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This paper concerns the onset of linear instability in a simple model of solid combus-
tion in a semi-infinite two-dimensional strip of width /. The free boundary problem
that describes the model involves initial and boundary conditions, including a non-
linear kinetic condition at the interface. The linear problem governing perturbations
to a basic solution is solved by the method of images with the reaction front per-
turbation satisfying an integro-differential equation. This equation is then solved
using Laplace transforms. Finally, we perform a stability analysis for the model
by studying the solution of the reaction front perturbation. The inclusion of initial
conditions enables us to show the development of linear instability from arbitrary

initial small disturbances.

1. Introduction

Using perturbation techniques, the method of images and Laplace transforms,
this paper characterizes the onset of linear instability in a simple model of solid
combustion. In gasless combustion, chemical reactions convert a solid fuel directly
into solid products. The interplay between heat generation and heat diffusion in
the medium controls the development of the flame front, while material diffusion

can be ignored.

We consider here a version of the sharp-interface model of solid combustion
introduced by Matkowsky & Sivashinsky (1978). Their free-boundary problem was
posed on the whole real line for one-dimensional burning. We consider an interface
propagating along an infinite strip of width [, taking only the region ahead of the
front as the problem domain. This one-sided model was initially introduced by
Frankel (1991) and can be considered to represent a solid combustion process whose

burnt state has very low heat conductivity. Numerical simulations and analysis by
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Frankel et al. (1994), (1995) demonstrate that the dynamics of the one- and two-
sided models are virtually identical, suggesting that the heat transfer in the burned
matter is qualitatively unimportant.

In addition to numerical work, asymptotic studies on this model (e.g., Gross
(1997)) have distinguished between temporally periodic and non-periodic regimes
and have identified dominant spatial patterns, valid for sufficiently large time. The
current work considers arbitrary initial disturbances and captures the onset of linear
instability, as initial conditions may play an important role in combustion. Some
studies (for example, Gross (1997) and Volpert, et al. (1992)) have demonstrated
that the evolution of stable patterns depends on initial conditions.

The geometry under consideration is a strip of material extending from x = 0
to x = | and from y = 0 to y = oo. Suppose the material is undergoing an
exothermic reaction so that y = f(t, z) defines the reaction front. The burned region
isy < f(t,x), and y > f(t,z) is the unburned. See Figure 1. Using dimensionless
variables, the temperature distribution 7'(z,y,t) must satisfy the heat equation in

the unburned region, i. e.,
Ty = Tye + Tyy, 0O<z<l, y>f(t,x), t>0. (1.1)

At the interface position I'(t) = {(z,y)|y = f(t,x)}, we impose two conditions

Tr=14+vK(V)—-~K, g—i - -V. (1.2a,b)
Here V = f;/ m is the velocity of propagation of the front in the direction
n normal to the front, v is inversely proportional to the activation energy, K is
the mean curvature of the interface and the coefficient v is proportional to surface
tension. Although v = 0 for condensed state combustion that we consider here, the
geometric effect of the interface is important in some physical settings such as the
rapid solidification of overcooled liquids. The boundary kinetics K (V') (given, for
example, as a one-parameter family of functions: K(V) = (VP — V=07)/(p + 0.7)
in Frankel & Roytburd (1994)) are normalized so that K(1) = 0 and K'(1) = 1.
Impose zero-slope contact conditions for the interface

fm(ta 0) =0, fa:(ta l) =0, (1.30,, b)
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and adiabatic (insulated) conditions at the walls
T.(t,0) =0, T.(t, 1) =0. (1.4a,b)
In accordance with the normalization of the temperature, we also require that

lim T'(¢,z,y) = 0. (1.5)

Y—00

Finally, the initial temperature distribution is prescribed as

T(0,z,y) =g(z,y), (1.6)

where lim,_,o g(x,y) = 0 as required by (1.5). Equations (1.1)-(1.6) form a free-
boundary, initial-value problem that defines the temperature 7" and the front posi-
tion f uniquely. One may use (1.1), (1.2a), (1.4)-(1.6) to solve for the temperature T
for any arbitrary front position f and then determine the front position by equations
(1.2b) and (1.3).

The linear instability of the above system is analyzed by Gross (1997) using
a normal mode method. The approach is well-suited to the study of large-time
behaviors. Examining the early evolution from an arbitrary initial disturbance,
however, would be difficult. This would require separating an arbitrary initial con-
dition into unstable modes. In this paper, we instead use a procedure similar to
that in Yu & Kevorkian (1992) and Yu et al. (1999). As our first step, we must
understand the linearized problem. In Section 2, we solve the linearized problem for
the perturbations to a basic solution by the method of images. The temperature dis-
tribution is expressed as an integral in terms of arbitrary initial perturbations. An
integro-differential equation is derived for the reaction front perturbation. Laplace
transform of the front perturbation is then solved and expressed as an integral in
terms of arbitrary initial conditions. In Section 3, we invert the Laplace transform
of the front perturbation for typical initial conditions. We consider two cases in or-
der to complete our linear stability study. In Section 3.1, we obtain explicit solution
of the reaction front perturbation for the flat mode case (k = 0) and then perform
a stability analysis to show the onset of linear instability for the model. In Section

3.2, we extend our method to include the non-flat mode case (k # 0) where the
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solution and the stability analysis can be carried out numerically. We show these

results in the following sections.

2. The linearized solution; the method of images

We begin our discussion by studying the behavior of the linear problem gov-
erning perturbations to the basic solution of (1.1)-(1.6) consisting of a flat constant-
speed front (f(¢t,z) = t, T = et~¥). Note that the corresponding basic velocity is
V = 1. Proceeding as in Gross (1997), we first change the coordinates into the
front-attached ones so that 7 =t¢, £ =z and n =y — f(¢,x). Perturbing about the

basic solution by letting
T=e"+ew, f=71+¢d (2.1a,b)
and linearizing, one obtains the partial differential equation
Wr = Weg + Wy + wy — €~ " (Pr — Pee), (2:2a)

subject to the linear boundary conditions

w|7)=0 = I/¢T - ’Y(béia wn|n=0 = _¢T7 (2.2b, c)

Wele=00 =0,  ¢¢le=01 =0, (2.2d, )

lim w = 0. (2.2f)
n—00

Because of the homogenous boundary conditions (2.2d,e) on the & variable, w and

¢ can be expanded as cosine Fourier series in terms of eigenfunctions {cos(k§), k =

0,7%,2",...}. For each eigenmode with a fixed k (k =0, 7%, 2", ...), we have
w(r,n, &) ~ W(r,n)cos(kf),  ¢(7,&) ~ ®(7) cos(kE). (2.3a,b)

The governing equation and boundary conditions for W and ® are now given

by
W, = — kW + Wy, + W, — e (& + k>®) (2.4a)
Wly=o = v® +vk*®,  Wy|p=o = —F' (2.4b, c)
lim W = 0. (2.4d)

—> 00



The initial condition is

W(Oa T]) = 9*(77)a Q(O) = Do, (2.46, f)

where @ is a constant and g*(n) is related to g(x,y) in (1.6) through (2.3) and
(2.1). Also, lim,_,o, g* = 0 as requried by (2.4d). Equations (2.4a,b,d,e) define an
initial and boundary value problem for W (7, 7n) in a semi-infinite domain 1 > 0,

7 > 0 of the (n, 7) plane and conditions (2.4c,f) are for ®(7) in the interval 7 > 0.

In order to solve W (r,n), we make a change of variable
u= (W —-vd — ’yk2(1>)e(k2+%)T+”/2. (2.5)

Substituting (2.5) into (2.4a,b,e) yields

Ur =Upy + H(T,7) (2.6a)
Ulyeo = 0, (2.6b)
u(0,n) = G(n), (2.6¢)

where H(r,n) = —[v®" + (v + 7)k2®' + k*v® + e~ (9 + k2®)]e +3)7+1/2 and
G(n) = [g*(n) — v®'(0) — vk2®(0)]e"/2. Equation (2.4c) which is a condition for
®(7), becomes

Un|y=0 = —eW DT, (2.7)

Using the method of images (see for example, Section 1.4 of Kevorkian (1990)),

the solution of (2.6) can be written as

o= (=) /4 —t) _ o= (nta)* /4(r—1)] gy

ulr ) /dt/ m

2
/ [ —(n—x)? /41 _ e—(’ﬂ‘i‘w) /4T]d.’17. (28)
\/—

Substituting the solution (2.8) for u into (2.7), we find the following condition

for ®:
/ dt/ a:H t, ) ””2/4(T_t)da:
2 T—t

zG(z) ) 22 /4 K21
+ Tdr = —e® T7TPH (7). 2.9
/o 2/ 7'3 (7) (2.9)
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Substituting the expressions for H and G into (2.9), one finds that ® must
satisfy

/M(t)/ L(T—t,x)ew/2d;pdt+/ N(t)/ L(r —t,z)e™*?dzdt
0 0 0 0

+ /Ooo[g*(:c) —v®'(0) — vk2®(0)]e® 2 L(7, z)dz = —e(k2+%)T<I>'(7'), (2.10)

where M (1) = —[v®" + (v +7)k2®' + k*y®]e* +3)7 N(r) = —(® + k2®)e** +2)7
and L(7,z) = N%e_wz/ 47 Note that the first two integrations in ¢ on the left
hand side of (2.10) are convolution integrals involving a function defined by an
integral in z with functions M (7) and N(7), respectively. Using M, N, ® and L to
denote the Laplace transforms of M, N, ® and L in 7, respectively, one finds that

the Laplace transform of (2.10) yields

NI (s) /0 " i (s, ) 2z + N (s) /0 (s, 2)e= 2du + /O (@) — v®'(0)

A k2B(0))E (s, 2)e™ 2dz = —(s — i — B (s — i B+ 0(0), (2.11)
where M, N and L are given as follows
W(s) = ~[u(s = 3 —K) 4 W)(s = D)(s— 1 — )
+ [v(s — i) + vk%]®(0) + v®'(0), (2.12a)
N(s) = ~(s = (s — 1~ K) + 8(0), (2.12b)
L(s,z) = e ®V5. (2.12¢)

With L defined in (2.12c), one can carry out all the integrals in (2.11) except the

one involving the initial condition g*(n), and obtain

() | NG [T sy, v +1k2(0)
\/E—%+\/§+%+/o g°() ! N

=—(s— % — k%) ®(s — % — k%) + @(0). (2.13)
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Substituting M and N from (2.12) into (2.13) we can solve for ®(s — 1 —k?)

in the form

1 1 1

D %) = —v(y/s 5
B =3 =) = ;i {-Ve+ D) - 100
_/Ooog*(x)e—w(\/g—%)dx}, (2.14)

where p(s) = —v(v/s)*+(1=%)(V/s)>+[v(§ +k?) —vk? —1]\/s+ 3+ 5+ (5 — L —1)k%

Once an initial condition g*(5) has been specified, one can invert ® in (2.14)
to obtain the front perturbation ® for any modes defined by constant k& (kK > 0). In
the next section we perform stability analysis by solving the solution of the reaction

front perturbation corresponding to typical initial conditions in the form

g*(n) = goe™ ", (2.15)

where gq is a constant and o = «, + iy is a complex number with a, > 0. Two
cases will be illustrated. First, we study the special case with flat mode (k = 0)
where explicit solution of the reaction front can be derived. Secondly, we show that
numerical method can be used to solve the solution of the reaction front for all the
cases with non-flat mode (k # 0) and as results, growth rates of the solution can

be studied and the neutral stability curves can be obtained.

3. Solution of the front perturbation; stability analysis

With initial condition defined in (2.15) one can evaluate the integral in (2.14)
and find that

- 1 1 (—ys—l—(l—y)\/g_%(l_%)

P(s — - — k%) = N

9o
; = 3(0) ) (3.1)

\/g—l-a—%

where p(s) is a third degree polynomial defined in (2.14).

3.1 Flat mode case (k = 0):
For the flat mode case (k = 0), (3.1) reduces to the following form:




where ¢(s) is given by

1
q(s) = : (3.3)
(Vsta-D/s-Divs+ -5+ v+
Taking the inverse Laplace transform of (3.2) shows that
eT (1) =ei®(0) + L7 {q(s)}. (3.4)

In order to carry out the inverse Laplace transform we consider ¢(s) as a quotient
of polynomials in /s so that a partial fraction representation for ¢ can be obtained.
Also, note that our partial fraction representation here allows complex numbers for
roots and coefficients. The third factor in the denominator of ¢(s) is quadratic in

\/s. Three cases result according to the discriminant of the quadratic:

1. ifvr< %, we have two real roots for the quadratic,

1 14++v/1-4 1 1—-+1-4
14 14

A partial fraction expansion of g(s) shows that

Al A2 Ag A4
— -+ + + , 3.6
q(s) \/g_{_a_% \/g_% J5—T1 519 (3.6)
where Ay, Ay, A3 and A4 are constants.
2. ifv= %, we have a repeated root, ry = % for the quadratic and ¢(s) becomes
B, By Bs By
q(s) = + + + , (3.7)
Vita 11 Vi1 5D
where B, By, B3 and B, are constants.
3. ifv > i, we have two complex roots.
r = ﬁr + Zﬂla Tro = ﬁr - Zﬁza (3.8&, b)
where (8, and ; are given by
1-— Var —1
Br = z Bi=Y"r " (3.8¢, d)

v’
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In this case g(s) can be expressed as

_ C'1 + 02 + 03 + 04
CVsta—g5 Vs—g Vs Voo

q(s)

where C4, C53, C3 and C4 are constants.

In all three cases, constants A;, B;, and C; (j = 1,2, 3,4) can be computed by
a standard method of partial fractions. We show these computations in Appendix
A and omit here for brevity. In order to invert ¢(s) to obtain the solution for ®, we
must be able to compute the inverse Laplace transform of terms of the form ﬁ

It can be shown that if § = 3, + if; is a complex number, then

+ B(I1 (73 B) + ilx(7; B)), (3.10a)
where I; and I are defined by

I (T; ﬂ) = e(ﬂg_ﬁf)Terfc(—,@r\/F) COS(Q,Br,Bz’T)

T Bi 22
+ 2\/j/ e(s _:81' )T Sin(IBi — S)ds, (310b)
T Jo
I(r; B) = B2 =P exfe(—B,+/T) sin(28, BiT)

T [P s e
+ 2\/j/ e(& =BT cos(B; — s)ds. (3.10c)
T Jo

The complementary error function appearing above is defined by

2 R
erfe(7) = T/ e " dt. (3.10d)
™ T

Notice that in the case where g is a real number (5; = 0), (3.10a) reduces to

1 1

vyl

£y =+ BeP Terfe(—By/T). (3.10¢)

N

Finally, from (3.10e) one finds that for real number g3,

-t 1 = 2BVT 2P Terfe(— /T
L {(\[_W}— NG + (1+28°7) fe(—BVT). (3.10f)
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The derivations of (3.10a,b,c,f) are rather involved. They are detailed in Appendix
B and omitted here for brevity.

From (3.10) we find

E_l{\/g+1a - %} — \/;_7- + (% - a) (11(7'; % —a)+ iIQ(T;% - a)),(3.11a)
-1 1 _ 1 1 T/4
L {f_ %} = 7 T erfe(—/7/2). (3.11b)

With use of (3.6), (3.7), (3.9) and (3.10), we now evaluate the inverse Laplace

transform in (3.4) and obtain the following expressions for ®(7):

1. ifv < i,
B(r) =0(0) + e A AL} + AL )
IR TS
+ A3 [\/% + rleT%Terfc(—rlﬁ)}
+ Ay [\/% + r2eT§Terfc(—r2\/7_-)} } (3.12)
2. ifv= %,
@(r) =8(0) + ¢ BiL e} + Bl o)
1 Vita—l 2 o1
+ Bs [\/% + 3697/4erfc(—3ﬁ/2)}
+ By [% + (1 +97/2)e" *erfc(—3/7/2)] } (3.13)
3. ifv >,
— —7/4 -1 1 1 1
o(r) =0(0) + ¢/ 1L (GraTH+es g
+ 201‘(\/% + Brly — Bil2) — 2C;(Bil1 + ﬂrlg)}, (3.14)

where C). and C; are the real and imaginary parts of C3, respectively, and S,
Bi, 11, Iz, E‘l{ﬁ} and L7 51_1} are given in (3.8c,d), (3.10b,c) and
(3.11a,b).
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The term \/% in (3.12), (3.13) and (3.14) does not contribute singularity at

7 = 0 as one can show that these terms cancel out in all three cases listed above.

Stability Analysis:

We now discuss the stability property of the front perturbation, ®(7). The

following two limits for the complementary error function are useful,

lim erfc(z) =0, (3.15a) lim erfe(z) = 2. (3.15b)
T—00 T——00
1. For v < §, we study the solution, ®(r) given in (3.12). We are interested in

the four complementary error function terms associated with A;, A;, As, and
Ay, respectively. First, from (3.11b), the term associated with A, is stable for
all v < 1. For the term associated with A, we study (3.11a) to show that both
Ii(r; 3 — @) and I»(7; 3 — @) are bounded. From (3.10b,c) we know that we
need to focus on the amplitude, e[(%_"‘m_a?_%herfc((ar — 2)\/T), of the sine
and cosine terms since all other terms decay in time. If (% —ay)?—a? < % both
exponential and complementary error functions are bounded. If (%—aT)z—az2 >

i, then «a, > 1 and we use L’Hopital’s rule to obtain

lim erfc((a, — 1)v/7)

=00 glital—(3—ar)?lr

—

= — _(%_ar)27' /
= lim — G ?r)e ; /2 T 0. (3.16)
T—00 [Z + aZZ _ (5 _ ar)2]6[3+ai_ 5—ar)?]T

Therefore, the term associated with A is bounded for all v < %. Finally, we

study terms associated with Az and A4. For v < i, we have ry > r9 > %

The fact that both r; and ry are positive shows that the limits of the two

complementary error functions erfc(—r14/7) and erfc(—r24/7) as 7 — oo both

equal 2. Since r; is greater than % and r; > 79, the exponential function

e(ri=1)7 is the dominant growing term as 7 increases and cannot be cancelled by
e(r3—=1)7. Therefore, if v < 1, the front perturbation ®(7) grows exponentially
in time and the linearized problem is unstable for all initial conditions given in
(2.15).

2. For v = i, a similar arguement as given above shows that terms associated
with By and By in (3.13) are bounded and the dominant growing term comes
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from the the term associated with B4 and behaves like 7e?”. Therefore, the
1

linearized problem is also unstable for all initial conditions for v = ;.
3. For v > %, the same analysis shows that terms associated with C'; and Cj in
(3.14) are bounded. For the terms associated with C, and C;, we study both
I, (7; B) and I5(7; B) defined in (3.10b,c). As mentioned earlier, we need only to
focus on the amplitude, e(Br—87 _%)Terfc(—,@rﬁ), of the sine and cosine terms,
as all other terms decay in time. If 82 — 82 — 2 < 0, i.e., v > 1, then the
amplitude decays in time as the complementary error function is bounded. If
BE-pE-1>0 (< %), then B, > 0 so that lim,_, erfc(—f8,1/7) = 2, and
the amplitude grows exponentially in time. Therefore, if v < % the linearized

problem is unstable for all initial conditions given in (2.15).
In summary, for the flat mode (K = 0) we have proved that for the initial
condition given in (2.15), the linearized problem (2.4) is unstable for » < % and

3
stable for v > %

3.2 Non-flat mode case (k # 0):

For the non-flat mode case, we must study (3.1) directly. First, we compute
numerically the three roots of p(s), where p(s) is defined as a third-degree polyno-
mial in /s in (2.14). Denoting the three roots as r1, o and r3, one finds that (3.1)

becomes

s L gz L mvs+t(-w)ys-501-3)
O e (VR BNV rA TV e MU

— 9o

(V5 —11)(Vs —r2) (V5 = 13) (v/5 + o — %))' (3.17)

Proceeding as in Section 3.1, a partial fraction expansion of (3.17) is carried out.
Finally, solution of the front perturbation ® is obtained by an inverse Laplace
transform using formulas in (3.10).

From the stability analysis given in Section 3.1 we know that the unstable terms
of the front perturbation ® come from I(7; 8) and I3 (7; B) defined in (3.10b,c) due
to the complex root r; = S, + if; of p(s) in (3.1). The amplitude of the sine and

cosine terms is given by

e(ﬂz_ﬂ?_%_kz)"_erfc(_ﬁr\/']_')_ (318)
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One can show numerically that [, is always positive in the parameter regime so
that erfc(—f,+/7) is bounded between 1 and 2. Therefore, the growth rate may be

defined by

1
Growth Rate = 82 — 7 — i k2. (3.19)

Letting the growth rate equal to zero, one obtains the neutral stability curves. We
show these curves for different values of v (v = 0,0.05 and 0.1) in Figure 2. In
Figure 3 we plot the growth rate vs k£ for v = 0 and v = 0.35, 0.335 and 0.32. As
expected, the growth rate for v = 0.35 is always negative as it lies inside of the stable
region. For v = 0.335, the growth rates are positive between 0.155 < k < 0.962 and
attain a maximum value of 0.1027 at k¥ = 0.595. For v = (.32, the growth rates are
positive for k£ < 1.255 and attain a maximum value of 0.3203 at k£ = 0.5876. The
behavior of growth rate for v # 0 is similar to that in Figure 3 for v = 0.

Notice that after computing the three roots of p(s) numerically, one can obtain
the following explicit expression of the behavior of a typical term in the reaction

front perturbation,

oA A et p7) { SO .

In a linear stability analysis using Fourier theory, one obtains a typical term with
exponential function multiplied by a sine or cosine function. Here in our study, the
exponential term in (3.20) is multiplied not only by a sine or cosine function, but
also by an additional complementary error function. As shown earlier, 3, is always
positive and the complementary error function is bounded between 1 and 2 so that
the stability property is not altered by this additional factor.

Finally, we study the solution of the temperature W (r,n) defined in (2.8) and
(2.5) to show that its behavior does not alter the linear stability property concluded
from the study of the reaction front perturbation given above. First, if the reaction
front perturbation ® has a term that grows exponentially in time, then the linearized
problem (2.4) is already unstable regardless of the behavior of the temperature .
On the other hand, if all the terms in the front solution ® are decaying exponentially
in time, we show that W is bounded as 7 — oo. This part of proof is rather involved.

We detail it in Appendix C and omit here for brevity.
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4. Concluding remarks

We have carried out a linear stability study for a simple solid combustion model.
The linearized problem for the perturbations to a basic solution has been solved by
the method of images. The explicit solution of the reaction front perturbation with
the flat mode has been derived by the method of Laplace transforms. For the
non-flat mode, we have computed roots of a third-degree polynomial numerically.
Once the values of these roots are available, explicit expression of the solution
for the reaction front perturbation can be obtained. A typical term in the front
perturbation solution is shown to have an exponential function multiplied by a sine
or a cosine function, as well as an additional complementary error function. Growth
rates of such a typical term are studied. Neutral stability curves are shown in Figure
2, concuring with results obtained by earlier studies (e.g., Gross (1997)). Also, we
have shown that the linear stability property of our model is determined by the
solution of the reaction front perturbation and is not altered by the solution of the
temperature distribution.

Finally, because our solution is obtained for arbitrary initial disturbances, it is

now possible to study the transient behavior of the model.
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Appendix A
We compute constants A;, B; and C; (j = 1,2,3,4) in (3.6), (3.7) and (3.8)

by a standard method of partial fraction. The results are listed as follows:

1 1

Al = —a(a i (a — 1)2V), (Ala), Az = J’ (Alb)
4v?
A3 = s (AlC)
V1—4v(l —2v+ 1 —-4v)(1 - 2v + /1 — 4v + 2av)
2
Ap— — v . (A1d)
V1—-4v(l -2v —/1—-4v)(1 - 2v — V1 — 4v + 2awv)
4 4
By =-— A2 By = — A2
1 a(a+ 1)27 ( a)a 2 a’ ( b)
42 + «) 4
B3 —m, (A2C), B4 = 1+ a, (A2d)
Cy = ! (A3a), Cp=— (A.30)
T ala+ (- 1)) ) T v’ '
4v%
03 = . vl X ) (A3C)
Vadv —1(1 = 2v + iv/4v — 1)(1 — 2v + 2av + iv/4v — 1)
4v?%;
Co=— vl (A.3d)

Vavr —1(1 = 2v — iv/av = 1)(1 — 2v + 2av — i/dv — 1)’
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Appendix B

In order to compute the inverse Laplace transform given in (3.10), we notice
that

2

T} =eVe (B.1)

bl

xr
N Jamran®

as given, for example, in Section 2 of Carrier & Pearson (1988). Multiplying both
sides of (B.1) by ¢#® and integrating with respect to z from 0 to oo, one finds that

T T2
E{/O e \/573/26 dx} N (B.2)

where 3 = 3, + i3; is a complex number.

We now evaluate the integral on the left hand side of (B.2),

2

Y P e _/Ooﬂrw r a2 et i
e’ ————e v dr = e’r? ——— e~ 47 (cos B;x + 2sin B;x)dx. (B.3
=" 0 = aa® T (cos piz)dz. (B.3)
Define
Igz/ =iz cos Bjzdr, (B.4a), I4:/ P47 sin Bjxde. (B.4b)
0 0

o . P 00 . oin 3. 22

_[5 = Meﬂrm_ﬂdw, (B4C)7 IG - Meﬂrﬁ_ﬂd:& (B4d)
2

; - 0 2T

Differentiating (B.4a,b) with respect to f3;, one finds that

dI3 dI4
— = -27] B.5 — = 2715. B.5b

On the other hand, integration by parts in (B.4c,d) shows that
Is =1—Bils + BrIs, (B.6a), Is = Bil3 + Brla. (B.6b)

Combining (B.5) with (B.6) gives the following system of ordinary differential equa-

tions for I3 and I as functions of f;,
dl
y 63' = —278;15 — 27,14, (B.7a)

dI
y ,84' = 27B, 15 — 27814 + 2. (B.7b)
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The general solution of (B.7) is given by

(EEZD R ICE: /ﬂi & (s) (207) ds)) (B.8)

where ®(3;) is the fundamental matrix solution of the homogenous equation given
by

_ 2 [cos(27B.B;) —sin(270,5;)
®(B) = (sin(27ﬁrﬁi) cos(27 B, ) ) (B.9)

and ®1(3;) the inverse of ®(;), i.e.,

_ _ B2 cos(276,5;)  sin(2706,5;)
oH(B) =P (_Sin(%ﬂrﬂi) COS(2TﬁTﬁi)>' (B.10)

To completely determine I3 and I in (B.8) we evaluate I3 and I, at ; = 0 and
find that

I5(0) = €™ /rrerfe(—v/Ta),  (B.1la);  I4(0) = 0. (B.11b)
Substituting (B.9), (B.10) and (B.11) into (B.8), one finds that

Iy = eBi=B7 /rrerfe(—v/Ta) cos(27 5, 5;)

Bi
+ 27'/ e8I =5") sin(B; — s)ds, (B.12a)
0
I = B =BT [rrerfe(—v/Ta) sin (278, 53;)
Bi
+ 27'/ e 7B =5") cos(B; — s)ds. (B.12b)
0
From (B.6), we find that

Now, dividing both sides of (B.13) by /77 and using (B.3) and (B.4), we obtain
(3.10a,b,c).
To derive (3.10f), we use the following two properties of Laplace transforms:

L) if L{f ()} = F(s), then L{f'()} = sF(s) — £(0),
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2.) if L{f()} = F(s), then L{—7f(7)} = 4.
Denote the right hand side of (3.10e) as f(7), i.e.,

f(r) = \/—_ + BeP Terfe(—By/T). (B.14)
Using property 2, one finds that (3.10e) becomes L{f(7)} = \/gl_ﬁ and
L=rf(r)} = =5 e (B.15)
T AW BY '
Notice that —7 f(7)|,=¢ = 0, so that property 1 shows that
dl—
E{W} = sL{—7f(r)} 0. (B.16)
Using (B.15), one can compute the right hand side of (B.16) to obtain
1 s 1 1 g1
L{- - V5 - _F : B.17
M = s T a8 ava-pr PP
Carrying out the derivative on the left hand side of (B.16), we find that
dl—
B R (e R ) (B.18)

Substituting (B.17) and (B.18) into (B.16), taking the inverse Laplace transform
on both sides and solving for [,_l{ﬁ}, one finds that

-1 = T g7' "(r
{(\/— IB)Q} f()+ﬂ fH(7). (B.19)

Using (B.14) and calculating the right hand side of (B.19) we obtain (3.10f).
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Appendix C

We show here that if all the terms in the reaction front solution ® decay
exponentially in time, the temperature W is bounded as 7 — oo. From (2.5), we
find that W = e~ (**+D7y where u is defined in (2.8). There are two terms in
(2.8) and we study the second term first. With the initial condition g*(n) defined
in (2.15), the second integral in (2.8) will contribute a term in W that behaves as

e_(k:2+%)'r 0

where & is % or % —a.
If & = 1, a change of variable v = “”g\"/;T shows that the first term of (C.1)
becomes
e3 KT T+n
B erfC(—ﬁ), (020,)
and v = ”;‘2“77;7 in the second term of (C.1) gives
e~ 8-k'T T—n

Using the limit in (3.15b) one finds that both terms in (C.2a, b) are bounded as
T — Q.
If & = 3 — a with & = a, + 4o, terms in (C.1) are bounded by

o~ (K+1)7 °°[ —(n—m)*/4r _ o= (n+e)* /A7) o(3—ar)z g (C-3)
R e —¢€ e |
v |

since |e~**%| < 1. A change of variable v = Z=1—~—=%r/T (1=200)7 shows that the first term
27
of (C.3) becomes

(A —an)nt(o?—a,—k)r

2

erfc(—# _ (% —a,)V), (C.4a)

and v = w in the second term of (C.3) gives

o= (k=) nt(@d—a—k)r
2

G

erfc( - a,,)ﬁ). (C.4b)

/A
2T
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If o, < 1, then both terms in (C.4a, b) tend to zero as 7 — oo, due to the
el@r—ar—k)7 term . If o, > 1, then a L’Hopital’s rule similar to that in (3.16) shows
that both terms in (C.4a, b) also tend to zero as 7 — oco. Therefore, all terms
contributed to W from the second term of (2.8) are bounded as 7 — oc.

We now study terms contributed to W from the first term in (2.8). Due to the
boundness of the sine, cosine and complementary error functions, a typical term of
®, ® and ®” is bounded by BT with B < 0 (assuming all the terms in ® decay
exponentially in time). Using the definition of H in (2.6), one finds a typical term
for W from the first term of (2.8) as

—(K*+3)t
/ St 1 / [e=(1— w)? /4t _ —(n+w) /4t]e 2 dxdt, (C.5)
where = 7—t. Similar to the study of (C.1), we make change of variable, v = ‘”32‘\"/%{

in the inner integral with respect to x so that (C.5) becomes
T eBt:I:g—k2(T—t) r—t+ n

fc(———=)dt. C.6
| =G ()

Integral (C.6) is bounded by
et? / ePtdt. (C.7)

0

With 8 < 0, term (C.7) is bounded as 7 — co. Therefore, all terms contributed to
W from the first term of (2.8) are bounded as 7 — oc.



