, we define ©y (in local coordinates) as follows

O, (0,a,s) = (

The Jacobian of ©) is given by

—a?scosf + sin 6

,—asinG,acos@) .
a

écos¢9+assin9 —scosf — %sin@ —acosf
—acosf —sin6 0

—asinf cos 0 0

and its determinant a®cos @ is nonzero at (0,a,s) = (0,1,0). Thus, ©, is a local diffeomor-

phism at (0,1,0). Using the following Haar measure a~3dfdads on H, we obtain

1
W = .
=@ ar

Let O be a relatively compact subset of SL(2,R) such that Oy defines a diffeomorphism
between O and its image. According to Theorem 1, for any continuous function f supported
on O, there exists a discrete set 't C G such that {w(y)f:v €Tt} is a frame for
L?(SL(2,R)).

3.3. Construction of orthonormal bases. We present below some examples illustrating
Proposition 21. Our first example shares a striking resemblance with the Heisenberg group

which plays a important role in Gabor analysis.
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Example 31. Let

n=>Y RX;h=> R4
k=1 k=1
such that
000 T 0 ay as 0
3 2
000 0 0 0
Zkak - 2 and ZakAk = — “
T 0 0 0 z3 — 0 0 0
000 O 0 0 0
Every element of G = NH can be uniquely factored as
100 = 1 —a; 3a}—as 0
3 2
010 ) 0 —aq 0
ex rp X | ex apAg | =
p(é“) p(é“) 001 & |10 0 10
000 1 0 O 0 1

In fact G is a step-three metabelian nilpotent Lie group which was also studied in [29] in the
context of sampling theory for left-invariant spaces. Next, let X = X7 and define the linear

projection P :n — n of rank two such that

3 3
P (Zkak> = Zkak-
k=1 k=2

Note that the center of the algebra g = nw+ b is contained in the null-space of P and

000 1 0 0 1 0
@)\(tl,t2> O 1 O tl 1 0 O - tl
001 s+t 1 0 i1+t

To simplify our presentation, we just write

1 T
O, (t, 1) = [t1,§t§+t2] .

It is easy to verify that ©, defines a diffeomorphism between R? and its image. In fact, since

d(t1) d(t1)
ot Ot B I
det ) giztn) a(zye) |, |7

oty Oty
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it follows that W, (€) = 1. Moreover, each of the following sets: [—1/2,1/2)* and ©) ([-1/2, 1/2)2)
tiles R? translationally by Z.2.

o5l \_/\/v

0.0

15l = — |~ .

=15 -1.0 =05 0.0 05 1.0 1.5

Tiling the plane by integral translation of O ([—1/2, 1/2)2)
Put I' = exp (Zi:l ZAk) exp (22:2 ZXk) . Appealing to Proposition 21, we conclude that

{ind%H (XX{) (7) L2122 7 € F}

is an orthonormal basis for L* (R?,dt) .

Our next example gives a construction of orthonormal bases on a class of nilpotent Lie

groups.

Example 32. Following the notation of Proposition 26, we let

G = how che K and x € gl(n,R)
0, Id,
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such that
I ay -+ aip
1 n
K: (ally"'anl)eR 2
(07951
1

Here K is a simply connected nilpotent Lie group. In fact, the group G is also a simply

connected nilpotent Lie group. Next, we consider the following linear functional

0, Id,
A= en’.
0, 0O,

The map h +— Ad (h=Y)" X defines an immersion at the identity of H and the representation
obtained by inducing x is 1rreducible. Let P* : n* — n* be the linear projection given by

P 0, w _ 0, II(w)
0, 0, 0, O,
where ) )
0
)\11 )\12 e )\171
Xot A A A 0
8 B S N I I VR
/\n /\n T /\nn ‘ ‘ ' '
' ? L )\nl )\n2 e )\nn—l 0 _

We describe ©y : H — n* with respect to the projection P* as follows

O, s a polynomial function in the coordinates of H. Moreover, ©), defines a global diffeomor-
phism between H and its image, and W  is merely the constant function 1. Appealing to the
results in [28], it is not hard to verify that there exist C,f.I'y, ' satisfying Conditions 2.1
(2) (6) (7) and (8). By Proposition 21 Part (2), the representation = = indN" (x») admits
an orthonormal basis of the type S (|C\71/2 f,FBlFN> for L* (H).
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