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4.1 Fourier Series and Orthogonal Expansmns 278

\iﬁwﬁf‘gﬁﬂ% PP T prvran e

gonatized) polynomials of lower degree. This is the Gram-Schmidt idea, and it
; produces the Legendre polynomials Pye=1, Py = x, P, = x> =%, ..
‘ (2) We could invent exampies like the Walsk functions in Fig. 4.4;

HEninigil
i

They look tike'digital sines and cosines or vectors of I’s’and —1’s,
(3) We could combine sin kx with sin Iy into a doeble Fourier sine series like

Fig. 4.8, The first-four ort,ﬁqgonal Wal'sh functions.

flx, ) =by, sin xsin y+b,, sin 2xsin y + by, sin x sin 2y + -, {23)

This applies to a function f that is odd and periodic in both x and y. The interval
from —m= to = has changed into a “period square,” and if we know f in one square
—n<x, y<n then we know it everywhere. In this case the orthogonal functions
are the products sin kx sin ly. They are orthogonal over the square instead of the
interval. They have two indices k and ! but they are really just an orthogonal
sequence and (25) is an orthogonal expansion.

There is a similar sequence cos kx cos [y for even functions (including k = 0 and
I'=0). There will be a larger sequence that mixes sines and cosines, for functions that
are neither even or odd. And there will be a corresponding sequence of
exponentials—orthogonal, periodic, and complete:

— i Ew: Cut [kx 11y (26)

These “double Fourier series” can solve Poisson’s equation in a square {Ex. 4.1.26).
(4} We could write each of the usual cosines as a polynomial in cos 0: '

cos 260 =2cos* @~ 1,cos 30 =4cos® 6 —3cosh, ...
Changing variables to x = cos 6 gives the Chebyshev polynomials Ty =1, T, = x,

T, =2x%—1, T;=4x*—3x, .... They are orthogonal because the cosines are
orthogonal. However there is something new from the change of variables:

; (" - i . dx
!f . {L_ cos kB cos I6 df = ( becomes ( . E(x]?](x}—w =0 (27)
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