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Abstract

A simple conceptual description of condensed-phase combustion, explosive solidi-
fication, and certain other exothermic phenomena can be given via a free boundary
model with a nonlinear kinetic condition at the free boundary. For a wide range of
parametric regimes, the reaction front exhibits a great variety of spatial patterns and
instabilities. In [1], we did a linear stability analysis of interfaces that move along a
two-dimensional semi-infinite strip with thermally insulated edges. Here we use the
normal-mode method to perform a weakly nonlinear analysis for the development of
transverse instabilities in the strip. The asymptotic analysis leads to the derivation of
ordinary differential equations of Landau-Stuart type for the slowly-varying amplitudes
of linearly unstable modes. We focus on a strip in which two eigenmodes lose stability
at the same value of a parameter related to the activation energy. Such a case gives rise
to nontrivial couplings between the amplitude equations, and the two unstable modes
compete for dominance. Based on the bifurcation analysis of the amplitude equations,
we classify the front configurations that will emerge for any given choice of the kinetics
parameter.
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1 Introduction

In this article, we do a weakly nonlinear analysis to predict the salient features of the
self-propagation of an interface. The underlying free-boundary model involves the heat
equation on a semi-infinite strip with insulated edges and a nonlinear kinetic condition
imposed on the moving boundary. Here we focus on the dynamics in the case of a strip
that supports two kinds of traveling fronts: flat and wavy. We partition the values of
the kinetics parameter into intervals that correspond to eventual dominance of a single
mode versus the persistent presence of both.

One physical setting we consider is self-propagating high-temperature synthesis
(SHS), an application of solid combustion. SHS is an efficient means of synthesizing
high-quality ceramic materials and metallic alloys. (See [2, 3, 4].) The technique is
to send a flame wave through powdered ingredients, converting them into the desired
product. Our model also describes explosive solidification, in which thin layers of
amorphous film undergo rapid crystallization, initiated by a laser pulse or stylus impact.
(See [5].)

In both contexts, the thermal feedback between the chemical kinetics and the heat
diffusion results in the sustainability of a traveling wave. At the same time, different
parametric regimes lead to a wide variety of oscillatory behaviors, some leading to
chaos. Merzhanov et al. [6] discovered such phenomena experimentally, and numerical
studies have been done in, for example, [7, 8, 9, 10].

Many studies have systematically distinguished among the stable and various un-
stable behaviors. Aldushin and Kasparyan [11] contributed substantially to the under-
standing of stability in the broad context of combustion in 1979. Their bifurcation dia-
gram identified regions of thermal instability, as well as of diffusion and fluid-dynamic
instability, in the plane of Lewis number versus Zeldovich number.

More recent stability studies in combustion include [12, 13, 14, 15, 16], which take
advantage of large activation energy asymptotics. Stability of combustion throughout
a solid cylindrical sample is analyzed in [17]. Intricate bifurcation analyses [18, 19]
have also classified the interactions of clockwise and counterclockwise spinning waves
on the surface of a cylinder. Margolis’ review paper [18] includes a thorough discus-
sion of resonance phenomena, treating sample radii that yield close, as well as equal,
eigenvalues. We note that the present stability study concerns a strip, rather than a
cylinder. Studying a variety of geometries is valuable because combustion synthesis can
be used to create such diverse products (e.g. abrasives, cutting tools, shape-memory
alloys, ceramic engine parts, and nuclear safety shields [20]).

The strong dependence of the reaction rate on the temperature is crucial to modeling
the exothermic phenomena under consideration. The bulk of the chemical reaction
and heat release occur in a narrow zone. In [21], Matkowsky and Sivashinsky derived
a free-boundary description of condensed-phase combustion as an asymptotic limit of
the reaction-diffusion model. Margolis extended the approach in [22] to include gasless
combustion processes in which the reactant melts prior to reacting. Melting is included
in the stability analyses [18, 19].

In contrast to the articles [18, 19], this paper uses a one-sided version of the model
n [21]. As in [23], the region ahead of the front is taken as the problem domain. In



rapid solidification, such a model has been suggested in many different contexts, for
example to describe an impurity controlled crystallization. (See [24] and references
cited therein.) A very similar model for laser-induced evaporation from the surface
of metals is used in [25]. In solid combustion, one can interpret a one-sided model as
representing a reaction whose product has a very low heat conductivity. Comparisons
between the one-sided and two-sided models, e.g. [26, 27], demonstrate that their
dynamics are virtually identical, suggesting that the heat transfer behind the flame
front (in the burned matter) and behind the amorphous-crystalline interface (in the
crystalline phase) are qualitatively unimportant.

In Section 2 we give the governing equations. In Section 3 we do a routine linear
stability analysis (cf. [28, 18, 19, 29]). Because we consider no heat flux at strip edges,
normal-mode solutions for perturbations of the temperature and interface position
involve cosine factors. They have the form

w = eV cos(k;€)g(m A, v)s ¢ = e cos(ksg), (L1)

where £ is the transverse direction on a strip of width L, n is the longitudinal coordinate
in a front-attached system, and k; = jn/L, j = 0,1,2,.... We also define a neutral
stability curve for the material parameter v, which is inversely proportional to the
activation energy. The linear stability analysis of Section 3 appears in [30] and is
reproduced here for completeness. (Different approaches to linear stability analysis are
given in [1] and [31], in which the onset of linear instabilities can be examined from
rather wide classes of initial conditions.) In Section 4 we derive and solve the adjoint
linear problem.

The weakly nonlinear analysis occurs in Section 5. We focus first on the combustion
case in which the strip of material has width 7, resulting in the modes kg = 0 and k; = 1
losing stability at the same critical value v, = 1/3. We examine the competition of the
two slightly unstable flat and wavy modes.

Our method follows the classical Landau-Stuart theory of hydrodynamic stability,
which dates back as far as the 1940’s [32, 33, 34]. We note that the approach has been
used in many different contexts. One example is reacting shock waves, for which the
model involves a complex free-boundary problem for a system of nonlinear hyperbolic
equations with source terms [35]. The technique was also used in [18, 19] for the
two-sided solid combustion model with periodic boundary conditions. The idea is to
study the evolution of the linearized eigenmodes modulated by slowly-varying, complex-
valued amplitude functions A;(er, €27), 5 = 0,1. That is, we investigate temperature
and interface position perturbed about a basic traveling-wave solution. Namely,

1
u(é,n, T, er,e27) = e T4e Z Aj(er, €27)eiT cos(k;€)g(n; iwj, ve) (1.2)
7=0

+ 62w2(§,7], T, €T, 627') +---+ CC,

1
fl€, e, é2T) = T4¢ {Z[Aj (er,€27)e™iT cos(k;€)] + %B(ET, 627')}

=0
+ E¢o(é, 1, e1,27) 4+ -+ + CC,



where iwj; is a purely imaginary discrete eigenvalue A, g(7; iw;, ;) is the the correspond-
ing eigenfunction, “CC” stands for complex-conjugate terms, and €2 = v, —v = 1/3—v
is small. B(er,€27) is a (real-valued) amplitude function modulating the normal-mode
solution ¢ = 1.

In this paper, the subsequent strategy will consist of deriving constraints on the
slowly-varying amplitudes A; and B, which follow from inserting the ansatz (1.2) for
the solution into the nonlinear equation and making systematic use of the method of
multiple scales. (See, for example, Kevorkian and Cole [36].) The principal idea of
the method is to consider the time variables 7, e7, and €27 as independent variables.
Consecutive terms of the perturbation series satisfy linear inhomogeneous equations of
the form

Buj/(?'r + E(uj, <;57) = Mj(ujfl, q&jfl,uj*Z,qu*Q, ce), (1.3)

where the left-hand side is identical to the linearized operator in the eigenmode equa-
tion, while the right-hand side contains appropriate nonlinear terms (namely those that
enter with a factor of €/) plus terms with appropriate derivatives of amplitudes with
respect to slow times. According to Fredholm’s alternative, the equation in (1.3) has a
nonsecular (bounded in time) solution if the right-hand side is orthogonal to the cor-
responding eigenfunction of the adjoint linear operator. The orthogonality condition
requires integration in £, 7, and 7, which leads to a relation among the amplitudes.
It should be noted that for the free-boundary problem at hand, the realization of the
scheme just sketched is far from trivial, in particular in treating boundary conditions.

In the order € of the perturbation series, we obtain the system of Landau-Stuart

equations
dA; i 1 ;
dt; = XjAj + Bin ASAj + BipAjAijAi_j, j=0,1 (1.4)

from the solvability condition, where ¢, = €27 is the “slow” time, X; is determined

by the derivative of the eigenvalue with respect to v, and the Landau coefficients 3;,
are functions of a kinetics parameter. The ordinary differential equations in (1.4)
completely determine the dynamics of the unstable modes Aj(tg)ei“’i tocos k&, j=0,1,
subject to both nonlinear interaction and self-interaction. One can reduce the system
(1.4) to a real system for the magnitudes |A4g|?, |A1|?, in which the dynamics of the
competition between the flat and wavy modes depend on the relationships among the
coefficients of the system and are determined by the kinetic function. In Section 6 we
investigate the qualitative weakly nonlinear behavior of the system for all values of a
kinetics parameter o.

2 Governing equations

We seek the temperature u(z, y, t) and the interface position I'(t) = {(z,y) |y = f(z,1)}
that satisfy the appropriately non-dimensionalized free boundary problem

ug=Viu, 0<z<L, y>f(zt), t>0, (2.1)

ulp =G(V) -k, t>0, (2.2)



ou

— ==V, t>0. (2.3)
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As for the boundary conditions at the edges of the strip, we require the zero heat flux
and zero contact angle conditions

uw(anat) = u:ﬂ(L7y’t) =0, and fw(Oat) = fw(Lat) =0. (2'4)

Here n is the unit normal to the interface, V is the normal velocity of the interface,
and « is the interface curvature, i.e.
—fz, 1
= ( fl" ) ) V:(Oaft)'n: ft , k= fww -
(1+ fH)12 1+ f2)12 (14 f2)3/2
The surface tension term 7k (the Gibbs-Thomson effect) in (2.2) appears only in the
solidification problems, where the interface separates the liquid and the solid forms of
the substance. In the combustion context v = 0.
In addition, the temperature satisfies the condition

u— 0asy— oo; (2.5)

the ambient temperature is normalized to zero at infinity. We also note that the con-
servation of energy condition in (2.3) can be rewritten in the “standard free interface”
form as

fmuxh‘ - Uy'I‘ = ft- (26)

The second relation in (2.4) requires some explanation. It is not clear in advance
which extra condition on the interface at the edges of the strip is necessary. It can be
shown that for the two-sided model on the domain —oo < y < oo the condition in (2.4)
is the only one consistent with the other boundary conditions. Thus, it appears to be
a natural condition to be retained for the one-sided model.

It is convenient to rewrite the non-equilibrium interface condition (2.2) in the form

ulr =1+vK(V) — k. (2.7)

We will assume that the function K (V) = (G(V) — 1)/v is normalized in such a way
that K(1) = 0, K'(1) = 1, which can be achieved by rescaling the variables. In
the context of combustion the parameter v is inversely proportional to the activation
energy of the exothermic chemical reaction that occurs at the interface.

Of principal interest for the SHS modeling is the Arrhenius kinetics. (See [3, 37].)
Then, with appropriate non-dimensionalization, the velocity of propagation is related
to the interface temperature by

v=eo[() ]

where 0 < ¢ < 1 is the ambient temperature non-dimensionalized by the adiabatic
temperature of combustion products. Correspondingly, the kinetic function in the
boundary condition (2.7) takes the form

In(V)

KV) === opvmmy)

(2.8)
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In the sequel, we will partition the continuum of v values into stable and unstable
regimes. We will also show the role that ¢ plays in determining the dynamics in the
weakly nonlinear setting.

3 Linear stability analysis

For the stability analysis we reformulate the problem in the front-attached coordinate
frame

£:$, n:y_f(‘/E’t)a T=1.
The problem (2.1), (2.6), (2.7) then takes the form

up = uge + (1 + fg)u,m — 2feugn + (ft — fee)un, 0 <E< L, n>0,1t>0, (3.1)

ulr = u(&,0,t) =1+ vK(V) — vk, (3.2)
= fil&t) + fe(&, t)ue(€,0,1)
uy(€,0,t) = ) : (3.3)

The zero heat flux and zero contact angle conditions at the edges of the strip and the
zero condition at infinity from Section 2 are

welca = feleas = Jim u . »
The free boundary problem (3.1)-(3.4) admits a traveling-wave solution

wol€ ) = exp(-n), folér) =7

It is a flat front propagating with velocity 1 and is the only traveling-wave solution for
K (V') monotone.
The linearization about the steady solution follows easily from the substitution of
u = wg + ew, f = fo + €¢ into the governing equations. It has the form
ow

5 LW, ¢) =0 (3:5)

with the boundary conditions at the front

M(w,¢) =0, N(w,¢) =0 (3.6)
and at the walls o6 5
w
- =0, — =0 3.7
85 £=0,L 3{ £=0,L ( )
and at the cold edge
lim w =0, (3.8)
7—00

where



0¢ 0%¢ ow ¢
A separated-variables solution of the linearized problem above is the normal-mode
solution in (1.1), where k; = jm/L for the strip width L, and j = 0,1,2,.... Also X

and g(n; A\, v) satisfy the eigenvalue problem

(3.10)

g"+9 — (k5 + Ng = (K + N)e ™", (3.11)
gln=0 = VA + k3, (3.12)

9'ln=0 = =X, (3.13)
Jim (3 A, v) = 0. (3.14)

The essential spectrum of (3.11)—(3.14) fills the parabola R\ = —(3\)? — k? All
of its elements satisfy R\ < 0, so the basic solution (wp, fo) is linearly stable for such
eigenvalues.

The discrete spectrum satisfies the equation

A+ E)Ow + k2 +1)2 + (A = 1) + 7k ) (A +1) = 0. (3.15)

The dispersion relation (3.15) has one nonpositive real root and two complex-conjugate
roots A. To emphasize the dependence of A on k;, we now write it as A;. The corre-
sponding eigenfunctions are

g(mAj,v) = (1+ v+ ’yk?) exp (— (1 +4/1+ 4(k]2 + )\j)) g) —exp(—n). (3.16)

The basic solution loses linear stability when the real part of the complex-conjugate
eigenvalues increases through the value zero.

By setting ®A = 0 in the dispersion relation (3.15) and eliminating S\, we define
the critical value v, of v as an implicit function of k; and +:

(2vk3ve + Bve + 23 — 1) (kf (2vey +9%) + k(37 + 2ve) + v (3.17)
— 23 (VK 27k] + 1+ ) =0,

Replacing k; by a continuum of values k, we plot v, against k for various values of v to
produce the neutral stability curves of Figure 1. Note that, as in many other nonlinear
problems of practical interest, the curves are bell-shaped. The region of stability cor-
responding to each neutral stability curve lies above the curve; the instability region
lies below it. That is, for fixed values of k£ and -y, the corresponding pair of complex-
conjugate eigenvalues crosses the imaginary axis in the A plane as v decreases below
the threshold value v.(k,7). Moreover, the axis is crossed transversally: OR\/0v < 0.
Therefore, the loss of stability occurs through a Hopf bifurcation. Numerical compu-
tations [30] reveal a rich array of unstable behaviors in the strip geometry.

It is easy to see from the definition (3.17) of the neutral stability curves that v, = 1/3
when k = 0, regardless of the value of . Figure 1 shows that for each value of 7y, there
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Figure 1: Neutral stability curves for various choices of surface tension parameter =y

is also a second value of k at which v, = 1/3. For example, if v = 0, we have v, = 1/3
when k£ = 1, as well as when k£ = 0. In the rest of this paper, we take for simplicity
v = 0, although the subsequent calculations can accommodate v # 0 with relative ease.
When v = 0, the neutral stability relation in (3.17) can be solved explicitly. Note that
ve>1/3 for 0 < k <1, and v, < 1/3 for k > 1 in this case.

Recall that we are interested in the discrete values k = k; = jn/L, j = 0,1,2,...
that allow the normal-mode solution (1.1) to satisfy the insulated-wall and zero-contact-
angle conditions (3.7). Therefore, if L < m, all modes k; are stable for v > 1/3.
Exactly one mode (ko = 0) loses stability at v, = 1/3. Recall that ky = 0 corresponds
to the dynamics with no spatial variation in the transverse direction (i.e., to the one-
dimensional case). If, on the other hand, 7 < L < 27 then, as we decrease v, the mode
k1 = w/L loses stability prior to the flat mode, namely at a value of v > 1/3. See [38]
for a detailed analysis of both of these cases L # w. For a similar treatment of the case
in which a wavy mode loses stability first, see also [19].

If L = 7, the flat mode and the mode k; = 1 both lose stability at v, = 1/3, while
the other modes remain stable. The nonlinear interaction of the flat and curvy modes
ko = 0 and k; = 1 is the subject of the weakly nonlinear analysis in Section 5. Note
that in this two-mode case, the Hopf bifurcation mentioned above is degenerate in the
sense that two pairs of eigenvalues cross the S\ axis simultaneously.

In Figure 1, observe that the addition of surface tension effects v > 0 lowers the
dispersion curve, delaying the onset of instability as we decrease v and eliminating
some unstable modes altogether (depending on the strip width L). This confirms the
well-known stabilizing effect of surface tension.



4 The adjoint linear problem

To avoid secular terms in the asymptotic expansions of Section 5, we must first define
and solve the adjoint of the linear problem (3.5)—(3.8). To begin, we define the inner
product of u and v as

T—>oo

Throughout this section, we assume that u,v € L2(€2), where Q = {(£,7,7)]0 < ¢ <
L,0<1n<o0,0<7< 00}, and that u and v are bounded on 2. Also,

du
23

=0 and lim v =0. (4.2)
£=0,I, n—00

To obtain solvability conditions for the perturbed problem in Section 5, we must
find the null space of the adjoint operator. We define a function u to be in the null
space of the adjoint operator if

ov
for all functions v(&, 7, 7) such that
Ov
M(v,¢) =0, N(v,¢) =0, — =0, and lim v =0, 4.4
=0 N9 =0 G| Tim, (.4

and for all functions ¢(,7), bounded on [0, L] x [0,00) and satisfying

o¢
86 £=0,L

where £, M, and N are as defined as in (3.9)(3.10).

Using the definition of the inner product (4.1), integrating by parts in £ and 7, and
applying the boundary conditions (4.4), the inner product in equation (4.3) can be
expressed as

—0, (4.5)

ov B ou * .1
(3_ + L(v, ¢), ) = ('U, o +L U) + Th—I};o T{B((/’Ta ¢§£’u’u7})
+ boundary terms}, (4.6)

where L1Tu = —Uge — Upy + Uy, and

B(¢T,¢§§,U,’U,n / / |:/ d)gg)’d d77 (47)
¢Tﬂ |n:0 + (V¢T - ’Y¢§§)(’a - ﬁn) |77:O déd’r

Some of the terms labeled “boundary terms” in (4.6) vanish in the limit as 7" — oo.
Others are zero due to the conditions (4.2) on u. Still others disappear due to the last
two conditions in (4.4).



In order to make the operator —0, + £ adjoint to 0, + L, we will define its domain
by the relation

.1
Th—I};o TB(QZST,(/)&,U,U,,]) =0. (48)

Shortly we will reexpress the relation as a boundary condition.
In the meantime, making the assumption (4.8), the definition in (4.3)—(4.5) can be
restated as follows: a function u is in the null space of the adjoint operator if

ou
——+L" ) =0
(U’ or LT

for all v(&,n, 7) satisfying the boundary conditions (4.4). Therefore, u will be in the
null space of the adjoint operator if

ou i

77 =0. 4.
5, +LTu=0 (4.9)
We can then solve the partial differential equation (4.9) by separation of variables,

subject to the conditions (4.2) on u, to get

u = " cos(k;€)h(n; 1), (4.10)

where 5 B 5
W' —h' — (k; — p)h =0, (4.11)
Jim (s ) = 0, (4.12)

and kj = jn/L, j =0,1,2,.... In order for u to be bounded on Q, we also need Ry < 0.

To translate (4.8) into a boundary condition on A(n; 1), we first substitute u of the
form (4.10) into the expression in (4.7) for B, integrate by parts with respect to 7 and
¢, divide by T', and take a limit to get

L [T .
lim {% B(h,p,kj,7) / / (&, 7)e! cos(k;€) drdE + boundary terms},
T—o0 0 Jo
where

B(hpokjr) = (A=) +Kf7) (0 ) (4.14)

+ (= EZy)h (0; 1)
+ /0 e (k3 — ) h(n; ) dn.

Some of the terms labeled “boundary terms” in (4.13) vanish in the limit as T — oc.
The others are zero due to condition (4.5) on ¢.

To satisfy condition (4.8), it is sufficient that B(h,u,k;,v) = 0. To eliminate the
integral from (4.14), we multiply the equation (4.11) by e~" and integrate by parts to
get

=1/

/OOO (k2 — m)h(n; ) dn = —h (05 ).

9



Substituting the above right-hand side into equation into (4.14) for the integral and
taking the complex conjugate lets us write B(h, u,kj,y) =0 as

(w(1 = v) + k37) B0; 1) + (v — K}y = DR (05 1) = 0, (4.15)

This condition, together with the differential equation (4.11) and the condition as
n — oo (4.12), constitute the adjoint eigenvalue problem.
The general solution to the differential equation (4.11) is

. 1+ /14 4(k7 — p) 1=\ /14+4(k7 — p)
h(n; u) = c1 exp n| +czexp nl-

2 2

Setting ¢ = 0 and applying condition (4.15) reproduces the dispersion relation (3.15)
for 4 = — ;. Taking the value of the arbitrary normalization constant c, to be 1 gives
the adjoint eigenfunction

h(n; Aj) = exp ((1 — 1+ +) g) , (4.16)
where h(n; \;) = h(n; —);)-
A solution to the adjoint of the linearized problem is

(€, 1,73 Ag) = €77 cos(ki€)h(n; Ay)- (4.17)

Note that if j = 0 then k; = 0, and (i, h(n; 1)) = (0,1) is also an adjoint eigenvalue-
eigenfunction pair. Thus

w(§n,7;0) =1 (4.18)

is also an adjoint solution. The presence of this trivial eigenmode is due to the invari-
ance of the original problem with respect to a shift in the n direction. Only the front
velocity, not its position, enters the formulation of the direct problem.

5 Weakly nonlinear analysis

In this section we first consider the geometry in which the strip has width L = & for
the solid combustion application (y = 0). As the material parameter v drops below
the critical value v, = 1/3, the two modes with wave numbers

ko =0, k=1 (5.1)

lose stability simultaneously. We will indicate how the problem simplifies when the
strip width L is such that a single mode loses stability and state results for that case,
as well.

We begin by considering a small deviation from the neutral stability curve in the
unstable direction, namely

E=ve—v=-—u. (5.2)



This choice of the parameter € allows for the possibility of a Hopf bifurcation where
the magnitude of the solution is on the order of the square root of the bifurcation
parameter.

The eigenvalues in the weakly nonlinear regime can be found by expanding A; in a
Taylor series about v = 1/3. Then A\; = \;(v) has the form

Aj(v) = iw; — € % + O(e). (5.3)

To find the neutrally stable eigenvalues iw;, we evaluate the dispersion relation
(3.15) at v = v, = 1/3 (implying \; = iw;). Solving the real or imaginary part gives

wo = \/g, w1 = 3. (5.4)

Note that g(n;iw;,v.) is the eigenfunction corresponding to the neutrally stable
eigenvalue iw;. (See (3.16).) The eigenvalue-eigenfunction pair appears in our ansatz
(1.2).

As for the perturbation of the neutrally stable eigenvalue, the coefficient of €2 in
(5.3) is calculated by differentiating the dispersion relation (3.15) with respect to v
and evaluating at v = 1/3 (again implying \; = iw;) to get

0o 3 .

v, 207 V3i) = xo, (5.5)
| 21

o 2 + 9 = x1- (5.6)

The quantities xo and x1 in (5.5) and (5.6) will appear in the Landau-Stuart equations
(1.4) governing the dynamics of the weakly unstable modes.

5.1 The asymptotic strategy

The goal of this section is to find a solution to the nonlinear problem (3.1)-(3.4) of
the form (1.2). The solution involves a combination of modulations of neutrally stable
solutions to the linearized problem, corresponding to kg = 0 and k; = 1.

The asymptotic strategy is to insert the expansions (1.2), v = 1/3 — €2, and the
Taylor series for the kinetic function K (V') about V' =1 into the problem (3.1)—(3.4).
(Note that the Taylor expansion of K about the basic solution (V' = 1) contains terms
that are nonlinear in o and v.) Because we have introduced the independent time
scales

to=7, t =er, ty =€,
we get 0/01 = /0ty + € 0/t + €2 0/0ty. These substitutions produce the partial
differential equation

Ur — Uge + 2u§nf§ - u?](fT - fﬁ&) - Uvm(fg + 1) = (5.7)
+ 62 {%—II:OQ + ﬁ(w2a¢2) + aitl(’wl + e*"gbl) — Nl(w1,¢1)}
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+ 63{% + L(ws, $3) + i(ﬂm + 6_n¢2) + i(ﬂu + 6_%1)

Oty oty Otg
- Np(wy, ¢1,w2,¢2)} +CC+O(e*) =0.
The conditions on the reaction front are expanded as
10
u(6,0,7) = 1= VK (V) = & { Mwa, o) - 35~ Na(r)} 63
3 1 (% %) 941 _ } 1
+ € {M(w3,¢3) s\an T, )t Bty Ny(¢1,¢2) ¢ + CC+ O(€") =0,
0o
feve] )~ U2+ Dun|_ — fr =& { W wn, ) + 52 Naon,w)} (59)
0 0
+ é {N(w3,¢3) + % + % - N6(w1,¢1,w2,¢2)} +CC+ O(") =0,
1 2

where w; and ¢; are the O(e’) perturbations of u and f respectively, given in (1.2).
The operators £, M, and N are as defined in (3.9)—(3.10), except that we use now use
M(w, ¢) to mean M(w, ¢)|,—1/3 (and we continue to use this shorthand throughout the
remainder of the article). Terms labeled N; are nonlinear functions of the arguments
indicated. (See Appendix A.)

Equating like powers of € results in subproblems for the terms in the perturbation
expansions (1.2), subject to solvability conditions on the amplitudes Ay, A1, and B.
Note that no O(1) terms appear in the expanded problem (5.7)-(5.9) since in (1.2) we
took the temperature-interface pair (u, f) perturbed about (e, tp), a solution to the
nonlinear problem (3.1)—(3.4). Similarly, no O(e) terms appear in the expanded prob-
lem (5.7)—(5.9). The linearized problem (3.5)—(3.8) with v = v, is satisfied identically
by the O(e) terms in the expansions (1.2) of u, f, namely

1

wy =Y Aj(ty, t2)e™i" cos(k;€)g(n;iw;, ve), (5.10)
=0
1 .

b1 = Y Aj(ty, t2)e™i" cos(k;€).

S,
Il
<)

We will examine the O(e?) and O(€®) subproblems below. The solvability condition
on the O(e®) problem will lead to the system (1.4) that determines the dynamics of
the unstable modes.

5.2 The O(¢?) problem

Solvability conditions for the O(e?) problem will show that the complex amplitudes Ay
and A; depend on the slowest time scale t5 only, will give an expression for B in terms
of Ay and A, and will give the forms of we and ¢9 with Ay and A; still unknown.

Substituting w; and ¢ as given in (5.10), the O(e?) subproblem included in (5.7)
(5.9) can be written

Ows : 0 J iw;ito ; -n
Ow, _ (o4 Ciws ) + 11
Die + L(wa, ¢2) ( ]-EZO o ei% (g(n; iw;, ve) + €M) (5.11)
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0B

+ RQ(éanat) + CC) - %e_n = Q2(&:m, t),

1 o
M(ws, ¢2) = %{(Zaa—?l]e“"fto cos(k;&) (5.12)
=0

+ (6 t) + CC) gtB} = a2(£,t)7

N(ws, ¢2) = ( Z at, o4, ™% cos(k;¢) (5.13)

N 0B
+ b2(§at) + CC) - 3_751 = ﬂ?(fat)a

where t = (t9,t1,12), and we have named the right-hand sides above as @2, a9, and
B2. Ra(&,m,t) in (5.11) has terms of the form

All (ERAlz + n%Alz)ei(wll+nw12)t0 cos(mg)Rll,h,n,m (77)7 (5'14)
where (l1,l3,n,m) € S,

S = {(050,150)’(050,_150)7(0715151)7(0,17_ 71)’(170,_1,1)7 (515)
(171a172)7(171a170)a(1a1a -1 2) ( -1 O)}

The terms a2 (¢,t) and by(€, t) in (5.12) and (5.13) have the same form as Ro(€,m,t)
given in (5.14), except with Rll,l2 n,m(n) replaced by Fll JIo,m,m and Gh Jla,n,m, T€SPEC-
tively. The coefficients are

Boyamm(n) = %{g'(n;iwll,uc) (24 Lila(2m — 3)) K, + i (2 — L) wiy
+ il = L) (n + m)g (i1, ve) V3 + Lila(~1)™2e 7},
ity = % {(1112 —2) nK"(1)|,=1 /3 wiywi, — lla(—1)"/2 },
Crotsmm = ghla(=1)™(1+4)

Recall that g(n; A\, v) is the eigenfunction (3.16).
To derive the Fredholm solvability conditions, we first change into a new variable
ug to produce homogeneous boundary conditions

M (ug, ¢2) = N (uz, ¢2) = 0. (5.16)

In particular, let ug = we — asS(n) — B2T (n), where as and Sy are the right-hand sides
of equations (5.12) and (5.13) respectively, and S(n) and 7T (n) satisfy the boundary
conditions

S(0)=1, §0)=0, 7T(0)=0, 7'(0)=1, lim S(n) = lim T(n) =0. (5.17)

n—0oQ n—0o0
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We could take for example S(n) = (1 +n)e~", T(n) = ne".
The O(€?) partial differential equation (5.11) in the new variable is

P2
N

8012
dtoy

B'U/Q

W+E(u2,¢2):Q2(7la§at)—{ -5 +

(n) (5.18)

+L£ (OQS(T’)’ 0) +L (;827-(77)5 0) } = PZ(‘fa n, t)'

By the Fredholm alternative theorem, equation (5.18) together with the homoge-
neous boundary conditions (5.16) has a solution if and only if the inhomogeneity is
orthogonal to the null space of the adjoint operator. Therefore the right-hand side
named P5(&,7n,t) in the partial differential equation (5.18) must be orthogonal to the
adjoint solutions ug and w; in (4.17). The integral in the orthogonality condition
(Py(&,m,t),u;(&,m,t0)) = 0 can be simplified by noting that since \; = iw; + €%y,
j=0,1, and €21 = to,

lim — / T (Aivy vinwg)r g _ ) €79 #0 il =jandn =0,
T—s00 0 0 otherwise.

Exploiting also the orthogonality of cosines with differing wave numbers, integrating
by parts in 7, using our knowledge of the initial and limiting values of S, 7, and
their derivatives, and neglecting higher-order terms, the solvability conditions can be
expressed as

8AJ o0 ] . 27 ~ |
Ot /0 (g(nyiw;,ve) +e7™) hj(n) dn + §hﬂ'(0) FR0) Y =0, j=0,1,
where h;(n) is shorthand for h(n;iw;). (See 4.16.) Because the second factor is nonzero,
04; .
- =0, y=0,1. 519
o, 0 T (5.19)

That is, the amplitudes depend on the the slowest time scale t5 only.

Fredholm’s Alternative requires that the right-hand side P»(&,7,t) of equation
(5.18) also must be orthogonal to the adjoint solution u(&,7,%y) = 1. Using the infor-
mation summarized above, the solvability condition (P»(&,7,t),1) = 0 can be expressed
as

_ 1 .
5 = 2 ZAjAjTja rj=—72- D] = w2+ K"(1)]y=1/3)]. (5.20)

Applying the conditions (5.19) and (5.20) puts the O(e?) problem in solvable form.
In particular, we get (5 11)-(5.13) with 0A;/0t; terms no longer appearing and 0B /0t;
terms absorbed into R2, ao, and by to produce Ro, a9, and bo, respectively. Ry terms
are as defined in (5.14) except with the hat dropped from Rj, j, (7). The analogous
statements hold for as and by. The coefficients in the three expressions are

3
H n+m—j)r,e’",
J=0

S 1
Rl1,l27n,m(n) = Rl1,l2,n m _4
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R 13 .
Fioiynm = Fyianm— By H(n +m —j) Tl
Jj=0
3

. 1 .
Gll,lQ,TL,m = Gj)j)n)m + ﬁ H (n +m — -]) Tll’
j=0

for (I1,l2,m,m) € S and r¢, r1 given in (5.20).

The solution (ws, ¢2) to the solvable second-order problem has the same form as the
inhomogeneity Ry(&,7,t) given in (5.14), with Rll,lz,n,m(n) replaced by g1, 1,,n,m(7) in
wy and by Cj, 4, n.m in ¢o. The functions g;, 1, n.m(n) and Cy, 4, n.m for (I1,l2,n,m) € S
are given in Appendix B. They satisfy the initial value problems

" ! 2 .
9i1,lo,n,m + 911 lo,mm — (m + Z(wll + nwlz)) gll,lz,n,m(n)

= <m2 + Z.(wll + nwlz)) Cll,lz,ﬂ,me_n - Rll,b,ﬂ,m(n)a (5'21)

1 .
i1 lo,n,m(0) = 3 [Fl t2,n,m + 1(wiy + nwiy)Cly 1y nym] (5.22)
gil,l2,n,m(0) = Gll,lz,n,m - i(wh + nwl?)ch,lz,n,ma (5'23)

where (I1,l3,n,m) € S.

5.3 The O(¢?) problem

Solvability conditions for the O(€®) problem will lead to a system of ordinary differential
equations for the slowly-varying amplitudes. When we substitute wi, ¢1, we, and ¢9,
which we know in terms of Ag, A, and B, into (5.7)—(5.9), the O(e®) problem has the

form
Oows

Fr L(ws, ¢3) = Q3(&,n,t), (5.24)
0

M(ws, ¢3) = az(é,t), N(ws,¢3) = B3(&, t)- (5.25)

To derive solvability conditions, we proceed as in the previous section, changing
into a new variable ug = w3 — a3S(n) — B37 (n) to produce the homogeneous boundary
conditions M (us, ¢3) = N (us3, ¢3) = 0. (S(n) and T (n) satisfy the conditions (5.17).)

By the Fredholm Alternative Theorem, the O(e®) partial differential equation in
¢3 and the new variable us has a solution, subject to the homogeneous boundary
conditions, only if its right-hand side

9Ps
Oty

(90(3

RHS = Q3(n,&,t) — {—S(n) +

dto (n) + £ (a38(n),0) + L (837 (n), 0) } (5.26)

is orthogonal to the adjoint solutions ug (&, 7, 79), u1(&,n, 70) given in (4.17). Due to the
orthogonality of cosines and of exponentials discussed in the previous section, many
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terms in the inner product are zero. We need only note that the right-hand sides in
(5.24)—(5.25) have the forms

QsEmt) = Zewft%oska{ ol gmiog,v) +e )+ (521

+ A?AjRj,l(’I]) + AjAl—jAI—jRj,Q(n)} +
+ CC + other terms,

a(Et) = Y e cos(ly f){ ]

Aj 2
> 3 0ty —iw;A; + (5.28)

+ A?Aj]:j,l + AjAljfiljfj’z} +

+ CC + other terms,

0A;

1
Bl t) = Ze“’“ﬂ%os(kjf){— e+ (5.20)
J=0

+ A?f_ljgj,l + AjAle1jgj,2} +
+ CC + other terms.

Rjn(n), Fjn, and G, are given in Appendix C for j =0,1, n =1,2.
Doing the integration (RHS,u;(&,n,t0)) = 0, for RHS given in (5.26), yields the
system of Landau-Stuart equations as promised in (1.4), namely

dA; - - .
ng = Xj4j + BinAAj + Bi2AjAL jA1 4, j=0,1, (5.30)

where x( and x; are given in (5.5) and (5.6), and

5Fjnlli — Gim + Jo° Rjn(n)hi(n) dn
—3U; — 1+ [5° (g(n;iwj, ve) + e7) hj(n ydn’

Recall that g(nm; A,v) is given in (3.16), h;(n) is the adjoint eigenfunction (4.16) when
Aj = iwj, and that R, ,(n), Fjn, and G;,, are given in Appendix C. (Note that because
the F;,,, depend on derivatives of the kinetics function (2.8), namely K@ (V)|,—; /3 for
1 = 2,3, it follows that the 3;, are functions of the kinetics parameter o. In fact, they
turn out to be quadratics in .) In the expression (5.31) for S, U; is —h;(0) + 7&9(0),
solUy = —(3+iv/3)/2, and U; = —2—1i. The integrals in (5.31) are also straightforward
to compute. (The author calculated all six using Maple to handle the many terms.)

;Bj,n =

=0,1, n=1,2.  (5.31)

6 Asymptotic dynamics

The Landau-Stuart equations (5.30) completely determine the dynamics of the weakly
unstable modes .
Aj(ta)e™i™ cos k¢, j=0,1, (6.1)
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subject to both nonlinear interaction and self-interaction. The competition between the
modes depends on the relationships among the coefficients of the system in (5.30) and
is determined by the kinetics function K (V'), in our case given in (2.8). We characterize
the outcome of the competition for all values of the nonlinear kinetics parameter o.

We focus here on the magnitudes of the complex amplitudes. Multiplying the jth
equation in (5.30) by A, and adding the resulting equation to its complex-conjugate,
yields the system in z; = |4,|?, namely

dz;
dry
where a; = 2Ry, and b;, = 2RBj,, 7= 0,1, n = 1,2.

The previous section sketched the calculation of the coefficients 3;, as quadratics
in the kinetics parameter o, and x( and x; are given in (5.5) and (5.6). The coefficients
a; and bj, in (6.2) can be computed accordingly, and one can determine positions of
the critical points of the system and analyze their stability.

For 0 < o < 0.52 the system (6.2) has four critical points in the first quadrant: two
saddles on the zg- and x1-axes, an unstable node at the origin, and an asymptotically
stable node in the interior. Thus, for this range of the kinetics parameter o, the
amplitude equations predict an asymptotic regime of mode coexistence, no matter
what the initial data are. A typical direction field is given in Figure 2.

=a;z; +bj1 .T? +b 2 L5T1—j, (6.2)

07 | 14444
+ + c/' Z %
SRR
| [ /L

O 67 Nﬁ A =
T j& ZT \'f”zy/'
PR R e

0.51 [ S S

1 LohoLo L L
| O AR AR A A

0.41 AR AR A

03
A
/ /S /

Va T /,,54
] r A A AT
Ol— /71 Pl
01 N -
T e
0 0.5

Figure 2: A direction field for the amplitude equations in zo = |Ap|? and z; = |A4;|? for o = 0.45.
S indicates a saddle, N a node.

At approximately o = 0.52 there is an exchange of stability. (We note that this
estimate of the critical value of o is more accurate and slightly smaller than the one
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given in earlier work [30].) Mode coexistence breaks down at this value of the kinetics
parameter, as the critical point in the interior of the first quadrant moves into the non-
physical second quadrant. The saddle point on the zy-axis simultaneously becomes an
asymptotically stable node. Since z1 = 0 corresponds to the absence of the “curvy”
mode, the asymptotics reveal flat front propagation as o exceeds 0.52. Flat front
propagation dominates for the remaining physical values of o (0.52 < ¢ < 1), no
matter what the initial data are. A typical direction field is given in Figure 3.

0.7 ¢ 4 N R A A A S A S S S 'S
] & + ¢ Ll d L dddddd s s
] T I ddddddddd LSS
067 T . . 11l ldddidsdsdsdosds
1 ¢ 4 N N N N S S S S S S S S
0.5- I N A N S S S S S S
9 IR I d L d L ddd LS
1 [ N N N N N N S S S S S SV S
0.41 A R A A SV A S S S S S SN e
S B A V11700720 s s
X1 1117 7=V 11V7v7vvveezs
0.37 I 77— i L L L L L L
] I /Z ; - \lv N z// f/j ,// j :? > x'/: P
] 7 , ~ N L L A o o
0.2 At VI 4
i / /7 ks s \\zﬁ \&: $ —,,/ [z/ 2/ Lz(/ o
O l; ;/‘:’//Vr - 2 N Ny ) r\;/ / X/ A///
Oi‘l\\l““\‘ “‘\‘“‘\““\““‘\“““i\\“
0 0.5 1 1.5 2 2.5 3

x0

Figure 3: A direction field for o = 0.65. S indicates a saddle, N a node.

These results for the asymptotic dynamics provide a guide for numerical computa-
tions on the free boundary problem (3.1)—(3.4). Simulations in [30] illustrate that the
qualitative character of the dynamics changes at the critical value o ~ 0.52.

Let us comment on the dynamics for strip widths L # w. For L < m, the first
mode to become linearly unstable as we decrease v is the flat mode ky = 0. Note that
this case can be viewed as a reduction to a one-dimensional geometry. In such a case,
we are interested in the self-interactions of the weakly unstable mode (6.1) for j = 0
only. The front behavior is determined by the dynamics of the single Landau-Stuart
equation

dA _
# = x; Ao + Bo,1 A3 Ao,
2

having no interaction term. We can associate with this equation an equation in z =
|Ao|?, as we did for the two-mode case above. In [38], we showed that for a certain
choice of kinetics, the ordinary differential equation in = has a limit cycle only in a
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particular interval of the kinetics parameter. Computations [26] on the free boundary
problem in that interval exhibit periodic behavior; computations outside do not.

Analogously, [38] also contains a complete analysis for strip width L € (, 27) for a
certain choice of kinetics function. Self-interactions of the first linearly unstable mode
k = m/L produce periodic solutions only within a particular interval of the kinetics
parameter.

7 Conclusions

In this paper we have performed a weakly nonlinear analysis of sharp reaction fronts
that move along a two-dimensional semi-infinite strip with insulated edges, focusing
on a strip of width . The asymptotic analysis led to the derivation of Landau-Stuart
equations for the two slowly-varying amplitudes of the two weakly linearly unstable
modes: one flat and one wavy. The ordinary differential equations resulted from the
application of a solvability condition to the O(e3) problem. By analyzing the dynamics
of the Landau-Stuart system, we determined that if the constant ratio 0 < o < 1 of
the fresh temperature to the reacted temperature exceeds approximately 0.52, then
flat propagation dominates, regardless of initial conditions. Otherwise the two modes
will always coexist for all time.

A Nonlinear functions in the expanded problem

The nonlinear functions in the expanded problem (5.7)-(5.9) are

own (01 8%1) 001 P, (%)2

Ni(wi,¢1) = 3—77(3—750_ oe2 & OEDN o€

09108y | 0wy <a¢2 %_62@)
€ € g \ oty

No(wi, 1, we, p2) = 2e

oty | Ot, €2

+ Owy (01 _ 0%41 _9 91 %w, O¢a 0%wy
on 3750 o&? o¢ 0ton T O 9Eon
) 87)2 ’

&
N3(¢1) = %( D= 1/3 gfl) (6;21)>

1

el

d¢1\* 0 Oy O

Nl ¢2) = % ¢1 af; B a(? aquz
" 3(]51 Opy  O¢y 1 (9¢n 2
+ K"(1)[,= 1334y <(9—t0+—3tl —5(_(%) )

Ly (%)3
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_ 0¢1 0w o1\ 2
o) = g, (3)
6(;51 8'w2 8¢2 awl . 8¢1 2 8w1 6(]51 8¢2
No(wi, 61, w2, 62) O O |, OE O |, (ag) o oo T 20 o8

B Solutions to the O(e?) problem

The solution to the O(e?) problem (5.11)-(5.13), subject to the conditions (5.19) and
(5.20), is

Wy = Z Ay (RA,, + n%AlQ)ei(wll +nwiy Jto cos(m&)guy is.m,m(N), (B.1)
(llalZanam)ES
¢ = Z Ay (RAL, + n%Alz)ei(“’ll +nwiy Jto cos(m&)Ci, 1y ,m,ms (B.2)

(l1,l2,mn,m)€S

where S is given in (5.15),

gll,lz,n,m(n) = a’ll,lQ,’n,m exp(_(]- + \ 1 + 4Pll,l2,n,m)g) + (B3)

1 (3+ iwll)(l + \/1 + 4(k121 + iwh))(cl)ll,lz,n,m
6 kl21 —m? — inw, '
PN
cexp(—(1+/1+4(k + iw))5) +

(1 + 31) (02)l17l2,nam
(1 —m?) — i(wy, +nw, —3)
(Cl)l1;l27n’m + (02)l17l2,n1m + (03)l1,l27n5m — Cll,lz,n,m]Dll,lz,n,m .

exp(—(2+1)n) +

+ .
24-F)ll Ja,mam + (1 - -Zjll,lz,n,m) ?:O(n +m — ])
3
(244 (n =1 [[(n+m — ) exp(-n),
=0
-Pll,lz,n,m = m2 + i(wll + nwlz),
1 .
(Cl)h,lz,n,m = 5[(2 + lllg(Qm — 3))]6?2 + m(2 - lllg)wl2],
V3 .
(02)11,l2,n,m = 7(l2 — 11)(n + m)z,
1 m/2 1 2 .
(C3)t jonym = §[lll2(—1) + 2 H(n +m — j)ry],
§=0

and r; is given in (5.20). In the expression (B.3) for g;, 1, nm(n), note that ay, 1, nm
and Cy, i, n,m are determined uniquely by the initial conditions (5.22)-(5.23).
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C Some coefficients for the O(e’) problem

Coefficients for the O(e®) problem are below for j = 0,1, where g;(n) = g(n; iw;j, v.):

Rj1(n)

Rj2(n)

ij

Gi1

Gjo

+ o+ 4

—+

+ o+ + + o+

—2r;g5(n) + iw;g; (1) (2C; 1,0 + 5C1,1,1,2)
(7%2 —iw;)g; j1.0(n) + 2(’9]2 + iw;)R(g5 ; —1,0(n))
k]Q-[(2C1 1,12 +4R(Cr1,-12))e "

Pt it}

1 3

1 _
59’1’(17) + Zg’l’(n) - 59’1,1,1,2(77) —3R(g1,1,-12(n)]

o1
31](‘59’1,1,1,2(77) +R(g11,12) (1)),

ki j(Coa,—11 + Cro—11 + Copa)e " — 2ri_zg5(n)
1\ 17 _ .
(3) {0 i1+ - VENRGo1,1.0) + (-18(Coa, 1)
R(Cro,-1,1) + (1) 7S(Cho,-1,1)]
gD +i(V3+3)]Co1,1,1
(=1 + 5 + dw1—5][R(g0,1,-1,1 () + (—=1)7S(g0,1,-1,1) ()
R(g10,-11(m) + (—1)1_]%(93,0,—1,1)(77)]

(1= +iwi—5)gh1,1,1(n) } + 2067 + iw;)R(gL1,-1,0(n)),

v, [(/Jj{K”(l)|V:1/3 [wj(ZCj,j,l,O +]C1,1’1,2) — 27,’)"]' — ngQ]

) 4—3
iK" (1)],21 /305 (Tj) } — Kk (Cranp+ 2%(01,1,—1,2))]

1\
vef (3) (R + K" Wlmyys(@h; +3v8)Corna

(—kT_j + K" (D)]y=1/3(wi_; = 3V3))(R(Co,1,-1,1) + (=1)/S(Co,1,-1,1)

; 1
R(Cro,-10) + (~1)'7S(Cr0,-10))] + gwjet K" (Dl

. 1
Wj(—ik%fj(l + K"(1)],=1/3) — 27"1—9'K”(1)|u:1/3)}
k3 [Cr11,2(2+ 31(0) + 2R(Cr1, 1,2)(2 + 91(0))

911,12(0) + 2R(g11,-1,2(0) — 3(264(0) + 34 O)],

~ 1 1
k3[(Coa, 1,1 + Cro,-1,1) (1 + 591(0)> + Co,1,1,1 (1 + 591(0))

1

1 1
590,1,—1,1(0) + 5@1,0,—1,1(0) + 590,1,1,1(0) — 90(0)],
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