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SWer 18 hangaY between The first two examples produced only cosines; the third function f(x)=x
o roduced only sines. There will be no mystery if we look again at even and odd
18%. This is the Gibhs ?unctions:
Irms are Kept—it '
. pt—it moves fis even if f(—x) = f(x) for all x

", Since the step function fiseddif  f(-x)= ~fix) for all x

toot and oscillations j . ) ) i
central arch (:] ;?0252].{1 In either case it is enough to know f over the half-period 0 < x < m, since 1n the
& Aol ‘ other half its graph is either a mitror image (the even case} or its negative.
ow decay of the Fouri | Cosines are even and sines are odd. The function x* is even if k is even, and odd if
. that reappears fg;j?}jr i is odd. Exponentials ¢** and most other functions are neither. But every function
' : e " ¥
on, a, and b, decay like has an even part and an odd part,
onstant. X X
. x)+f(—x X x)— f{—x
oty with fo0=TOHED gy = LD
enon The even part yields the cosine terms and the odd part yields the sines.
= That idea can be turned around. Suppose [ is known over the half-period
/ 0 < x < Then the b, from (13) are the coefficients in its Fourier sine series
) f(x) = b, sin x+ by sin 2x + by sin 3x 4 - (14)

This series will produce [ on the other half-period, where it was originally not
known, provided f is extended in the right way: Since the sines are odd, f should
extend past x = 0 as an odd function. Then the Fourier series for f has no cosine
terms and (14} is correct over the whole period.

That is an odd periodic extension of f. The opposite case keeps only the cosine

coelficients

tho == ;"E— J‘ fix)dx and a,= i J f{x) cos kx dx.
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These give the Fourier cosine series, and it matches f over a whole period provided
{15 extended to be even: f(—x)= Fx)
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