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It remains to determine the eigenvalues A They come from the boundary
condition B=0 at r=1. The gigenfunction is Jo(ﬂr) and the requirement is
J O(ﬂ) — 0. The best way to appreciate these functions is by comparison with the

cosine, whose series we know and whose behavior we know:

: AW At .
cos(ﬂr)—:iw—?-i——i—!*_—a— 37

e values at which cos \/; = 0. The zeros of the

from the series, are at \/7 =n/2, 3n/2, 5n/2, ...
zeros of the Bessel

Again we set r = 1 and pick out th
cosine, although you couldn’t tell it
They occur at regular intervais with constant spacing 7. The
function are almost that regular (fortunately for our gars). They occur at

JAx24,55865,11.8,149, ...
ing. convers es

and their spaging. es rapidly to m. In fact the Bessel function J D{D
approach 2/mr cos (r — n/4), Which looks like the cosine with its graph shifted
by 7/4 and its amplitude slowly decreasing. Figure 4.5 shows this function up to its
third zero, at \/Z . To get that far requires the r2* term in the series (36); the results
of stopping at eariier terms are displayed.

Fig. 4.5. The Bessel function Jo(r} and a drum at frequengy 4.
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integer n. Then the equation for B was (34);

n?
rB" + B + (2:‘ - T) B=10 {40

For 4= 1 this has a solution J,{r) which is finite at r = 0. That is the Bessel function

of order n. {All other solutions blow up at r = {; they involve Bessel functions of the
second kind.) For every positive 1 the solution is just rescaled to Jn(\/): F.Atr=1
the boundary condition requires J,,(ﬂ) ={; that picks out the eigenvalues. The
products A(8)B{r) = cos né J,,(\/A_k r) and sin af J,,(\/)L_k r) are the eigenfunctions.
They give the shape of the drum in its pure oscillations, and Fig. 4.6 indicates

roughly what they look like.
The simplest guide is the nodal lines along which the drum does not move. They

- are like the zeros of the sine function, where a violin string is still. For the drum we

are in two dimensions and the eigenfunctions are A(#)B(r). There is a nodal line
from the center whenever 4 =0 and a nodal circle whenever B = 0. For different
values of n (the frequency in cos n8) and & (the oscillation number in the r direction),
the figure shows where the drumhbead is motionless. The oscillations themselves are
functions of time—they are solutions 4(8)B(r)e™*" of the wave equation in a circle.
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Fig. 4.6. Nodal iines of drum = gero lines of A(8)B(r).

)

Finally we mention a problem that is unsolved as of Christmas 1984, Can you
hear the shape of a drum? If you know the eigenvalues /, does that determine the
boundary of the drumhead? I think the eigenvalues above, for a ¢ircle, do not occur
for any other shape. But whether two different drums could sound the same, no one
knows. :

EXERCISES

41.1 Find the Fourier series on —n < x < 7 for
{a} fF{x)=sin®x, an odd function
(b} f{x}={sin x|, an even function
(¢} Ji{x)=x?, integrating either x* cos kx or the sine series for f=x
{(d} f(x)=r¢", using the complex form of the series.
What are the even and odd parts of f(x}=e* and f(x)=e"™?
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